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R  t  A  D  E  R. 


.J-  HAT  Mr.  MaclaOrin  Lad,  many  years 
ngi^  inmM^  fu^tifbfi  freoi^  on  tUs  fui^^ 

mppmrs  from  n  letter,  dat^d  April  it) ^  17291  to 

iis  immwl ff^^  Mml  tim  Fpx. j&jds»  4m» 

Prtfodmt  of  the  Royal  Society. And  we  fnd^ 

agreeing^  almofi  in  every  article^  witif  the  CQntents 

Had  the  celebrated  Author  lived  tq  puhlifi  his 

muld^  ^knf  i,  b0VA  ion  Ji^-^ 
ficient  to  rjecommend  it  to  the  notice  of  the  Public  i 
imt  thak  iqfii  bwingf  4y  kis  lamented  premature ' 
death,  devdyed  to  tie  gentlemen  ^^jhom  he  left  en  * 
trijfyii  Of  Fa/ftis  kbe.  JUader  mj  reafon^ 
ably  expeS  fom^  account  oftM  materiah  of'wbick 
it  xoQ^i»  .and.  i^Jbfi  JWt  that  has  been  taken  M 
coUeBtng  and  dijpofng  them,  fo  as  befl  to  anfwer 

tbe  Ajub6r\intintiaii^  mti JiU  up  the  Flan  he  bid  , 

tkfign  el  . 

♦  Phil*  Tranf.  No.  408*  * 
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TO  THE  ftXADER. 

He  fttmSf  $n  cmpofing  this  fnati/if  to  hM$  * 
had  thefe  three  Qbje&s  in  view, 

T.  To  give  the  general  Principles  and  Rules  of 
the  Science^  in  the  flmteft^  end^  at  the  fame  time^ 
the  moji  clear  and  comprehenfive  manner  that  was 
poffible.  Agreeable  to  this,  though  every  Rule  is 
properly  exemplified^  yet  be  does  notJaunch  out  into 
vAatmmofcallaTmUAogfcfexaa^ks*  Here^ 
jeQs  fome  applications  of  Algebia»  that  are  commonly 
h  be  met  mth  in  other  writers ;  becaufe  the  num^ 
her  of  fuch  applications  is  endlefs:  and,  however 
ufefultbey  may  be  in  Pra&ice,  they  cannot ^  by  the 
rules  of  good  method,  have  place  in  an  elementary 
Treatifi.  He  bas  Ttkewife  omitied  the  Algebras-- 
cal folution  of  particular  Geometrical  problems^  at . 
requiring  the  knowledge  of  the  Elements  Geo*  ^ 
metry  I  from  which  thofe  Algebra  ought  to  be 
kepty  as  they  really  are^  entirely  J^fimB  j  refero-t  - 
ing  to  himfeif  to  treat  of  the  mutual  relation  of  the 
two  Scienar  in  his  Third  Pert,  and^  more  gene^ 
rally  jlilly  in  the  Appendix.  He  might  think  too, 
that  Jpcb  an  etppUcation  was  the  lefs  neceffaryf  that 
Sir  JsAAC  N*w.TON  X  excellent  Colle^ion  of  Rx* 
amples  is  in  every  boify^s  hands,  and  that  there  are 
few  Matbematical  writers, .  who  do  not  furnijb 
numbers  of  the  fome  kind* 
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TO  THfi  READBR« 

£.  Sir  Is  A  AC  Newton 'j  h  its  Atith* 

metica  Onivcrialis,  concerning  the  Refolutions  of  " 
iSe  iigiit  ifuatims,  and  tbiAffeBum  of  tbetr 
roots^beingtfittbemoft  part,  delhendnmtbmttmrf' 
demnjlration,  Mk  MaClaurin  had  defignedi 
ibat  bis  Tr0tife  JhoiUd  fkrotas  a  Crnnantarf  tm 
tbat  Wmrh  '  ¥tr  w  ben  find  aU  tbofi  iij^tult 
fajfages  in  Sir  Is  a  ac'j  Book,  wbicb  bavt  Jb  long 
perplexed  tbe  Students  of  Algebra,  dearfy  explained 
and  dinmftrated^  How  msub  fucb  a  Commentary 
'was  wanted,  we  may  learn  from  the  ivords  of  a 
late  eminent  Author,  *    **  The  ablell  Mathcma- 
tictans  of  the  laft  ag^  {ft^t  be  J  did  not  difiiaio 
•*  to  write  Notes  oti  the  Geometry  of  Des  Car- 
TBS  I  and  furely  Sir  Isaac  Newton  's  Arith* 
metic  no  kfi  deferm  that  hbiioar4   To  ex« 
eite(biiMfoheof  the  many  fldffat  Hands  that  our 
"  times  aiibrd  to  undertake  this  Work»  and  to 
(hew  the  neceility  of  it»  I  give  this  Specimni 
in  an  eitplicatbn  of  two  pa&ges*f*  of  the 
**  Aritbmetica  Univerfalis which,  however*  aie 
not  the  moil  difficult  in  that  fiook«'* 

*  # 

•  •  .       -  -  .  ■ 

*  f^fwO^iuub,  \h  Prcikn  4d  S|fficSM  Conmcrit*  in  ArUll*  tf ni' 
vcrf* 

4"  17«.  The  fioduvgoi  Dtvtjorsi  and  the  tVQ\\x\v>tiQi  Bm^m^  SurJt* 
53— 7a,Partn.  §  1*7.  Part  L 

A  4  ^  What 
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TO  THE  REAI^EJU. 

. .  ^hat  this  karmd  ProfcJJor  mnefify  wifbid 
for^  we  at  lafi  Jce  executed ;  not  Separately^  nor, 
in  the  Ifttfe  dif agreeable  form  nobkb  fucb  Comment 
t^'les  generally  take,  but  ifi  a  m^nn^r  equally  nam 
tjtriU't(»d  convenient  f  every  Deeponjtratim  being 
aptly  in/efJed  into  the  Bo(^  of  tie  fTgrk,  as  a  ne^ 
^fftiry  an4  infepar^le  Member  %  ^n  Aivemtagc 
wbichy  .with Jbme  others ^  obvious  enough  to  an  at^ 
tentive  Reader,  will,  it  is  hoped,  dijlinguijh  tbU 
Performance  from,  every  otMr,  of  tk^  kir^d^  .that 
i(U  bifbertp  appeare4* . 

.3*  \4ftfr- having  fully  ej^i^ined  fhe  Nature  <^  . 
Equations,  and  theMelbfidf.  ff  findinj^  their  Ro^t^^ 
either  in fnite!expreffions,  when  it  c^nkf  done,  or 
in-infinite  converging  feries;  it  remained  only  t<i 
confder  the  Relation  of  Eqqation^  involving,  twe^ 
variable  quantities, .  and  of  Geometrical^  Lines,  tt^ 
each  other ;  the  Do&rine  of  the,  Lpci  eind  the, 
Cpnftry aion  of  Equatiqns.^  *Thef^  mqke  the.  J^ubt 
\;V4?  2/^.«6^  Third  Part.  . 

Upon  this  Plan  Mr.  Maccaurin  compofeda  ' 

Sv/Um  -of  AJgebra,  foim  after  his  bemg  ehofen 
' Prof e [for  ^  of  Mathematics  in  the  Univerfty  rf 
Edinburgh  ;  u^hich  he ^  thenceforth, -tiiade,  ufe  of 
'  in  ids  orainary  Qourfe  of  LeSures^  and  wits  occa* 

'  *  fmally 

•  -        ,  » 
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jlnmid  bave^  b^ore  be  commtted  it  to  the  Prejs. 
And.  itif  Agjfi  dCopjki         ^  ifan^forift  hgas^ng 

been  tranfmiUed  t<i  the  PubUjhir,  it  ^was  eafy^  ^ 

Text.  ^Aer£*W£re^  befides^  fe^oeral  detdched  pA^ 
fe^ps^jmaf  wimbmcre  ptitie  fanjk^  i^nd^ukmud, 
okfy  U  h  inferiedinibeirf¥i^ptr  pld€fi.  In  4  fe^ 
Qtbers,  the  Demonjirations  were  fg,  (m^fi^y.-^Xx 
frtffed^  and  couched  in  Algehrakid  cb4ra9ers^ 
that  it  mas  jm&ffary  io>  writ£  tkem  ^t,at  more 
kngtb^  id'  make  them  <tf  a  fifce  *with  the  reft. 
And.  tMi  is  the  only  liberty  tke  P^^lijber  has  al^ 
hmd  Inmfelf  to  take  i  excepting  a  fe'w  incon^de-i^ 
rahle  additiQHs^  that  Jemed  mcejjary  to  render  tbc_; 
^^  more- c&n^lete  vntbin  ttfelf,  and  tis^fave  tbi 
ttaubie  of  candidting  oibtrs  'wbQ  bave  witt^n  on, , 
Abe  fame  SuhjeB. 

^b(  Rides  ci^ucerning  tb4  XmpQiiibjLe  jRoots  ^o/ 
"Rtfua^mt'^'  '§ur  Jiutkor  bad  very  fully  confidered^ 
as. appears  fr^m  bis  Manufcripi,  Papers:  but  ^ 
be  Bad  m  wSerf  redkced  any  thing  on  that  Subjedii 
to  a  iett£r  fornix  than  wbai  was  Ung  .4go  puk^i 
li/hedin  /i^ffeffofophicai'Tranlaftion*,  A^^.  394^ 
and  ^.CfS,  we  thqugbt  it  beft  to  taki  the  fubJtoHca' 
^'C^p.  ti.  f^^t  II.  from  tBence  ;  ejpecial^'ai^ 
tie  iatar  ^  ibefe^  Papers  furni/bei  a  dio^n^ation 

■  ■ 

*  • 

Diqitizc 


TO  THE  READER. 

fftbe  mffnalRukt  vtbicb  pre^Juffo/is  0ifywiiU , 
tie  Redder  Aas  hen  taught  m  afrecedmg  Cbe^er* 

7Be  Paper  that  is  Jubjoined^  on  the  Sums  of 
the  Powers  of  the  Roots  of  an  Equation,  istakm 

.from  a  Letter  ef  the  Autber  (t  Jul.  1743) 
tbeRtght  Honourable  the  Earl  St  AVinovzi  com-'  * 
mimkated  to  the  Publifier,  with  Jbme  things  added 
tj  bis  iMrdfbip^  wbicbmre  .wtmtu^tcjnififtbe 
Demonftratkn. 

Of  tbeje  Materials^  carefully  coUeSled  and  put 
In  erder^  the  following  Etemoitary  Titattfe  it 
cmpofidi  ^wbicb  we  have  cbofen  rather  to  give 
in  a  Volume  that  is  within  the  reach  of  every  Stu- 
dent, than  in  one  more  pompous ,  which  might  be 
iefs  generally  ufeful*  And  we  hope,  from  the 
pains  it  has  coji  us,  its  blemiJJ  es  are  not  many, 
nor  fuch  as  a  candid  intelligent  Reader  may  not 

forgive^      .  ^ 

The  Latin  Appendix  *  is  a  proper  Sequel,  and 
a  high  Improvement,  of  what  bad  been  demonjirated 
^  Part  III.  eoncermng  the  Relation  of  Cum 
Lines  Equations ;  a  Sul^eBwbkb  our  Att" 
thor  had  been  early  and  intimately  acquainted  with  ; 

.  witnefs  his  Geometria  Orgaaica,  printed  in  171 9# 
^ben  be  was  mi  full  twenty^'One  years  tf  age,  tmd 
vbich,  though  fo  juvenile  a  worj^,  gamed  him,  mt 

•  A 1  mi  nation  of  wbick  is  now        to  tbi*  SdkNHi  by  dw  Rffr« 

once. 
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TO  THS  READSR. 

cnce,  that  d^inguijbed  Rank  among  MatbemaU^ 
tums^  H»ht€b  be  tbencefortb  beld  mtb  fo  great 
luftre.  Tit  he  Jrankly  owns,  be  was  led  to  maty 
'  rf tbe  Propofiiims  in  this  Appendix,^^mi  a  Tbt^ 
rem  ^ Mr.  Cot iL^t  communicated  to  bim,  with* 
mtt  any  denmjirationy  by  tbe  Reverend  and  Leam^ 
ed Dr.  Smith,  Majie^r  g/* Trinity  CoUege»  Cam* 
bridge.  .  How  be  bas  profited  of  thai  Hint,  tie 
Learned  will  judge  :  Ihus  much  we  can  venture 
to  fay,  tbat  be  bimfelf fet  fome  value  upon  this  Per^ 
formance  i  bavmgp  *we  are  told,  employed  fme  ^ 
tbe  latejt  hours  be  could  give  to  fueb  Studies,  in 
revi/ing  it  for  the  Fre/s  %  to  bequeath  it  as  bis  lafi 
Legacy  to  tbe  Sciences  and  to  tbe  Pstilic. 

"The  gentlemen  to  whom  Mr.  Maclaurin  left 
tbe  care  of  bis  Papers,  are  Martih  Folkes; 
Efq.  Prefident  of  tbe  Royal  Society  i  Andrew 
MtTCHEL,  Efq.  and  tbe  Reverend  Mr.  Hill^ 
Chaplain  to  his  Grace  the  Arcbbijbop  of  Canter- 
bury;  with  whom  be  bad  Rved  in  a  mofi  intimate 
friendjbip.  And  by  their  direSion  this  Treatsfe  is 
publijhed., 

•  •  / 
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C  H  A  P.  I. 

Dejimtions  and  JUufirations. 

S     A  LGEBRA  isageneralmediqdofeom. 

putation  by  certain  figns  and  fymbols 
which  hm  been  contrived  for  this  purpoie»  and 
finind  convcmenc  It  is  called  an  Ukiversal 
Arithmetiok,  and  proceed*  by  operations  and 
rules  fimilar  to  thole  in  common  arithmetick, 
Ibunded  upon  (he  iamc  principles.  This,  how- 
evefj  is  no  argument  againft  its  uiefiilnefs  or 
fvldcncei  fince  arithmctick  is  not  to  be  the  lels 

valued 


2  ^Trcatisb^      ?art  !• 

valucil  that  II  13  coir.mon,  and  is  allowed  to  be 
one  of  tlie  molt  ticar  and  evident  of  che  fci- 
cnces.  But  as  a  number  of  fymbols  are  admit- 
ted into  this  fcience,  being  nccejOfaiy  for  giving 
it  that  extent  and  generality  which  is  its  greateft 
excellence;  the  iiTfport  of  thofe  fyinbols  is  to  be 
clearly  ftated,  that  no  obicurity  or  error  may 
ariie  frocn  the  frequent  ufe  and  Complication  of. 
them.  *  " 

^  2.  In  Geometry,  lines  are  rcprefcnted 
by  a  line,  triangles  by  a  triangle,  and  other 
figures  by  a  figure  of  the  lame  kind  i  but,  in 
Algebra,  quantities  are  reprefented  by  the  fame 
Jetters  of  the  alphabet;  and  various  figns  have 
been  imagined  k>r  rcpreienting  their  affcdlions, 
relations,  antf  dtpeKdeifcieaP;  fai^  Geometry  the 
reprefentations  are  more  natural,  in  Algebra 
more  arbitrary:  the  former  arc  like  the  firil 
attempts  towards  the-  expreilion  of  objeds^ 
^'hich  was  By  drawing  their  felemblal^ces;  the 
latter  corre^ond  more  to  the  prefent  ufe  of 
languages  and  writing.  TlitIS"  the  in^d^nce  of 
Geometry  is  fometimcs  more  fimplc  ^nd'  ob- 

4,vious;  but  the  ufe  of  Algebra  more  exteiifive^ 
and  oft»o  more  ready:  efpecially  iince  thd'nTaV 
tHcmatical  fcicnces  have  acquired  (b  vaft  an 

•extent,  and  have  been  applied  to  lb  iriany  en*  < 
qpiries.' 

§  3«  Tn.  thofe  iciences,  it  is  not  barely  liiag* 
nIcude.thatistheobjeA  of  contemplation:  But 

there 


Digitized  by  Gopgle 


f 


ChaK  I.      ALGEBRA.  i 

there  are  many  affe6Hons  and  properties  of  quan- 
tities, and  operations  to  be  performed  upon 
tfaem,  that  are  neceflarily  to  be  coofidered.  In 
eftimating  the  ratio  or  proportion  of  quanti- 
ties, .magnitude  only  is  confidered.  (Elem, 
D^f*  i*)  But  the  nature  and  properties  of 
figures  depend  on  the  pofition  of  die.  lines  that 
bound  them,  as  well  as  on  their  magnitude.  In 
treating  of  motion,  the  dire<5lion  of  motion  as 
well  as  its  velocity ;  and  the  dire&ion  of  powers 
that  generate  or  de(fax)7  motion,  as  well  aa 
their  forces,  muft  be  regarded.  In  OptiOs, 
the  pofition,  brightnefs,  and  diftindnefs  of 
images,  are  of  no  lels  importance  than  their 
Ibignefs;  and  the  like  is  to  be  iaid  of  other 
ftiences.  It  is  neceilary  therefore'  that  other 
fymbols  be  admitted  into  Algebra  befidc  the  let- 
ters and  nwnbers  which  reprefent  the  magni- 
tude of  quantities* 

§  4«  The  relation  of  equality  is  exprefled  by 
the  iign  =  ;  thus  to  expreis  that  the  quantity  rc- 
prefented  by  a  is  equal  to ,  that  which  is  repre- 
fented  by  bp  we  write  a  But  if  we  would 

cxpreis  diat  a  is  greater  tHan     we  write  a  tr 
and  if  we  would  cxprefs  algebraically  that  a  is 
3eis  than.^j  we  write    ~3  ' 

§  5*  Quantity  is  what  is  made  up  of  parts, 
or  is  capable  of  being  greater  or  lefs*  It  is  in. 
creafed  by  Addition^  and  diminifhed  by  Subtract 
iion  i  which  arc  therefore  the  two  primary  ope- 

B  '  rations^ 
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rations  that  relate  to  quantity.  Hence  it  is,  that 
any  quantity  may  be  fuppofed  to  enter  into  al- 
gebraic oomputations  two  different  ways  which 
have  contrary  effefts  t  either  as  an  mcrmiHt  or  as 
a  decrement ;  that  is,  as  a  quantity  to  be  added 
or  as  a  quantity  to  be  fubtrafted.  The  fign  + 
(flm)  i^t\it  mark  of  Addition^  andchelign -«^ 
(minus )  of  Suiiraffm»  Thus  the  quantity  be^ 
ing  repreferiLcd  by  a,  -i*  a  innports  that  a  is  to  be 
added)  or  reprefents  an  increment  i  but  —  a 
'  imports  that^is  to  be  fubtraAed>  and  repielentft . 
ftdetrement*  When  fijveral  fuch  quantides  are 
joined,  the  figns  ferve  to  fhew  which  arc  to  be 
added^  and  which  arc  to  be  fubtraded.  Thus 

a  \  k  denotes  the  quantity  that  arifes  when 
and  h  are  both  confidered  as  increments,  and 
therefore  expreffes  the  fum  of  a  and  But 
-^^  a-^b  denotes  the  quantity  that  arifes  when 
from  the  quantity  a  the  quantity  h  is  fubtra£ted  % 
and  expreifes  the  excels  of  0  above  When 
a  is  greater  than  hy  then  a—h\^  itfclf  an  in- 
crement} when  17  =  ^,  then.  -^  =  0;  and 
when  a  is  le&  xhan  th^  is  icfelf  a  de« 
crement* 

§6.  As  addition  and  fubtra6Kon .  arc  oppo- 
iite,  o^  an  increment  is  oppofite  to  a  decro* 
ment,  there  is  an  analogous  oppofidon- between 
the  aflFcaions  of  quantities  that  are  confidered 
in  the  mathematical  fciences.  As  between  ex- 
cels and  defeA^  between  the  value  of  effeds  - 

or 
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or  money  due  to  a  man,  and  money'  due  by 
him  5  a  line  drawn  towards  the  right,  and  a  line 
drawn  to  the  left;  gravity  and  levity j  eleva* 
cidn  above  the  hotitibn^  and  depreffion  below 
it.  When  two  quantities  equal  in  refped  o^ 
magnitude,  but  of  thofe  oppofite  kinds,  arc 
joined  together^  and  conceived  to  take  place  in 
the  fame  fubjeft>  they  deftroy  each  othei^s 
feft,  and  their  amount  is  nothing*  Thus  100/. 
.  due  to  a  man  and  100/.  due  by  him  balance 
each  other,  and  in  eftimadng  his  dock  may  be 
both  neglected*  Fower.b  fuiUined  by  an  equal 
power  adlng  on  the  fame  body  with  a  contrary 
dircdion,  and  neither  have  eflfeft.  When  two 
unequal  quantities  of  thofe  oppofite  qualities 
are  joined  in  the  fame  fubjeA,  the  g^aier  pre- 
vails by  their  difference^  And  when  a  greater 
quantity  is  taken  from  a  lefler  of  the  fame 
kind,  the  remainder  becomes  of  the  oppofite 
kind.  Thus  if  We  add  die  lines  AB  and  BP  to* 
gcdier,  their     . 

?am  is  AD,  JT-*— J  1 

but  if  we  are  ,  .  | 

tor    fubtrata  |r    t  Z  X 

BDfromAB,        A  o  u 

then  BC=BD  is  to  be  taken  the  contrary  "way' 
towards  A,  and  the  remainder  is  AC  5  which, 
Allien  BD,  or  BC  exceeds  AB^  becomes  a  line 
on  tftc  other  tfdfe  ot  A»  When  two  powers  or 

forces  are  to  be  added  together,  their  fum  afts 

B  2  Vfpn 
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ilpon  the  body :  but  whea  we  are  to  fubtra<5h 
one  of  them  from  the  other,  we  conceive  that 
which  is  to  be  fubtratfted  to  be  a  power  with  an 
oppofite  dire6lion  ;  and  if  it  be  greater  than  the 
other,  it  will  prevail  by  the  difierence.  This 
change  of  quality  however  only  takes  |)lace 
where  the  quantity  is  of  (iich  a  nature  as  to 

•  mit  of  fuch  a  contrariety  or  oppofition.  We 
know  nothing  analogous  to  it  in  quantity 
abftra&ly  cpnlidereds  and  cannot  fubtraft  a 
greater  quantity  of  matter  from  a  leflcr,  or  a 
greater  quantity  of  light  from  a  lefTer.  And 
the  application  of  this  dodtrine  to  any  art  or 
fcience  is  to  be  derived  from  the  known  prin- 
ciples of  the  fcience.  ^ 

^7.  A  quantity  that  is  to  be  added  is  like- 
wife  called  a  pofitivc  quantity  j  and  a  quantity  to 
be  fubtra&ed  is  faid  to  be  negatives  they  are 
equally  real,  but  Oppo0te  to  each  other,  ib  as 
to  take  away  each  other's  efFcft,  in  any  opera- 

,  tion,  wht  n  they  are  equal  as  to  quantity.  Thus 
3  ~3  =  o,  and  a  a  =:  o.  But  though  +  a 
and  —4  are  equal  as  to  quantity^  we  do  .not 
iuppofe  in  Algebra  that  +  n  =  —  ^  ^  bccaufe 
to  infer  equality  in  this  fcience,  they  mull:  not 
only  be  equal  as  to  quantity^  but  of  the  iamc 
quality,  that  in  every  operation  the  one  may 
have  Ac  liime  effeft  as  the  other.  A  decrement 
.may  be  equal  to  an  increment,  but  it  has' in  all 
operations  a  contrary  ciFe&i  a  motion  down- 
wards 
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wards  may  be  equal  to  a  motion  upwards,  and 
the  depreffion  of  a  ftar  below  the  horizon  may 
be  equal  to  the  elevation  of  a  ftar  above  it| 
buc  thofe  pofitions  are  oppoGte^  and  the  diftance 
of  the  ftars  is  greater  than  if  one  of  them  was  ' 
at  the  horizon  fo  as  to  have  no  elevation  above 
it>  or  depreffion  below  it.  It  is  on  account  of 
this  contrariety  that  a  negative  quantity  is  faid 
to  be  lefs  than  nothing,  b^caufe  it  is  oppofite  ta 
the  pofitive,  and  diminiftics  it  when  joined  to  it, 
whereas  the  addition  of  o  has  no  effed.  But 
a  negative  Is  to  be  confidered.no  leis  as  a  real 
quantity  than  the  pofitive.  Quantities  that  have 
no  fign  prefixed  to  thern  arc  underftood  to  be 
pofitive, 

§  8.  The  number  prefixed  to  a  letter  is  call- 
ed the  numeral  coefficient^  and  fliews  how  often 
the  quantity  reprefented  by  the  letter  is  to  b^ 
taken.  Thus  2a  imports  that  the  qiiantity  re- 
prefented by  a  is  to  be  taken  twice-,  that  it 
is  to  be  taken  thrice ;  and  fo  on.  When  no 
number  is  prefixed,  unit  is  underftood  to  be  the 
coefficient.  Thus  i  is  the  coqfficief)t  of  4  or 
of^. 

Quantities  are  faid  to  be  like  or  /imlar^  that 
are  reprefented  by  the  fame  letter  or  letters! 
equally  repeated.   Thus  +  3^  and  are 
like;  but  a  and    or  a  and  aa  are  unlike.  ^ 

A  quantity  is  faid  to  confift  of  as  many 
/imr  as  there  are  parts  joined  by  the  figns  <f 

Bj  or 
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or'—;  thus  ^  +  ^  con  fills  of  two  terms,  and  is 
Called  a  iittomiali  a  -^-  b  -k-  c  confiils  of  three 
cermst  and  is  called  a  trimmal*  Thefe  are 
called  compound  quantities:  a ^i»^/^  quantit]^ 
con  (ids  of  one  term  only,  as  ^  <ij  or  -f  or 

The  other  fymbols  and  definitions  neceffary 
in  Algihra  ihall  be  explained  in  their  proper 

places. 


CHAP.  II. 

OF  ADPITION. 

^  9.  A^ASE  T.    To  add  quantities  that  arc 
V>|  like  and  have  like  figns. 

Rule.  jUd  together  the  coejicients,  to  ttiif/m 
prefix  the  emmm  Rgrty  and  Juljoin  the  eommiit 
letter  or  letters.  '  ^*'*'.  • .  ' 

EXAMPLES;»^"^ 

I 

To    4  to   —6^      t^*^    it4r  i 

Add  «f  4«     add--a^     add.  jis-l-J^ 

Sum  +  Q/i      Sum— 8^  Sun[)4a+6/t 

To 
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To     Jtf^  4^ 
Add 


Sum  80-^1  S9r 


CalcIL  To  add  quantities  diat  are  like  but 

^  have  unlike  figns. 

Rule.   ^ubtraB  ibe  lejfer  coejjicient  from  the 
peater^  prefix  the  fign  of  tin  gr^aUr  tQ  the 

Offers. 

EXAMPLES. 


To  — 4a 
Add  «lr7» 

Sum  +3^ 


+  6c 

■    ft    Hi    I  11 


To  *+6*-*sy+8 
Add  5«— 4flp+  ^)f— 3 


Sum  -^4ii+a«i—  ^+^ 

This  ruie  is  eaHly  deduced  froiti  the  nature  of 
pofuive  and  negative  quantities. 

If  there  are  more  than  two  quantities  to  be 
added  together,  firft  add  the  pofitive  together 
into  one  fum,  and  then  the  negative  (by  Cafe  I.) 
Then  add  thefe  two  fun\s  together  |[by  C^f^  li*) 


B  4 


ex- 
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EXAMPLE. 


—  7^ 

Sum  of  the  pofitiye  .  ^  *  ^  iBa 

Sum  of  the  negative .  •  .  —  19« 


Sum  of  all 


•  •  • 


—  a 


Cafe  III.   To  add  quantities  that  are  unlike. 

Rule.  Sei  ibm  dU  dvom  ^ne  ifter  another^  wifk 
tbeir^gtis  and  coefficients  prefixed^ 


To'  +  2a 
Add  +3^ 


Sum  i«+3^ 

To  *4tf+4*+3r 

'    Add    —  4X'^^y  4  32; 


3^4<r 


Sum  '  4a+4i+3f— 4;tf~47+3x 


CHAP. 
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CHAP.  III. 

» 

OF  SUBTRACTION. 

J  10.  Eneral  rule.  Change  the  JIgns  of  tb$ 
VJ  quantity  to  be  fubtraSied  into  their 
tmtrayy  ftgns^  and  then  add  it  Jo  changed  to  th 
quantify  from  which  it  was  to  be  fubtraffed  ( by 
the  rules  of  the  laft  chapter )i  the  Jum  ariftng  by  ^ 
ibis  adttiti^n  is  the  remainder;  For,  to  lubtradb 
aay  quantity,  either  pofitive  or  ne^tive,.i9  thQ 
fame  as  to  add  the  oppoQte  kind,  • 

•  '  E  X  A  M  P  L  E  S.  .  • 

From  +5tf 
Subtract  +3<»  - 


7* 

3^+  4* 


Remaind.   ^a^^a^oria  \      c^^iii  - 

Remaind.  —44 — 7*  o  — 10 

It  is  evident^  that  to  fubtraft  or  take  away 
a  decrement  is  the  fame  as  adding  an  equal  in* 

crement.  If  we  take  away  — b  from  a — b, 
there  remains  a ;  and  if  we  add  +  b  to  a — b, 
the  fum  is  likewife  In  general,  the  fub« 
tradion  of  a  negative  quantity  is  equivalent  to 
'  ^      its  pofitive  value/ 

CHAP. 


* 
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CHAP.  IV. 
OF  MULTIPLICATION. 

I  It*  TN  Mtil^pikatioa  the  geoml  rule  fixr 
1.  the  fign  is.  That  n»hm  the  figns  of 

the  faEiors  are  like  (i.  e.  both  +,  or  both — ,) 
the  fign  of  tbi  proda^  is  4-  %  but  when  ibt/tgns 
cjtbtfa^m  m  unBk4»  ikijigt  •f  ibi  froduff 

Cafe  I*  When  any  pofidvc  quantity^ '  1$ 
multiplied  bf  any  pofitive  number, 
4- IV,  the  meaaiiig  is,  That  -ha  is  to 

be  taken  as  many  times  as  there 
are  units  in  m  and  the  produd 
.  ;  .vidc*tly«. 

Cale  IL  When  — n  is  multiplied  by  then 

~j  is  to  be  taken  as  o&cn  as  there 

are  units  in     aad  the  produ&  muft 
he— nd. 

Ca&IIL  Multiplication  by  a  pofitive  nimiber 

implies  a  repeated  addition;     but  • 
multiplication    by  a  negative  im- 
plies a  repeated  fubtraAion.  And 

y.  vhen  +4  is  to  be  multiplied  b; 
—  If,  the  meaning  is.  That  +iJ  is 
to  be  fubtrafted  as  0&cf\  as.  there 

.  -  4^ 
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are  imits  in  n:  therefore  die  pradoft 
is  neguivet  being 

|C4fe  i Y.  When  —  is  to  be  muhipiied  by 

then  — '4  is  t9  be  fubtra&ed  as  o& 
ten  as  there  are  units  in  n ;  but  (by 

§  10.)  to  lubcrad  —  a  is  equiva- 
lent to  adding  -fi^  cooicqueotly  the 
produd  is  *f  jKai 

The  Ild  and  IVfh  c^&a  may  be  iUuflratcd 
in  the  following  manner. 

By  the  definitions,  ^a^^as:  o;  therefore» 
if  we  multiply  a—a  by  ny  the  produft  muft 
vanifli  or  be  o,  bccaufe  the  fiid:or  a  —  a  is  o. 
The  firft  term  of  the  produ6l  ia  +  na  (by 
Cafi^  I.)  Therefore  ike  iecond  term  of  the  pro* 
daft  muft  be  ~  »1,  whidi  deftroys  +  va;  fo 
that  the  whole  prodinft  muft  be  +  na  —  na 
.  s:  o.   Thcre^are  ^  a  muWplicd  by  ^  »  gives 

< 

In.like  manner,  i^wemukiplf  +  a^abj 

—  »,  the  firft  term  of  the  produft  being  —  na, 
the  latter  term  of  the  product  muft  be  -\-na, 
becaioie  the  two  together  muft  deftroy  each 
other,  or  their  amount  be  o,  ffnoe  one-  of  the 
fiiftors  (mm*  is  Therefore  ^a  mul. 
tiplied  by       muft  give  +  na. 

In  this  general  dodrine  the  multiplicator  is 
always  confid<:red  as  a  number.  A  quantity  of 

any 
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any  kuxd  may  be  multiplied  by  a  number:  buc 
a  pound  is  not  to  be  multiplied  by  a  pound, 
or  a  debt  by  a  debt,  or  a  line  by  a  line.  We 

fliall  afterwards  confidcr  the  analogy  there  is 
betwixt  re&angles  in  Geometry  and  a  produft 
of  two  fadors. 

§  12.  If  the  quantities  to  be  multiplied  are 
Jimpk  quantities,  Jind  ihe  fign  of  the  product  by 
the  iaji  rule  -,  after  it  place  the  produtl  of  tbs  co-- 
efficients^  and  then  fit  dom  aU  the  kmrs  afitr 
§ni  amber  as  in  9ni  witrd. 


EXAMPLES. 


Mult, 

By.  +^ 


+  4^ 


Prod. 

Mult.  — 
By     —  4^  , 


Prod,  -f  jSi^r 


*i$aaU 


§  1.7.  To  multiply  quantities,  you 

muft  muliiply  every  part  of  the  multiplicand  by 
all  the  parts  of  the  multiplier  taken  one  after  an* 
ether  %  and  then  €oUeQ  ail  the  pradu&s  into  one 
/um^  tbat  fumfbaU  h  the  proiuB  requirtdn 


E 
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EXAMPLES. 


Mult.  tf+  6 
By  .    a+  i 


Prod 


aa-i-  ah 


Sum  aa+iai-t-ii 


3* 


Mult. 
B7 


Prod.  {^gLjgi^ 


Sum 


40a 


» • 


6bb 


XX — iV6 


Mult.  aa+ai-^bi 

By  a-^b 


Prod.  I 


•mm^b^-^abb^^bbi 


Sum  ..o.-.o— ^^3. 

§  14.  Produ6ls  that  arile  dom  the  ir.ultipli- 
cation  of  two,  three,  or  more  quantities^  as 
^bct  arc  faid  to  be  of  two,  three,  or  more  di- 
menfi^  i  and  thofe  quantities  are  called  favors 

or  }'GolJ». 

If 
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If  all  the  fadors  are  equal,  then  thcfe  pro* 
du«5ts  are  called  powers  i  as  or  aaa  are  pow- 
ers of  a, '  Powers  are  txprefled  fometlmes 
placing  above  the  root  to  the  right-hand  a  figure 
cxpreiHng  the  number  of  fadors  that  produce 
them.  Thus» 


ift"^  Powerofthe  Ca 


id  I  root  and  a' 
3d  f  is  fliortlys 


4ch 
5th- 


exprefled  i  ^ 
thus,  ttf* 


§  15.  Thele  figures  which  exprefi  the  nunt- 

bcr  of  favors  that  produce  powers  are  calletl 
their  indices  or  exponetus ;  thus  2  is  the  index  of 
a*.  And  powers  of  the  Jame  root  are  multiplied 
hy  adding  their  exponents.  Thus  X  0'  =;  a\ 
ij*  X     =  a' ^      X    =  <2*. 

§  16.  Sometimes  it  is  ufeful  not  adlually  to 
multiply  compound  quantities,  but  to  fee  them 
down  with  the  fign  of  multiplicadon  (x)  be* 
tween'  them,  drawing  a  line  over  each  of  the 
compound  fadors.  Thus  a-^h  x'^HJ ex* 
preffcs  the  produdl;  of  a-^h  multipficd  by  41— 


CH  ABt 
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C  H  A  P.  V. 

OF  DIVISION. 

§  17*  npHE  fame  rule  for  the  figns  kto  be 
I  oblerved  in  Divifion  as  in  Multi- 
plication; that  is.  If  the  figns  of  the  dividend 
Md  diwfor  art  kk^^  ibi  Jign  of  the  quotient  muft 
ie  ^%  ifthtfon  imUke^  tbt  jign  of  tb$  qwtim 
muft  be  — .  This  will  be  cafily  deduced  from 
the  rule  in  Mukiplication,  if  you  confider  that 
the  quotient  mull:  be  fuch  a  quantity  as  naulti* 
plied  hf  the  divifor  ifaaU  give  the  dividend. 

The  general  rule  in  Divifion  is,  to 
flace  the  dividend  above  a  fmall  Une^  and  the  di* 
vifpr  under  it,  expunging  any  letters  that  may  h 
fsmd  in  aU  tbe  quanUties  of  the  dividend  and 
vifor^  and  dividing  tbe  coefficients  of  all  the  terms 
by  any  common  meajure.  Thus  when  you  divide 
lOtf^f  15/iir  by  %oady  expunging  a  out  of  ail 
die  termSj  and  dividing  all  the  cocffici^pnts  by 

5,  the  quotient  11  -  -  ^  i  and 


i2ai)3Qax^  S4ay(^^^^. 


» 
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§  19.  Powers  of  tbi  fame  reef  are  divtiei 

JuhtraSfing  their  exponents  as  they  are  multiplied 
ty  addiag  them.   Thus  if  you  divide     by  a\ 
the  quotient  is  n*"^*  or  aK   And     divided  by 
gives  ^*"^*  or    ;  and  a''^  divided  by  a*i* 
gives  a^y  for  the  quotient. 

§  ao.  If  the  qitantity  to  be  divided  is  eeoH 
pound,  tlen  you  mufi  rasige.  Us  parts  according 

to  the  dimenfions  of  fome  one  of  its  letters  as  in  the 
following  example.  In  the  dividend  a*+ 
(hey  are  ranged  according  to  the  dimenfions  qC 
ety  the  quantity  a^  where  a  is  of  two  dimen- 
fions being  placed  firft,  2ab  where  it  is  of  one 
dimenfion  next,  and  h'y  where  a  is  not  at  all^ 
being  placed  laft.  ^be  divifor  a -hi  mufi  be  ran* 
ged  according  to  the  dimenfions  of  the  fame  letters  ; 
then  you  arc  to  di  uidetbe  firfi  term  of  the  dividend 
by  the  firji  term  of  the  divifor,  and  to  fet  down  the 
quotient,  which,  in  this  example,  is  a;  tbenmul^ 
tiply  this  quotient  by  the  whole  divifor^  and  /ub^ 
tracl  the  produof  frcm  the  dividend^  and  the  re- 
mainder fiall  give  a  new  dividend,  which  in  this 
example  is  ab    b\  ' 
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O  O 

Broide  the  firft  term  of  this  new  dividend  hy  the 
firft  term  of  the  divifar^  and  fet  dow/i  ihe  quotient 
( which  in  this  example  is  b )  with  its  proper  fgfi. 
Then  vjullipiy  the  whole  dlvifor  by  this  fart  cf  the 
quotienty  and  fuhtratl  the  produSi  from  the  new  ^ 
dividend  s  and  if  there  is  no  remainder^  the  dtvijhm* 
is finipea :  If  there  is  a  remainder,  you  are  to 
proceed  after  the  lame  manner  till  no  remainder 
is  left }  or  till  it  appear  tb^t  there  will  be  always 
ibme  r^ainder. 

Some  eitamples  will  illuftrate  this  operation* 

EXAMPLE  1. 

a^b)  a'-^h"  )a^b 
a*-^ab 


EXAMPI.E  xll. 


^aah  +  lahb 


abb  —  bbb 
abb  —  bbb 


EXAMPLE  IIL 

«M  by  aaa  ^  bbb  (aa  +  -k^^^ 
M  aab 


aab^ 
aab abb 


abb  ^  bbb 


abb  —  ^^/^ 


o  o 
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« 

Example  iv^ 


tlaaa — i^a 

\  ..  III  !  H 


$  a  I.   It  often  happens  that  tKe  operation 

may  be  continued  without  end,  and  then  you 
have  an  infinite  Series  for  the  quotigati  and  iy 
comparing  the  firft  three  or  four^  tgrms  you  may 
find  what  law  the  terms  eijkrve:  iy  wbieb  means, 
mtheut  a9iy  more  iivifion^  you  may  continue  the 
quoiieni  as  far  as  you  pkaft.  Tiros,  in  dividing 
I  by  i-^a^  you  find  the  quotient  to  be  14-4 
aa^aaaf  aaaa  +  &fr;  which  Series  can  be 
continued  as  far  4|fr-yott  plcafc  by  adding  thq 
Powersoft/   


I  -  f 


C«  The 
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The  operation  is  thus  t 
4)1(1  +  a  +  aa  i-  aaa  (^(. 


+ 


Aaother  Example. 


<7 


a 

2*» 


2** 


In 
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In  this  laft  example  the  (igns  ate  alternateljr 
+  and  — the  coefficient  is  coolbuitly  2,  after  *• 
the  fird:  two  terms,  and  the  letters  are  the  pow- 
ers of  X  and  a;  fo  that  the  quotient  may  be 
continued  as  iar  as  you  pleafc  widiQut  any  more 
divilion. 

But  in  Divifion,  after  you  come  to  a  remain- 
der of  one  term,  as  2.y,v  in  the  lafl:  example, 
it  is  commonly  fet  down  with  the  divifor  under 
it,  after  the  other,  terms,  and  theie  together 
l^ve  the  quodent.  Thus,  the  quodent  in  the 

lall  example  is  found  to  be    —  x  +  ,  And 

•¥     divided  by       «  ^ves  for  the  quotient 

Noie,  The  fign  placed  between  any  two 
quantities,  exprefles  the  quotient  of  the  former 
divided  by  the  latter.  Thus  «  +  ^  -5-  is 
the  quotient  of  4  4*  ^  divided  by  ir. 


Cj  CHAP. 
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C  H  A  P.  VL 

OF  FRACTIONS, 

1 22.  TN  the  laft  Chapter  it  was  faid  that  the 
X  qttotieiit  of  any  quantity  « di^ded  by 
i  IS  expreiTed  by  placing  a  abovea  fmall  Ime  and 

i  under  ic»  thus,      Thefe  quotients  arc  alfo 

called  Frd^ionsi  and  the  dividend  or  quantity 

placed  above  the  line  is  called  tlie  I^umcrntuf 
of  the  fra£lion,  and  the  divilbr  or  quantity 
placed  under  the  line  is  called  the  Denominfifor* 

'  Thus  —  exprefles  the  quotient  of  a  divided  by  j ; 

and  2  is  the  numerator  and  3  the  denominator  of 
the  fradkion. 

(2j.  tf  tbinumrator  of  a  fraSiim  is  efual 
to  the  deneimnator^  tbin  tbe  fraSum  is  tqual  to 

uniij,    thus     and  j  are  equal,  to  unit.   If  tbs 

nmerater  is  greaier  tban  the  denominator^  tben 
tbe  /ration  is  greater  tban  unit.   In  both  thefe 

cafes,  the  fradion  is  called  improper.    But  if  tbe 
numerator  is  hfs  than  the  ucuOi/nnator,  tben  the 
fra^ioH  is  lejs  than  unity  and  is  called  proper* 

Thus  ^  is  an  improper  fraction ;  but  ^  and 

^  are  proper  fra£tions.  A  mixt  quantity  is  that 
3  ~ 

whereof 
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whereof  one  pare  is  an  hteger  and  the  other  « 

framon.  As  3i  and  Sr»  and  + 

PROBLEM  I. 

^  24«  To  reduce  a  mixt  quantity  to  an  impko^ 
pia  Fractioh. 

# 

Rule.  *  Mkkipfy  ibi  fori  fiat  is  an  intiger  h  the 
Jenminat^ref  tbe fra&mal psrii  and  i0  the 

produ^  add  the  numerator'^  undur  thdr  Jurn 

place  the  fermer  denominator. 

Thus  2  4-  reduced  to  an  inoproper  fraAion^ 

gives  ^^-j  «  +     =  — J — I  and     —  If  + 


PROBLEM  11. 

To  reduce  an  uu^koper  /ration  to  a 

MiXT  QUANTiXY. 

Rule.  Divide  the  numerator  of  the  f ration  by 
the  denominator^  and  ibe  jaotieni  JbaU  give  iii 
integral  part;  tbe  remainder  Jet  over  tbe  deno» 

minator  fjall  be  the /rational  part. 

Thus -=  2f i  -J- =  *  +  -J-,  -Tqrj- 

— s   a!4i  +  jr+  . 

C  4  P  R  O- 
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PROBLEM  III. 

§  16.  To  rednce  fratiions  of  different  diuomins* 
tim  to  the  fra&ions  ifual  value  ibat  Jbatt 
have  the  fame  denominator. 

Rule.  Multiply  each  numerathr^feparately  taken^ 
into  all  the  denominators  hut  its  own,  and  the 

.  frodu£ls  Jhall  give  the  new  mtmeratorst  Then 
multiply  all  the  denominators  into  one  another^ 

and  iheprodu^  Jhall  give  the  common  denomina- 
tor. 

Thus  the  fradions  ~,  — ,  -j,  arc  rclpcftively 

equal  to  thele  fradtions  which 

have  the  fame  denominator  bed.  And  the  fradtions 

2-,  i-J        are  rcipcclively  cc^ual  to  thefe 
3     4*  5 

45  48 

60*  6o* 

PROBLEM  IV. 

§  ay.  T(0  ADD  and  subtract  Fradions. 

Rule*    Reduce  them  to  a  common  denominator^ 

and  add  or  juhiratl  the  nuii,i.rators,  the  Jum  or 
difference  Jet  ever  the  common  denominator,  is 
the  Jum  or  remaindet^  required. 

Thus 
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a       c       (1       aJe  +  bee  -f  '" ' 

Thus  +  — = 


^     d       bd    '  z  4*"ia"'i2 

«  ,a.x  JL         Lzi!  -  JL. 

•*  *   4      3         la        11  * 

4  3  _J6^is_.  1  . 

5       4         20         20  ' 

"a     3*"  6 
PROBLEM  V. 

Ruk.    Multiply  their  ntmeratm  one  into  another 

to  obtain  the  mimeratgr  of  the  produH  j  and 
their  dtnominf.tors  multiplied  into  one  attotber 
Jhallgive  the  denominator  of  the  produtK 

r  7  -     1 "  ?  =  ,7'  *^ 

"T   

If  a  mixt  quantity  is  to  be  multiplied,  firft 
reduce  it  to  the  form  of  a  fradtion  (by  Prob.  I.) 
And  if  integer  is  to  be  multiplied  by  a  frac* 
tion,  you  may  reduce  it  to  the  form  of  a  frac- 
tion by  placing  unit  under  ir. 

EXAMPLES. 

5»  X  i  =  iZ  x.izriL.  9  X  1  =  1  xi 
4        3      4*»  3      «  i 
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l8        /     ,       bjf         a        ha  4-  bx  a 

3         '^fl        jr.        a  X 

a^b  'jr  abx     ab  bx 
— — — -  g  ♦ 

PROBLEM  VI. 

§  29.   3V  DIVIDE  FraiKons, 

Rule.  Multipiji  the  numerator  of  the  dividend  by 
the  d^nomnaiar  of  the  divifor^  their  produ9 
fhall  give  the  numerator  of  the  quotient,  Then 

wultiply  the  denominatGr  of  the  dividend  hy  the 
'  numerator  of  the  div^or^  and  their  produQ  Jhall 
give  the  denominator. 

ThuslU(12,l)|-m,  L)l.(%, 

5/3  ^2    7/8V24*  d  J  b  \cb  * 

bJ    a     \        ^  ub 

§  30.  Thefe  laft  four  Rules  arc  cafily  demon- 
(bated  from  the  definicion  of  a  fraftion. 

!•  It  is  obvious  that  the  fraclions 

b     a  f' 

are  rclpedlively  equal  to  fxncc  if 

you  divide  adfhy  hdf^  the  quotient  v/ill  be  the 
fame  as  of  a  divided  by  ^  j  and  divided  by 
dhf  gives  the  fame  quotient -as  c  divided  by  d  % 
and  ehd  divided  by  fh d the  lame  quotient  as 
€  divided  by  /. 

.  2.  Fradions  reduced  to  the  fame  denomina- 
tion are  added  by  adding  their  numerators  and 

1         *  fub- 
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Ibbfcribiiig  the  common  denomina,tor.  i  lay 
y  +      ss  — J— •    For  call      =  and 

J-  s  and  it  will  a  is,  mt,  £  ^ni,  and 
it^  +  =  +  tf,  and  «  + 1»  =  I  thac 
i$,  2-  +  ^  =:  ^-i-^.    After  the  fame  manner^ 


3.  I  fay  J.  X  ^(-si»K>i)  =  -y|  for 
dnzzci  and  bdmn^ae,  and  mh^j^s  ^^^^^ 

* 

4. 1  fay  J-  divided  by  ~,  or  gives 
for  iP^  s=  iv^  and  ai^^  =  adi  nds^c,  and 

nbd     cbi  therefore         =  ^  1     that  i$, 

IT  eit* 

PROBLEM  VIL 

§  31.  ^0  find  the  greateft  cmmu  Meafure  of 
two  numbers ;  rhnr  is,  the  greateft  cnmbcr  that 
can  divide  them  both  without  a  remainder. 

Rule.    Firft  divide  the  greater  number  by  the 

lej/er,  iind  [f  thirc  ts  no  remainder  th  ie/Tcr 
number  is  the  greaieji  cotnmon  divijer  requirjd. 

jf 


1 

30  ^Treatise^     Part  !• 

Jf  thm  is  a  nmaindir^  divide  ymr  Ufi  divi/or 

hy  it ;  and  thus  proceed  continually  dividing  the 
hft  divifor  hy  its  retnaiiLlt  r\  till  th^e  is  no  re- 
tnainder  left,  ar:d  then  the  lajl  divifor  is  ibc 
greatefi  commm  Meafure  required. 

Thus  the  greatcft  common  meafure  of  45  and 
63  is  9  i  and  the  greateft  common  meafure  of 
256  and  48  is  i6, 

45)63(1      '  43)256(5 
45 '  ^40 

ib)45(a  16)48(3 
36  48 

9)  18  (2  o 
18 


§  32.  Much  after  the  fame  manner  the  greateft: 
common  meafure  of  algebraic  quantities  is  dif- 
coveredi  onl)c  the  remainders  that  arife  in  the 

operation  are  to  be  divided  hy  their  fimpk  divifors, 
and  the  quantities  are  always  to  be  ranged  aucrd* 
ing  to  the  dimen/tons  of  the  fame  letter. 

Thm  to  find  the  greateft  common  meafure 
ofn*— i*aiid  «*— 2<?^  + **5  '  ^ 

41*—  h')  a*  —  lab  +  t-^  (i 


—  'Xab  +  ai"'  Remainder, 

which 
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which  divided  by  ~  2  ^  is  reduced  to 


o  o 

•  ■ 

•         *  -     *  • 

Therefore  a  ^  yU  the  greateft  common 
meaiure  required.  - 

The  ground  of  this  operation  is,  That  any 
quantity  that  meafures  the  divifor  and  the  re- 
mainder (if  there  is  any)  muft  alfo  meafure  the 
dividend;  becaufe  the  dividend  is  equal  to  the 
fum  of  the  divilbr  multiplied  into  the  quoiicnt, 
and  of  the  retiuiader  added  together*.  Thus 
in  the  laft  example^  «  — meafures  the  divifor 
^  — '  ^»,  and  the  remainder  —  aa^  +  2^*;  it 
muft  therefore  likewife  meafure  their  fum  a^-  — 
2aif  +  ^*.  You  muft  obferve  in  this  operation 
to  make  that  the  dividend  which  has  the  highefk 
powers  of  the  letter,  according  to  which  the 
quantities  are  ranged. 

PROBLEM  VIII. 

§  3 J.  ^0  reduce  any  pra^ion  to  its  kweft  terms. 

'Rule.  Find  the  greateft  ^common  meafure  of  the 
mtmerator  and  denominator  divide  them  by  that 
immn  meafure  and  place  the  quotients  in  their 
rmny  and  you  fiatt  have  a  f ration  efmvaleHt 

Sec  Chap.  XiV. 


t 


to  the  given  fira&ion  exprejfed  in  ii^  Uaft 


term. 


Thus^)-^^  =  21.  i^fl±JS^ss 

S*»  4-   3^  ,        <»*  -  _  a  +  b 

iw—  11^  '    «^  —  20^  4»^*       a  ^  h  ? 
^  tf*-*^«     ^«  ^ 

common  meafure 
of  the  numbers  and  quantities,  then  the  fradioQ 

is  already  iii  its  iowcft  terms.  Thus  ^  caimot 
be  reduced  lowcsr. 

And  nuii^bers  whofe  greatefl:  comtoon  ixiea^ 
fure  is  unit,  are  faid  to  be  prime  to  one  «potben 

S  34*  If  it  is  required  to  reduce  a  given  ftac^ 
tion  to  a  fraftion  equal  to  it  that  fliall  have  a 
^^!vcn  nominator,  you  vnvL^  muUiply  ihe  nu- 
meraior  by  the  given  denominator^  and  divide  the 
froduSt  by  tU  former  dmominator^  ibe  quotient 
Jet  over  the  given  denominator  is  ibe  /ration  re^ 

quired.    Thus  j  beir  g  given,  and  ifc  being  re* 

quired  to  reduce  it  to  an  equal  fta6Uon  whofe  d^- 
nofiiinator  lhall  ber;  find  the  quotient  of  ac 
divided  by  b,  and  11  iiiaii  be  the  numerator  of 
the  fraction  required,  .  '  ' 


If 
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If  a  Vulgar  iraaion  is  tu  be  reduced  to  a 
decimal  (that  is,  a  fraiStiun  whofe  denominator 
is  lo,  or,  any  of  its  powers)  atjfiex  as  many 
iypbers  as  you  pleafe  to  the  vum^aier^  and  then 
Mtnde  it  iy  the  dettmhiai$r^  the  qmtim  fiaH 
give  a  decimal  tftal  i9  the  Vulgar  fra^ien  pro^ 
fofed. 

Xhus  \  -  .66666  i^e.i  -2-3 .6s 

§  35.  Thde  fradions  are  added  and  iub- 
traded  like  whole  numbers  $  only  care  muft 
be  taken  to  fet  ftmilar  places  above  one  another^ 

as  uniis  above  units,  and  tc:rJ;s  abuve  tciuiis, 
They  ar^  multiplied  and  divided  a-?  inte- 
ger numbers ;  only  tbtre  mujl  he  as  vin-]y  decimal 
places  in  the  produul  as  m  hotb  the  muUiplicand 
and  multipliers  and  in  the  quotient  as  many  as 
there  are  in  the  dividend  mere  than  in  the  divifer^ 
And  in  divifion  the  quotient  may  be  condnued 
to  any  degree  of  exadneis  you  pleafe,  by  add- 
ing cyphers,  to  the  dividend.  The  ground  of 
thefe  operationi  b  eafily  underftood  fcom  the  ge* 
neral  rules  for  adding,  multiplying,  and  dividing 
firactionfi,    <  •  • 


CH  AP^ 


34  ^TrEATXSX^  PAHT^Itf 

CHAP*  VII. 

OF  THE  INVOLUTION  OF  QUANTITIES. 

§36.  '  I  "^HE  produtfts  arifing  from  the  con- 
J.  tinual  mukiplicaaon  of  the  lame 
quantity  were  called  (in  Chap.  IV.)  the  fowers 
of  that  quantity.  Thus  ^I%  j%  a*^  &c.  are 
the  powers  o( a  ;  and  <2  3\  a*  fc. 

are  the  powers  of  a  b.  In  the  ikoie  Chapter, 
the  rule  for  the  multiplication  of  powers  of  the 
£iine  quantity  Is  to  Add  the  exponents  and 
make  their  fum  the  exponent  of  the  produd,'* 
Thus  rf*  X  =:  J  and  4»  3'  x  ^  ^  =  ^». 
In  Qfop*  V*  you  have  the  rule  for  dividing 
powers  of  the  fame  quantity,  which  is,  "  To 
I'nbtraft  the  exponentb  and  make  the  difference 
tiie  exponent  of  the  quotient.'* 

f 

^  S  37*  V  divide  a  lejfer  power  by  a  greater^ 
the  exponent  of  the  quotient  ntuft^  by  this  Rule, 

pe  negative.   Thus-^     tf^-*  s  4-*,  But 

* 

^  =  ^5  and  hence  i  b  expre(&d  alfo  by 

with  a  negative  exponent. 

It 
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It  is  alfo  obvious  that  ^  =         =  ^| 

but  —  =  I,  and  therefore  a"  =  i.  After 

am  * 

.  o  * 

aa  ^     '~     '    ""n       •  4tf 

«""^i  fo  that  the  quanuties^,  i,  ~, 

&c.  may  be  cxprcfled  thus,  tf*,  <j%  a""*, 

4»"%  *,  41  &c.  Thofe  are  called  the 
negaiivf  powers  of  a  which  have  negative  ex«» 
ponents ;  but  they  are  at  the  fame  time  fofitivi 

powers  of  ^  or 

§  jB.  Negative  powers  (a$  well  as  ^ojltive  J  an 
muUiplied  by  adding,  and  divided  by  fuhtraEting 
their  exponentj.    Thus  the  prociu^t  oi  a"^  (or 

multiplied  by  «— »  (or  -jj)  is^r-*— » =  tf-t» 
(or  -p)  i  alfo  If-*  X     =  —  4^*  (or 

-^)  ;  and       X  ii'  =     =      Andy  in  gene- 

ral,  pofitive  power  cf  a  multiplied  by  a  nega- 
tive pcxer  of  a  of  an  equal  expc/,cnt  gives  unit 
for  the  produtl',  for  the  pofitive  and  negative 
deftioy  each  other,  and  the  produtft  gives  ii% 
which  is  equal  to  unit* 

b  like- 


36  ifTnEAtlSB^f  PaM;I. 

Likcwife      V  —           =       =  and 
5  s  a— *+5  s=  ».    But  aifo,  ^ — 5  =•   

s  I  therefere  =  And,  in  gene- 
ral, *^  any  quitntitjr  placed  in  tlie  denominator 
of  a  fra^ion  may  be  tranfpofed  to  the  nunie- 

racor,  if  the  fign  of  its  exponent  be  changed,'* 

Thus  ~     arz^,  and  -i-3-  = 

§  39*  The  quantity  <f  cxprefles  any  power 
of  a  in  general  j  die  exponent  (w)  being  unde- 
termined i  and       expreites  — ,  or  a  negative 

power  of  4  of  an  equal  exponent :  and  x  a*"" 
=        =     =  I  is  their  produft.  41^  cxprefles 

any  other  power  o(  a  ^  a~-  x  a  =  ^"'+"  is  the 
produd  of  the  powers  a'^  and  a",  and  4i^rr"  is 
their  quotient, 

§  40.  To  raife  any  finriple  quantity  to  its  fc- 
cond,  third,  01  fourth  power,  is  to  add  its  ex- 
ponent twice,  thrice,  or  four  times  to  itfelf; 
therefore  the  feeond  power  of  any  quantity  is 
had  by  doubling  its  exponent,  and  the  third  by 
trcbiing  its  exponent;  and,  in  general,  the 
power  ixpreffed  by  m  cf  any  quanlity  is  bad  by 
.  nmltiplying  the  eseponeta  bym,  as  is  obvious  from 
the  multiplication  of  powers.  Thus  the  fccond 
power  or  fquare  of  a  is        =        its  thiid 

power 


Digitized  by  Gopgle 


CHAP.y  ALGE.BRA.  37 
power  or  cube  is  «'^*  =  a'  j  and  the  mh  power 
of  a  is  /r»x»  =  Alfo,  the  fquare  of  a*  is 
^1X4  —  ^*.  the  cube  of  a*  is  —  a  -,  and 
the  ffdi  power  of  a*  is  0«^«'.  The  fquare  of  . 
IT  ^  r  is  a*i*^,  the  cube  is  a^fc^  the  mth  power 

§41«  Theraifing  of  quantities  to  any  power 

is  called  Involution ;  and  any  fimple  quantity  is 
involved  by  ynuJtiplying  the  exponent  by  that  of  the 
power  required^  as  in  the  preceding  Examples. 

The  catmint  m$ifi  ajfo  be  raifed  to  the  fame 
power  by  continual  multiplication  of  itfelf  by 
itfelf,  as  ofceti  as  unit  is  contained  in  the  expo- 
nent of  the  power  required.    Thus  the  cube  of 

ja^  is  3  X  3  X  3  X       =  ^la^K 

As  to  the  Signs,  9Vben  the  quantity  to  he  in-- 

volved  is  pofttive^  it  is  obvious  that  all  its  powers 
mufi  he  pofuive.  And  when  the  quantity  to  be 
involved  is  negative,  yet  all  its  powers  whofe  eX' 
poHents  are  even  wmhers  bepqfitive,  for  anf 
nunnbcr  of  multiplications  of  a  negative,  if  the 
number  is  even,  gives  a  pofuivcj  fmce  —  x  — 
=  +,  therefore  — x  —  x  —  x  —         x  + 

=:.+  jan4— X  —  X— X  —  X  —  X  — 
H-  X  +  X  +  = 

The  powtT  then  only  can  be  negative  when 
its  exponent  is  an  odd  number^  though  the 
quantity  to  be  involved  be  negative.  The  pow- 
ers of      are  —  a,  +a\  — ^»,  — 

D  2  Gtf. 
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6f^.  Thofe  whofe  exponents  are  a,  4,  6,  iic. 
are  pofitivje$  but  thofe  whofe  exponentis  arc 

1,  3,  5,  ^c,  are  negative. 

§  42«  The  involutioa  of  ^«^/^/^/f^ quantities 
is  a  more  difficult  operation.  The  powers  of 
any  binomial  a  +  im  found  by  continual  muU 
tiplication  of  ic  by  idelf  as  follows. 
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,  §43.  If  the  powers  o(  a  —  b  are  •  required* 
they  will  be  found  the  fame  ^  the,  preceding, 

only  the  terms  in  which  the  exponent  of  b  is 
an  odd  number  will  be  found  negative ;  "  be- 
caufe  an  odd  number  of  multiplications .  of  a 
negative  produces  a  negative."  Thus  the  cube 
of  a  —  ^  will  be  found  to  be  —  ^a^^  + 
—  If^i  where  the  2d  and  4th  terms  arc 
negative,  the  exponent  of  i  being  an  odd  num- 
ber in  thefe  terms.  In  general,  «  the  terms  of 
any  power  of  ^  —  i  pofitive  and  negative  by 
turns/' 

§44.  Ic  is  to  be  obferved,  that  "  in  the  firft 
term  of  any  power  of  ^  4"     the  quantity  a 

has  the  exponent  of  the  power  required,  that 
in  the  following  terms,  the  exponent  of  a  de- 
creafes  gradually  by  the  fame  difierence  {viz* 
unit)  and  that  in  the  lafl:  term  it  is  never  found. 
The  pov;ers  of  are  in  the  contrary  order;  it  is 
not  found  in  the  firft  term,  but  its  exponent  in 
the  fecond  term  is  unit,  in  the  third  term  its  ex«» 
ponent  is  2 ;  and  thus  its  exponent  increafes,  till 
in  the  kft  term  it  becomes  equal  to  the  expo- 
nent of  the  power  required.'* 
^  As  the  exponents  of  a  thus  decreafe,  and  at 
the  feme  time  thofe  of  i  increafr,  the  fum 
of  their  exponents  is  alv  ays  the  fimc,  and  is 
equal  to  the  exponent  of  the  power  required.'* 
Thus  in  the  6th  power  of  a  i,  viz.  + 
6a' i  +  i5«*i*  +  2Qa'P  +  isa'i*  +  6«^»  + 

'   D  3  the 
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the  exponents  of  a  decreafe  in  diis  order, 

^>  5i  4»  3i  If  Oi  and  cholc  of  b  iacrcafe 
in  the  contrary  order,  o,  1,  2,  j,  4,  5,  6. 
And  (he  flim  of  their  e]q)onents  in  any  term  is 
always  6. 

§45.  To  find  the  coefficient  of  any  term, 
tlie  coctficient  of  the  preceding  ternn  being 
known;  you  are  to  divide  the  coefficient  of 
the  preceding  term  by  the  exponent  of  b  in  the 
given  term,  and  to  multiply  the  quotient  by 
the  exponent  of  a  in  the  fame  term,  increafed 
by  unit.**  Thus  to  find  the  coefficients  of  the 
terms  of  the  6th  power  o(a  ^  you  find  the 
terms  are 

a\  a%  a'b\  a'b\  d'b^  ah\  i 

and  you  knour  the  coefficient  of  the  firft  term  is 
unit;  therefore,  according  to  the  rule,  the  coef- 
ficient of  the  2d  term  will  be  i-  x  5  +  i  =6; 

6  — — — • 

tliat  of  the  3d  term  will  be— X4+i=:3x^ 

a 

=  i5i  that  ofthe  4th  term  will  be  ^  x  3  +  i 

2=  5  X  4  =  J  and  thofe  of  the  following  will 
be  15,  6,  I,  agreeable  to  the  preceding  Table. 

^  46.  In  general,^  if  ^  +  ^  is  to  be  raifed  to 
any  power  the  terms,  without  their  coeffici- 
ents, v.ill  be,  oT-'h,  oT—'V,  cr-^h\ 
^«—5^5^  y^-.  continued  till  the  exponent  of  b 
becomes  equal  to  ^ 

The 


Digitized  by  Gopgle 


Chap,  7«.    ALGEBRA*  41 

The  coefticicncs  of  die  rgfpedbive  terms,  ac- 
cording to  the  iall  rule,  will  be 

m—i  ^  ^  «—1  ^  w-!-2         w— I 


3  4  a  3  4 

«^Zll-,  6fr>  eontinued  until  you  have  one  00- 

efficient  more  than  there  are  units  in  m. 
It  follows  therefore  \;tj  th^^c  lall  rules*  that 

a  +  =  a'  -^mer-'  ^  +  flf  X  ^^^—^  x*"~*** 
+  »  X  — -  X  X  3»  +  «  X  — — 

23  a 

X         X         X  a"—*  ^  +  ^tf.  which  is  the 
3  4 

general  ^i^tfrem  for  raifing  a  quaauty  confifting 
of  two  terms  to  any  power  m. 

i  47.  If  a  quantity  confiding  of  three,  or 
more  terms  is  to  be  involTedj  you  may  dif- 
tingtiiOi  it  into  two  parts,  eonfidering  it  as  a 
binomial,  and  raife  it  to  any  power  by  the  pre- 
ceding rules  ;  L];,d  then  by  the  fame  rules  you 
may  lubUiiutc  iiiltcad  of  the  powers  of  thefc 
"CompOiind  parts  their  values.*' 

Thus*  +  ^  +  /  =:  #  +  ^  4  ^  =  «  4  4 

h  c  c\   

And  rTTT^'  =5  4  4  3  ^  «  4  ^ 
4  3 >^  «4  ^4  r»  =  tf»  4  3  tf*  *  4  3«**  + 

4  3  «*f  +  6<i^r4  3*V4  3<iP*4  3*'*+ 

D  4  '  lO 
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4jt         A  T  at  At  i%z  0f     Part  !• 

In  thefe  examples,  a  b  +  c  i%  confidered  as 
coinpol'cd  of  the  compound  part «  +  b  and  the 
iimple  part  c  %  and  then  the  powers  of  a  +  i 
arc  formed  by  the  preceding  rules,  and  fubfticuted 
for  a  -i-  i'  and  a  +  i , 


CHAP.  VIII. 

■ 

OF  EVOLUTION. 

§  48.  rr^HE  reverfc  of  Involution,  or  the  re- 

J.  folving  of  powers  into  their  root«, 
is  called  Evolution.  The  roots  of  fingle  quan- 
tities are  eafily  extra&ed  by  dividing  their  expit-^ 
nents  by  the  number  that  denominates  the  root  rf  • 

quired.  Thus  the  iquare  root  of  a*  v&a"^  =  iB*; 
and  the  Iquare  root  of  a^b'c'^  is  {^b^c^  The 

6  3 

cube  root  of  a^b^  \%  d^b^  ^  a^h\  and  the  cube 
root  of  ^^yz"  is  The  ground  of  this 

rule  is  obvious  from  the  rule  for  Involution. 
The  powers  of  any  root  are  found  by  multiply- 
ing its  exponent  by  the  index  that  denominates 
tliC  power  j  and  therefof-e,  when  any  power 
is  given,  the  root  muft  be  found  by  dividing 
the  exponent  of  the  given  power  by  the 
number  that  denominates  the  kind  of  root  thic 
is  required, 

%  49. 
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§  49«  It  appears  from  what  was  iaid  of  Iiivo* 
lution,  that  "  avy  power  that  has  a  pqfitive  fign 

may  have  either  a  pqfiuve  or  negative  root,  if  the 
root  is  denominated  by  an  even  number**  Thus 
the  fquare  root  of  +      may  be  +  «  or  tf, 
becaufe  +  ^  x  +  «  or  —  a  ^        gives  + 
for  the.produft. 

But  if  a  power  have  a  negative  fign,  "  no 
root  of  it  denominated  by  an  even  number  can  be 
a£igned**  fince  there  is  no  quantity  that  multi* 
pGed  into  itfelf  an  even  number  of  times  can 
give  a  negative  prodnfb.  Thus  the  fquare  root 
of — cannot  be  afiigned,  and  is  what  we  call 
an     impojjible  or  imaginary  quantity/* 

But  if  the  root  to  be  extra&ed  is  denomi- 
nated by  an  odd  number,  "  then  JJoall  the  fign  of 
the  root  bethejame  as  thefign  of  the  given  number 
wbqfe  root  is  required**  Thus  the  cube  root 
of  ^'is  —  a^  and  the  cube  root  of  — 
is— /1*^. 

§50.  If  the  number  that  denominates  the 
root  required  is  a  diviibr  of  the  exponent  of 

the  given  power,  then  fhall  the  root  be  only  a 
lower  power  of  the  fame  quantity.^*  As  the  cube 
root  of  i^'^is  <2%  the  number  3  that  denominates 
the  cube  root  being  a  divifor  of  12. 

But  if  the  number  that  denominates  what 
fort  of  root  is  required  is  not  a  divifor  of  the 
exponent  of  the  given  power,  then  the  root 
required  fhall  bave  a  fra&ion  for  its  exponent** 

2  1  iiUi 
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Thus  the  fquare  root  ofa^  is     ^  the  cube  root 

of     is  a^^  and  the  fquare  root  of  a  itfelf  is  n». 

Thefe  powers  that  have  fradional  ej^nents 
are  called  *^  Impirfe^  ptmrs  or  Juris and  are 

otherwife  cxpreffed  by  placi|ig  the  given  power 
within  the  radical  fign  and  placing  above 

the  radical  fign  the  number  that  denominate^ 

what  kind  of  root  is  required.  Thus  = 


m 


=       I  and  a»     y/^T.   In  numbers  the 

Iquare  root  of  2  is  exprefled  by  \^ 2,  and  ^h^ 
cube  root  of  4  by  i/4. 

^  51.   Thefe  imperfeft  powers  or  ftuds  are 
**  multiplied  and  divided,  as  other  powers, 
adding  and  fubira^ing  iheir  exponents**  Thus 

4».  X  =  tf*  =  a'',  X  fl*  =  d^"^*  s=5 
4»«*  =  and  11=  ^  *    =  =4% 

They  are  involved  likewife  and  evolved  after 
the  fame  manner  as  perfeft  powers.   Thus  the 

3  .       X—  * 

fquare  of  a^  is  tf*  *  =  ^3 .       cube  of  dJ  is 

«    *  =  tf-J.  The  fquare  root  of  eP^  i%a  ^  2=«"^, 

the  cube  root  of  is^^.  Qut  we  fliali  have 
occafion  to  treat  mGre  fully  of  Surds  hereafter. 

§  52.  The  fquare  rooc  of  nay  coni^uund 
quantity^  .as  ^ ^  4-  2  ^2  ^  -f     is  difcovercd  after 

this 
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.  this  manner.    "  Firft^  take  care  to  difpofe  tht 
term  accarJing  ta  $be  dimenfions  of  ibe  a^baiet^ 
as  in  divifion ;  tbenfind  tbi  fqmre  root  of  tbefirjt 
term  aa,  ivbich  gives  a  for  the  firfi  member  of  the 
root,    ^ben  fubtra5l  its  fquare  from  the  popojed 
quantity,  and  divide  tbefirft  term  of  tbe  remainder 
(lah  -f  b*)  by  tbe  double  of  tbat  member^  viz» 
day  and  I  be  quQtient  b  is  tbe  fecond  member  of  the 
root.    Add  this  fecond  member  to  tbe  double  of 
tbe  firfii  and  multiply  tbeir  fum  (Q,a  ^  b)  by  tbe 
fecond  member     aud  fubtra^  tbe  produS  (tab 
+       A^'^*  ^^^^  fore/aid  remainder  ( lab  +  b^) 
and  if  nothing  remains^  then  the  f(imre  root  is 
obtained  i"  and  in  ibis  example  it  is  found  to  be 
a  +  b. 

The  manner  of  operation  is  thus : 

a"^  -^-  lab  -i-  b*  {a  +  b 
d" 

s^a  +  b\2ab  +  b*^ 

X  b^  2ab  -i-  b"^ 


o  o 

But  if  there  bad  been  a  re^naiudery  you  mujl 
bave  divided  it  by  the  double  of  the  fum  of  the 
two  parts  akeady  found,  and  tbe  quotient  would 
have  given  tbe  third  member  cfthe  root. 

Thus  if  the  quanciiy  propofcd  had  been  -f 
a  tf>  4.  a  r  +  +  2  ^  f  +  after  proceeding 
as  above  you  would  have  found  the  remainder 
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2  a  c  +  1  b  c  -^-  c\  which  divided  by  2  a  +  2b 
gives  c  to  be  annexed  to  ^  +  ^  as  the  3d  mem- 
ber of  the  root.  Then  adding  c  to  2  a  2  b 
and  multiplying  their  fum  2  a  -^-  •¥  c  byr, 
fubtraft  the  produfl  2ac-\-2bc-\-c^  from  the 
fbrefaid  remainder ;  and  fince  nothing  now  re- 
mains, you  conclude  that  <7  +  ^  +  r  is  the  fquare 
root  required. 

The  operation  is  thus  : 

a*  +  iab-\-  2ac  b^-  -i  2bc  -i- c^(a  b-^c 
a* 

ia-i-b^2ab  +  2ac  +  b''i'  2  b  c  -i-  c* 
'  ^  b)  2ab  y 

za-i-2b  +  c\2ac+2bc  +  c*  . 
><j2ac-i-2bc+c* 

o       o  o 
Another  Example. 

XX 

« 

2   — —  ax  +  laa 

X — ia)  —  ax-\-iaa 

o  o 

The  fquare  root  of  any  number  is  found  out 
nftcr  the  fame  manner.  If  it  is  a  number  under 
100,  its  nearefl:  fquare  root  is  found  by  the  fol- 
lowing Tables  by  which  alfo  its  cube  root  is 

found 


1 


I 
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found  if  ift  be  under  looo,  juid  its  biquadrate  if 

it  be  under  loooo. 


The  Roo: 

I 

2 

J 

4 

5 

6 

7 

8 

9 

Square 

I 

4 

16 

25 

36 

49 

64 

81 

Cube 

I 

8 

27 

64 

125 

216 

343 

512 

729 

Biquad. 

1 

16 

81 

256 

625 

I2q6 

2401 

4og6 

6561 

But  if  it  is  a  number  above  ioo>  then  its 
fquare  root  will  cmfift  of  two  or  more  figures, 
which  muft  be  found  by  different  operations  by 

the  following 

RULE. 

^  S3*   P^^^  ^  Ppi^^  tfitfw  the  numher  that  h 

in  the  place  of  units,  pafs  the  -place  of  ienSj  and 
place  again  a  point  over  that  of  hundreds^  and  go 
on  towards  the  left  band^  placing  a  point  over  every 
ad  fgtire  J  and  by  thefe  points  tbe  numher  will  be 
diflinguifloed  into  as  many  parts  as  there  are  figures 
in  tbe  root.  Then  find  the  fq^uare  root  of  tbe  firfi 
part^  and  it  will  give  tbefirft  figure  of  tbe  roof  % 
fuhtraEl  its  fquare  from  that  part^  and  annex  tbe 
fecond  part  of  the  given  numher  to  the  remainder. 
Then  divide  this  new  number  ( negle^ing  its  laft 
figure )  by  tbe  double  of  tbe  firfi  figure  of  tbe  reot^ 
annex  the  quotient  to  that  doiiblcy  and  multiply  the 
number  thence  arifing  by  tbe  faid  quotient^  and  if 
tbeprodu^  is  Ujs  than  your  dividend,  or  equal  to 
it,  that  *  quotient  fball  he  tbe  fecond  figure  of  tbe 
root.  But  if  the  produSi  is  greater  than  the  divi- 
dend, you  .mufi  take  a  left  number  for  tbe  fecond 

figure 
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J^ure  of  $be  root  than  that  quetimt.   Much  after 

the  fame  manner  vnnj  the  other  figures  of  the 

^quotient  be  found,  if  there  are  more  points  than 

ti^o  places  over  the  given  number. 

To  find  the  (quare  root  of  99856^  I  firft 
•  •  • 

point  it  thus  99856^  then  I  find  the  fquare 
root  of  9  to  be  3,  which  therefore  is  the  firft 
figure  of  the  rooti  1  fubtracl  9,  the  fquare  of  3/ 
from  9,  and  to  the  remainder  I  annex  the  iecond 
part  9S,  and  divide  (negleffcing  the  laft  figure 
8)  by  the  double  of  3»  or  6,  and  I  place  the 
quotient  after  6,  and  then  multiply  6  c  by  f» 
and  fubtraA  the  product  61  from  98.  Then  to 
tiie  remainder  (37)  I  annex  the  laft  part  of  the 
propofed  number  (56)  and  dividing  3756  (nc- 
gledling  the  laft  figure  6)  by  the  double  of  31, 
that  is  by  62,  I  place  the  quotient  after,  and 
multiplying  626  by  the  quotient  6,  I  find  the 
prodn(5t  to  be  3756,  w'^.tch  fnbtraded  from  the 
dividend  and  kaving  no  remainder^  the  exadb 
tx>ot  muft  be  316. 

EXAMPLES. 
? .  .  . 
99856  (316 

9  

6n  98 


61 


626)  3756 

X  6^  3756 


«7 


Dig'itized  by  Goog 


C»KT.  8.      ALGEBRA.  49 

517394756  (5*34 

102  \  239 
X  a/  204 

«<H3%  3547. 

10464^  41856 
X  4'  41856 

o 

§  54« .  In  general,  to  extrad  any  root  out  of 
any  given  quantity,  *^  Fhfi  range  that  quantity 
according  to  the  dimenfions  of  its  Utters^  and  «f- 
traSt  the  /aid  root  out  of  the  frjJ  term,  and  that 
Jball  be  the  firfi  vicmber  of  the  root  required* 
Then  ratfe  this  root  to  a  dtme^ifion  UiA)cr  by  unit 
than  the  number  that  denominates  the  root  tc^ 
quired,  and  muitiply  the  power  that  art fes  by  that 
number  itfelf-,  divide  the  fecond  term  of  the  gi  yen 
quantity  by  the  product,  and  the  quotient  Jball  giic 
the feeottd  member  of  the  root  required,^' 

Thus  to  cxtraft  the  roof  of  the  5th  power  out 
of<»'  +  5<i*^  +  lOtf'^*  +  10  tf*^'  +  5  ^  +  ^% 
I  find  that  the  root  of  the  5rh  power  out  of  a^ 
gives  rt,  which  \  raifc  to  the  4th  power,  and  mul* 
ripiying  by  5,  the  product  is  5^7*;  then  divid- 
ing the  fecond  term  of  the  given  quantity  5  h 
by  5«%  I  find  h  to  be  the  fecond  meinbtr  j  and 

raiung 


529  Q  23 
4 


43x 


o 


I 


t 


50  A  Trbattsb  of       Part  I. 

raifmg  a  ^  if  to  the  5th  power  and  fubcrading 
it,  there  being  no  remainder^  I  conclude  that 

+  is  the  root  required.  If  the  root  has  three 
membcrsi  the  third  is  found  after  the  fame 
manner  from  the  firft  two  confidered  as  one 
Qieaibeo  ^  fecond  member  was  found  from 
the  firft ;  which  may  be  cafily  underftood  from 
what  was  laid  of  extra^Hng  the  (quare  root* 

§  55.  In  extracting  roots  it  will  often  happen 
that  the  exaCl  root  cannot  be  found  in  finite 
terms  j  thus  the  fquare  root  of  +  is  found 
to  be 

4  +  —  —  —  +   ?—  +  Mf. 

The  operation  is  thus : 


a  +  — )*  +  X* 


4^' 


>^  1  =  + 


+ 


After 
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After  the  fame  manner,  the  cube  root  of 
+  ^3  will  be  found  to  be 


§  56.  «  The  general  Theorem  which.we  gav- 
for  the  Involution  of  binomials  will  fcrvi  alfo 
for  their  Ewludonj"  becaufe  to  excraftany 
•root  of  a  given  quantity  is  the  fame  thing  zs 
t6  raife  that  quantity  to  a  power  whofe  ex' 
poncnt  is  a  fraftion  that  hk»  unity  for  kl 
OTOKnitor,  and  the  number  that  exprefles 
^  kind  of  root  is  to  be  extraded  for' its 
denominator.  Thus,  to  extraft  the  fqvme 
root  of  a  +  6,  is  to  raife  a  +^  a  power  whole 
exponent  is  f:  Now  fincc  ^'^  a"  +  m  H 
+  m  k  2=1«-..^.  .^  ^  ^  «IZix 

fti>poljng  «  - 1,  you  will  find 

+  i  X  —  J  x  —  i  a-h'  &c.  + 

"pT  "T^  ~  -^"^  *^«r  this  manner 
ydd  tnil  fiid  thaic 

§  57-  The  roots  of  trambeis  arc  to  hb  ex- 
trafted  as  thofe  of  algebraic  quantities,  '»  Place 
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a  point  over  the  wiUs^  and  then  place  points  over 
tvjny  thirdt  fourth  or  fifth  f^ure  towards  the 
left  bandy  according  as  it  is  the  roet  of  the  enie^ 

cf  the  ^th  or  ^ib  po-jjer  that  is  required ;  and  if 
there  be  any  decimals  annexed  to  the  number y  point 
them  after  the  fame  nunmer^  proceeding  from  Shi 
place  of  ^units  towards  the  right  hand.  By  this 
means  the  number  will  he  divided  into  fo  many, 
periods  as  there  are  figures  in  the  root  required, 
^hen  enquire  which  is  the  greateft  tuhe^  biqua^ 
drciie,  or  sth  power  in  the  firft  periody  and  the  root 
of  that  power  will  give  the  firft  figure  of  the  root 
required.  Subtra^  the  greatefi  cube^  biquadrate, 
§r  gthpwer  from  the  firfir period^  and  to  there* 
mainder  annex  the  firft  figure  of  your  fecondperiodt 
which  jhall give  your  di  vidend. 

Rat/e  the  firft  figure  akreaif  found  to  a  power 
lefs  by  unit  than  the  power  whofe  root  is  foughty 
that  is,  to  the  2dj  3</,  or  ^th  power y  according 
as  it  is  the  cube  rooty  the  root  of  the  or  the 
root  of  the  power  that  is  required^  and  muU 
tipfy  that  power  by  the  index  of  the  euboy  ^h,  or 
^ih  power,  and  divide  the  dividend  by  this  produSf, 
fo  fhall  the  quotient  be  the  fecond  figttre  of  the  root 
required. 

Raife  the  part  already  found  of  the  rooty  to  the 
power  whofe  root  is  required^  and  if  that  power 
he  found  lefs  than  the  two  firft  periods  of  the  given 
^munber^  the  fecondifigure  of  tin,  root  is  right*  Bui 
if  it  be  found  greater y  you  muft  diminiftif  the  fecowd 
figure  of  the  vQOt  till  that  power  be  found  equal  to 

•4  *  ^ 
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er  lejs  than  tbofe  periods  tf  ibe  givin  numhsr. 
Subtract and  to  the  remainder  annex  the  next 
period  I  and  proceed  till  you  Imfo  gone  through  the 
whole  given  nitmier^  finda^  ihe  $d  J^nre 
means  of  the  two  firjt,  as  you  found  the  feeend  hy 
the  firft ;  and  afterwards  finding  the  ^tb  figure 
(if  there  he  a  ^th  period)  after  the  Jam  manuer 
from  the  three  firft** 

Thus  to  find  the  cube  root  of  13824;  point 

ic  13824  }  find  the  grcatelt  cube  in  13,  viz, 
whofe  cube  root  a  is  the  firft  figure  of  the  root 
required*  Subtract  8  from  13,  and  to  the  re* 
mainder  5  annex  8  the  firft  figure  of  the  fecond 
periods  divide  58  by  triple  the  Iquareof  2» 
vis^  i^t  and  the  quodcnt  b  4,  which  is  the  le- 
cond  figure  of  the  root  required,  fince  the  cube 
of  24  gives  13824,  the  numbci  propofed. 
After  the  fame  manner  tlie  cube  root  of 
133 1 2053    found  to  be  237. 

OPERATION. 

13824  (  24 
Sttbtr.  8  ss  a  X  2  X  ft 

3  X  4  =  12  )  58  (  4 

Subtrad  13824  s  24  x  24  >^  H 

Rem.  o 


E2 
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13312053  (  237 
8  =  2  X  a  X  2 

12  )  S3  (4  or)  3 
•  Subtrad      12167  a  23  x  aj  x  2j 

3.X  23  X  23  =1587)1 1450  (  7 

Subtrad  13312053=237x237x237 

Kemain.  o 

In  extrading  of  roots,  after  you  have  gone 
through  the  number  propoied,  if  there  is  a  re- 
mainder»  you  may  cencimie  the  operatioa  by 
adding  periods  of  cyphers  to  that  nemiindfp»  and 
find  the  true  root  in  decimab  to  aoy  degrie  of 
cxadneis* 

CHAP.  IX. 

OF  PROPORTION. 

i  58.  "TT  THEN  quantities  of  ther&mo lekid 

VV  arc  compaied,  it  may  be  confi« 
dercd  either  how  much  the  one  is  greater  than 
the  other,  and  what  is  their  difference ;  or,  it 
may  be  confiJered  how  many  times  the  one  is 
cootamed  1x1  the  other  |  or^  more  generaiiy, 

2  wha( 
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Urb^c  is  their  gutuUni.  The  firft  jT^lation  of 
gYi9,ndcies  is  «xprefled  by  their  AriAmtiul  rd^ 
lio  ;  the  (econd  by  thm  GemOricalraih*  That 

term  whofe  ratio  is  enquired  into  is  called  the 
anuadint^  and  that  with  which  it  is  compared  is 
called  th^  €imf€qumh 
§  59.  When  of  four  quantides  the  difference 

betwixt  the  firft  and  fecond  is  equal  to  the  dif- 
ference betwixx  the  third,  and  fwr^.  thofe 
quantities  are  called  Aritbrneiiad  prfiportiomds^i 
as  the  numbers  3>  7>  12,  i6.  And  the  quan- 
tities, a  -^-  e^i  b.  But  quantities  form 
a  feries  in  arithmetical  proportion,  when  they 
inanafa  »  iecreafi  by  ibe  fmM  confimu  dijffir^ 
9nct^\  As  thefe,  a  +  l^^a-^-ibya-i-  3 
a  +  4^,  &Ci  X — x—ibj  &Ci  or  the 
numbers,  i,  2,  3,  4,  5,       and  10,7, 4« 

§  60.  In  four  quantities  arithmetically  pro* 
portionaly  **  the  fum  of  the  extremes  is  equal  to  the 
fum  the  mean  term.'*  Thus 4,  4  b,  e  + 
are  arithmetical  proportionals,  and  the  iiim  of 
the  extremes  +  ^  +  b)  is  equal  to  the  fum  of 
the  mean  terms  {  a  b  e).  Hence,  to  find 
the  fourth  quantity  arithmetically  proportional  to 
any  three  given  quantities;  Add  the  fecond 
and  third,  and  from  their  fum  fubtraft  the  firft 
term,  the  remainder  fhall  give  the  fourth  arith^ 
metical  proportional  required/* 

E3  %6u 
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§  61.  In  a  feries  o(  arithmetical  proportion- 
als, "  the  Jum  of  the  firjl  and  laft  term  is  equal  to 
the  Jum  of  any  two  terms  equally  diftant  from  the 
extremes"  If  the  firft  terms  arc  4  + 
a  +  iby  Sec.  and  the  laft  term  x",  the  laft  term 
but  one  will  be  x  —  the  laft  but  two  x  —  2 
the  laft  but  three  x — 3^,  &c.  So  that  the  firft 
half  of  the  terms,  having  thofc  that  are  equally 
diftant  from  the  laft  term  fct  under  them,  will 
iland  thus  j 

a,  a  +     a  +  2  3,  ^  +  3    «  +  4 
X,  X  —  by  X  —  2     X  —  3  b,  X — 4^, 

a  -i-  X,  a  +  X,  a  Xy  a  Xf  a  +  Xy  &c. 
And  it  is  plain  that  if  each  term  be  added  to 
the  tern>  above  it,  the  fum  will  he  a  -\-  x  equal 
to  the  fum  of  the  firft  term  a  and  the  laft  term 
X,  From  which  it  is  plain,  that  "  the  fum  of 
all  the  terms  of  an  arithmetical  progrejfion  is  equal 
to  the  fum  of  the  firft  and  laft  taken  half  as  often  as 
there  are  terms,*  that  is,  the  fum  of  an  arithme- 
tical progreftion  is  equal  to  the  fum  of  the 
firft  and  laft  terms  multiplied  by  half  the  num- 
^  ber  of  terms.  Thus  in  the  preceding  ferics,  if 
n  be  the  number  of  terms,  the  fum  of  all  the 

terms  will  hz  a  -\-  x  x  -^, 

2 

§  6a.  The  common  difference  of  the  terms 
being  by  and  ^  not  being  found  in  the  firft 
term,  it  is  plain  that  "  its  coefficient  in  any 

term 


"I 
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term  will  be  equal  to  the  number  of  terms  thac 
precede  thac  term.'*  Therefore  in  the  laft  tena 
X  you  mud  have»—  i  x     fo  that  X  jnvA  be 
equal,  to    +  n —  i  x       And  the  fum  of  all 

the  terms  being  TTi  x  4»  '^v^  ^ 

for  example,  theferics  i  +  2  +  3+  4  +  5^f. 
continued  to  a  hundred,  muft  be  equal  to 

2  X  roo  +  io:?c-r;  — 100 
  =  5050, 

%  6 J.  If  a  feries  have  (o)  nothing  for  its  firft 
term,  .then  ^  Us  Jum  JbaU  he  equal  tQ  half  the 
produ^  of  the  lafi  term  multiplied  by  the  numher 

of  terms**   For  then,  a  bcin^  =  o,  tlie  fura 

of  the  tenns»  which  is  in  general  *  +  W  x 

will  in  this  caie  be        From  which  ic  is  evi- 

2 

dent,  that     the  fum  of  any  numher  of  arith- 
meucal  proportionals  beginning  tioin  nothing, 
is  equal  to  half  the  fum  of  as  many  terms  equal 
to  the  greatclt  term." 
Thuso  +  i  + a +  3  +  4+5  +  6  +  7  +  8  +  ^=3 

O +  g  +  9 +  9+9+9  +  9+9  +  9+9-^ '0^9 

^64.  If  of  four  quantities  the  quotient  of 
the  firfi  and  fecond  be  equal  to  the  quotient  of 
the  third  and  feurth^  then  thoie  quantities  are 

E4    '  faid 
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faid  to  be  in  Geometrical  proportion.    Such  are 
the  numbers  2,  6,  4,  12;  and  the  quantities 
ar,  h,  hr;  which  are  cxpreffcd  after  this 
manner  i "  ' 

2  :  6  :  :  4  :  12« 
:  tfr  : :  ^  :  ^r. 

And  you  read  them  by  faying,  As  2  is  to  6,  fo  is 
4  to  12  i  or  as  a  is  to  ar^  fo  is  ^  to  br» 

In  four  quantities  geometrically  proporti- 
onal, ^  the  product  of  the  extremes  is  equal  to  the 
froduB  of  the  middle  terms.'*    Thus  a  >^  hr 
ar  X  b.    And,  if  it  is  required  to  find  a  fourth 
proportional   to  any   three  given  quantities, 

multiply  the  fecond  by  the  thirds  and  divide  ihe^ 
product  by  the  firfly  the  quotient  fhall  give  the 
fourth  proportional  required,**  Thus,  to  find  a 
fourth  proportional  to  Oy  dr^  and  1  multiply 
ar  by  b,  and  divide  the  product  <3  r  ^  by  the  firft 
term  j,the  quotient  br  is  the  fourth  proportional 
required.  - 

§  65.  In  calculations  it  fometimes  requires  a 
little  care  to  place  the  terms  in  due  order  j  for 
which  you  may  obferve  the  following  Rule. 

"  Firfl  fet  down  the  quantity  that  is  of  the 
fame  kind  with  the  quantity  fought,  then  confider^ 
from  the  nature  of  the  quefiion,  whether  that  which 
is  given  is  greater  or  lefs  than  that  which  is 
/ought ;  if  it  is  greater y  then  place  the  greateji  of  * 
the  other  two  quantities  on  the  left  hand ;  but  if 
it  is  lefs  3  place  the  leaf  of  the  of  her  two  qUiWtities 
on  ths  lefi  band,  and  the  other  on  the  right,** 
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Thea  fhall  thp  terms  be  io  due  or4<^r  1  a&d  you 
are  to  proceeid  9CCor|]ing  to  the  rule,  miiltu 
plying  tlie  fecond  by  ttte  third,  aind  dividing 
their  produA  by  the:  fir& 

EXAMFLP. 

7^*30  men  do  any  piece  of  work  in  12  J^Si^  iw 
manjf  men  Jball  do  it  in  diQisi 

Becaufe  it  is  a  number  of  men  that  is  lough 
^rft  ftt  down  30,  the  auraber  of  mea  that  is 
gi^ :  I  eaiily  fee  that  the  number  that  is  given 

grcatei;,  than  thfinufnber.  that  is  fQughi^  ihcufi^ 
fore  I  place  18  on  the  the  Iffc  l^nd,  and  X2  00 
the  right  ^  and  find  a  fb.ucth  propoidonal  to 

303  11,  viz.  22-4^  =  ^o* 
i     '  10 

1 66.  When  \  fertcs  of  quantities  increafe  by 

one  common  multiplicator,  or  dccreafe  by  one 

common  diviior,  they  are  f^d  to  be  in  Ceo* 

mtricBl  pr^fortion  contimud^^* 

As    4r,  tfr%  at^^  ar^,  nr',  &c  1 

a    a    a    a    if  ^ 
«f  7»  p  7i»  "piy 

The,  common  muldplieror  diyifor  is  called 
their    cmnm rait^* 

In  fuch  a  feritrs,  /Z?^  froduB  of  the  firft  and 
hjl  is  always  equal  to  the  predu^  of  the  fecond 

SiTnts  equi^lly  remote  from,  tie  extrepie^.**  In  the 
fcrics  a,  ar,  ar\  ar\  &c,  if  y  be  the  laft  term, 

then 
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then  iluU  the  four  laft  terms  of  the  feries  be 

ft 

V    y  y 

Jm  jr*  p9  is  f^*^      ^  ^  J'  =  tfr  X 

tszar"  X  ^s:  ar^  &c. 

§  67.  "  ihejum  of  a  JerUs  of  geomtrical pr(^ 
foritPtMismmiiftg  ibefirft  tarm^  is  eqmiio  the  Jwm 
€f  aS  hui  the  lafi  term  mdtiptied  ij  ibi  cmmom 

ratio»* 

For  jr  +  tff*  +  tfr*  Ike.  +  ^  +  i  +  1  + 

r'       r*  r 

Therefore  if  j  be  the  fum  of  the  kries>  j  a 
viU  be  equal  to  /~jp    r  j  that  is  j     «  s 

ir«r-jrr,  or  ir  —  i  =  jfr— andi s^^;^.* 

§  68.  Since  the  exponent  of  r  is  always  in- 
crcafing  from  the  fecond  term»  if  the  number 
of  terms  be  ir,  in  the  laft  term  its  expbncnt  will 

be  » — X.    H^ercfore  J  =  ^r"— and  jr  — 

^-'^«siif^i  andj=  (^^)  =— .  So 

that  having  the  firft  term  of  the  feries»  the  num- 
ber of  the  terms,  and  the  common  ratio,  you 
may  eaOly  find  the  fum  of  all  the  terms. 

If  it  is  a  decrealing  feries  whofe  fum  is  to  be 

found»  as  of  If  +  1  +  A  +  4        +  + 

r       f  f 

ar*  +  ar,  +     an4  the  number  of  the  terms  be 
*  See  tbe  Rules  in  the  foUowuig  Cbaptei« 

fuf- 
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fuppofcdinfimtc,  thcnlhalU,  thclaft  term,  ht 
equal  to  nothing.    For,  becaulieir,  andconfel 

quently  f^*  is  infinite,  d  =        =:  o.  The  funi 

of  iuch  a  fcries  s  =  -^^i  which  is  a  finite  fum, 
though  the  number  of  the  terms  be  infinite* 

Thus  I  +  {+J+I+tV+  =  =  2* 
and  1  +  f  +  ^  +  .^T  +  TT  +  &e.  ~  h 


C  H  A  *P.  .  X/. 

Of  equations  that  involve  only  ONE 
UNKNOWN  QUANTITY. 

i  69.  A  N  eqtuUiw  is     n  frcppfiiien  affgrting 
XjL  /i»^  equality  of  two  quantities.**    It  is 

exprefied  moft  commonly  by  letting  down  the 
quantities,  and  placing  ,  the  fign  (=)  between 
iliem. 

An  equation  gives  the  vahie  of  a  quantity, 

•when  that  quantity  is  alone  on  one  fide  of  the 
equation :  and  that  value  is  known,  if  all  thofe 
cimt  are  on  the  other  fide  are  known.   Thus  if 

i.  X  6 

I  find  that  9C  ^         =  8.  I  have  a  known  va«^ 

3 

lue  of     Thefe  are  the  laft  conclufions  we  .are 

to 
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to  fcek  in  queftions  to  be  rcfolvcd ;  and  if  there 
be  only  one  unknown  quantity  in  a  given  equa- 
tion, and  only  one  dimenfion  of  it,  fuch  a  value 
may  always  be  found  by  the  following  Rules.  _^ 

R  U  L  E  I. 

§  70.      jfny  quantity  may  he  tranfpofed  from  ine 
fide  of  (be  equation  to  the  other ,  if  you  thange 
itsfi^nJ'       ......       .         .  . 

For  to  take  away  a  quantity  from  one  fide, 
and  to  place  it  with  a  contrary  fign  on  the  other 
^^Pi  i§  ^ubtrad  it  from  both  fides  j  and  it  is 
certain,  that  "  when  from  equal  quantities  you 
fubtradl  the  fame  quantity,  the  remainders  muft 
be  equal," 

By  this  Rule,  when  the  known  and  unknown 
quantities  are  mixed  in  an  equation,  you  mjty 
feparate  thepi  by  bringing  all  the  unknown  to 
one  fide,  and  the  known  to  the  other  fide  of  the 
equation  j  as  in  the  following  Examples, 
Suppofe  5^  +  50  =  4Jf  -f  j6,  " 
By  tranfpofit.  —  /^x  zr.  ^6  —  50,  or  ;f  =  6. 
And  if    2)(     a  =  X  -V  b, 

thci}    2X  —  X     b  —  a,  or  X  =  ^  —  a. 

RULE  II.''' 

-  ■ 

I  71,  "  Any  quantity  by  which  the  unknown 
quantity  is  multiplied  may  be  taken  away,  if 
you  divide  all  the  other  quantities  cn  both  fides 
cf  the  equation  by  it»* 

For 
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For  that  is  to  divide  bodi  fides  of  the  equa* 
tion  by  the  fame  quantity  i  and  when  you  divide 
equal  quantities  by  die  fame  qiiantitjrj  die  quo* 

tiems  mull  be  ct^aL  Thus^ 

then  If  =  — . 

a 

And  if  3>f  +  la  =  27, 
by  Ruk     3;^=  27  — 12  s  i^a 

andby  Rule  a,     =     =  5« 

Alfo  if  ax+  2b a  ^  ^cci 
by  Rule    ax  =;  ^cc  —  2ia^ 

and  by  Rule  2,  x^  ^ . —  2^, 

♦ 

RULE  IIL 

p  - 

§72.  If  tbt  unknown  quantity  is  dividai  l§ 
mxy  ipumtity^  that  quUhtit^  nufjf  ie  taken  awof 
if  you  mult^  M  the  other  members  of  the  ejua^ 
tion  by  it.**   Thus,  ' 

If  J  +  4=  10*  . 

+  20  =  50; 

and  by  Rule  i,  *  =;  ^ o  —  20  s  30, 

If 
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3 

then  4X     72  =:  £x  +  189 
by  Rule     72 — i%^  6x — 4^?,  or54=:24f9 

and  by  Rule  2,  «    ^  =s  27* 

By  thi«  Rule  an.  equation!  whereof  any  pare  is 
a  fraftion,  may  be  reduced  to  an  equation  that 
lhall  be  cxpivlltd  by  integers.  If  there  arc 
more  fra&ions  than  one  in  the  givi^n  cquatioo» 
you  may,  by  reducing  them  to  a  common  de-^ 
nominator,  and  then  multiplying  all  the  other 
terms  by  chac  deaoaiiaator,  abridge  the  calcu-* 
lation  thus  ^ 

If-  +  -  =  Jtf~7» 
5  3 

then2iJ-£:=,^_7, 

and  by  this  Rule  j;^  +  5«  =:  i^x^  105, 

and  by  Rule  1  and  2,  ;if  =  1^  15, 

RULE  IV. 

§  73.  **  If  that  member  of  the  equation  that  in- 
volves  the  unknown  quantity  be  a  furd  root^ 
tbm  the  eqtuUim  is  to  h  reduced  to  amtber. 
that  Jhatt  he  free  firm  any  furiy  hy  bringing 
that  member  fir  ft  to  ft  and  alone  upon  one  fide  of 
the  equation^  and  then  taking  away  the  radical 
fign  from  it^  and  raifing,  the  ether  fide  ef  the 
efkation  to  the  jpowcr  denominated  by  the  furd.'* 

Thus 
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Thus  if  V  4x      16.  =?  12» 
then     4x4-   16  =  144,' 
and      ^  =  144— -  t6  zz  128, 

-  128 
and       *  =  —  =32. 

4 


If  ^  tfx  +.    —  r  = 

^^^^^^^^^^^^^^ 

^ Aen  ^/ax-^hzzd^c^ 
'  and     0:9  +  i*  =^d^+  2dt  + 

and       *  s= 

i2 


and 


RULE  V, 

}  74.      ^     jUf  0/  ibe  iqmtion  thai  e&HkUks 
$hi  unknown  quantity  h  a  cmfkte  /quare^ 

cube^  or  other  power  i  then.  extra5i  the  fquars 
rooty  cube  root^  or  the  root  of  that  power y  from 
both  fides  of  the  equation^  and  thus  the  equatio» 
fimU  h9  ndnttti  to  m  of  a  hwer  d^e€^\ 

If  X*  +  6«^  +  9 
then  «  +  3  »  +  Jio, 
andjps:+i/ao  —  3« 

u 
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If  y*  +  i«f +  ^=*% 

then  jr  +  ^  =  ±  *» 

and  AT  =  +  i  ~ 

♦ 

If     4  14^  -I-  49  =  'dlT, 
then  *p  +  7  = +11* 
and  X  —     1 1  ~  7  ==  4,  or  -i- 18. 

RULE  VL 

§  75»  **  ^  proportion  ma^  he  converted  into  an 
equation f  girting  ibe  frodu^  of  the  extrme 
term  equal  to  the  p^lk&  of  iBe  mean  termsi 

cr  any  one  of  the  extremes  equal  to  the  produ^i  of 
the  means  divided    the  other  extreme."^ 

z 

then  12  —  X  =  ax      3^  =  12  and  a?  =  4. 

Orifao— X  :  If ::  7  :  3, 

iHtik  6b'^3isij9e\..\tok^±6o  and  ^  =  6. 

RULE  VIL 

1 76.      7f  aiff  ^iknfity  ie  found  en  bothjidts  of 
the  elation  mti  the  fame  fign  prefixt^  it  me^ 

he  taken  a  way  from  both  **  Alfo,  if  all  the 
quantities  in  the  equation  are  multiplied  or 

divided 
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imded  ly  the  fami  quantity^  ilmofh  finuk 

cut  of  tbm  alW*  Thus, 


3 

3 

Ws*^      8      16  A       ^  « 

—  +  s  — ....  2«  +  S  7  16  *M.  and  *=4, 
3     3  3 


RULE  vm. 

§  77.  **  Infiead  of  any  quantity  in  an  equation  you 
•  mayjubptute  another  equal  to  it."* 

_      «d         ^  =  9i  . 

then  3*  + 9  =  24        if  5s.£lZi  -5  5^ 

aiid    jr  =  5;^;  t 
.  then  15;?  +      (=  20x)  =:  120,  , 

and  x^l^^e. 
20 

T^c  further  in^roYcment  of  this  Rule  ihaU 

!  taught  in  the  following  chapter. 


CHAP. 


■J 
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CHAP.  XI. 

Ofthi  SOLUTIONSpf  questions  that 

SIMPLE  equations  are.  thofe  wherein 
the  unknown  quantity  is  only  of  one  di- 
menfion  Jn  the  foiution  of  which  we  arc  to 
obferve  the  followii)g  <]i|:e^iaii$, 

DIRECTION  I. 

§78.  "jifler forming  a  diJHnS  idia  of  tie  quif- 

Hon  ffopojedy  the  unhiewn  quantities  are  to  be 
exprejfed  by  letters,  and  the  particulars  to  be 
tranjlated  ^tom  the  common  language  i^ito  the 
algebraic  manner  of  expreffing  them^  thmt  is, 
into  fucb  equations  as  Jball  exprefs  the  relations 
or  properties  that  are  given  of  Juch  quanUiia** 

Thus,  if  the-fum  of  two  quantities  rnufl  be  60, 
that  coridirion  is  exprefTed  thus,  x  -\r y  =  60. 

If  their  difference  muit  be  that  condicioii 
giires       •    .    •    •   •    .    .   X  —y  =  04. 

If  their  produ^  tnuft-be  1640,  then    =  1640* 

If  their  quotient  muft  be  6»  then  .  ^  .  ^  =:  6  . 

—  y 

If  their  proportion  is  as  3  to  2,  then       : ;  3:2, 
or  2;if  =  jjr  J  becaufe  tho  produdk  of  the  ex- 
tremes 
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tremes  is  apai  to  the  pradnft  of  die  mean 
terms* 

DIRECTION  II. 

§  79.    "  Afier  an  equation  is  firmed,  if  you 

have  one  unknown  quantity  only,  then^  by  the 
Rules  of  the  f  receding  Chapter^  bring  ii  to  ftand 
alone  on  one  ^de^  Jo  as  to  have  onfy  known 
quantities  on  the  other  fid^^*^  ibus  you  Jball 
^di/cover  its  vaiue^ .  \ 

EXAMPLE.    '        ;  ^  ■ 

A  per/on  being  ajked  what  was  his  age,  an* 

Jwered  that  \  of  his  age  multiplied  by  ^  of  his 
age  gives  a  produSt  e^ual  to  bis  age.  Qu.  what 
was  his  atet 

Ic  appears  from  the  qu^Itfoin,  tf^a^  if  you  call 
his  age     then  (hall  «    .  ^  x  —  ^  j^. 

that  is  .      ~  ^  9t% 

and  by  Rule  3,  .  ,  •     *  ^  48  u^ 
and  by  Rule  7,  •    .  3^  =:  48, 
whence  by  Rule  a,  .  .  .       =  16. 

DIRECTION  III. 

§  Sa  . «  If  there  etre  two  unknot  fuantities, 
then  there  muft  be  two  eqiunions-  Csrfing  from 
the  conditions  of  the  quejiicn :  duppoje  the  quan* 

^  tities  X  and  y  \  find  a  value  of  k  or  y,  from 

Fa  each 
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'  each  of  the  equations,  and  then  by  putting  theft 
two  valuts  ifual  to  each  other,  there  will  arife 
a  new  equaiion  involving  one  unknown  quan* 

tity ;  which  muft  be  reduced  by  the  Rules  of  the 
former  Chapter, 

•  * 

EXAMPLE  I. 

L  *  « 

Let  the  Jum  of  two  quantities  he     and  their 

difference  d.  Let  s  and  d  he  given,  and  let  it  be 
required  to  find  the  quantities  tbetrifelves.  Sup* 
pofe  them  to  be  ;r  .and  thenj  by  the  fuppo-» 
fition> , 

st'¥y^s 

X  "  y  =-  d 

whcncci^  ~  ""-^ 

U  =    +         ^ ; 

onAi  '^-yzzs'^y 

s^d  J 


and  X  = 


2 

s  +  d 


EXAI^PLE  II. 

Let  it  be  required  to  find  tzvo  numbers  whoje 
Jum  is  Sy  and  their  proportion  as  a  to       Let  the 
nusttbers  be  x  andy,  tbenJbaU, 

•  ■ 


1 
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^+J^  =  UbythcfuppoC  . 


ay 

^y  1 

ay  -i^  by  n  is 


EXAMPLE  III. 

A  privateer  running  at  tie  rate  of  lo  miles  an 
bour^  dif covers  a  Jhip  1 8  miles  off  making  way  at 
the  rate  of  8  miles  an  hour :  It  is  demanded  bow 
many  miks  the  fiip  can  run  brfore  fie  be  0vir-* 
taken  f 

Let  the  number  of  miles  the  (hip  can  run 
before  ihe  be  overtaken  be  called  x ;  and  the 

number  of  miles  the  privateer  mufl:  run  before 
flie  come  up  with  the  fhip,  be  then  fhall 
i^y^ufp.)  •...y  —  x+iZ*...zndxiy 8:io» 

whence  iOArz=8>.„.      y  ••••  and  x  =^—18. 

F  3  Whence 
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Whence  — 18  =  Y,andjf=90..,;r=j— 18 
=  7«- 

'I  c  find  the  time,  fay,  if  8  miles  give  i  hour  j 
72  miles  will  give  9  hours. — Thus,  8  : 1 ::  72:9. 

EXAMPLE  IV. 

Suppo/e  the  dijlana  between  London  and  Edin- 
burgh to  be  360  miles^  and  tlmi  a  tmuitr  Jets  eut 
from  Edinburgh  running  at  the  rate  of  10  mihs 
an  hour ;  another  fet$  out  at  the  fame  time  from 
Loi^iJon,  and  runs  8  miles  an  hour.  It  is  re- 
quired to  know  where  they  will  meet  ?  Suppofe 
the  courier  that  fets  out  from  Edinbttrgb  runs  x 
miles^  and  the  other  7  miles  before  they  meeti 
then  /hall 

by  fuppoC  \^  ^  y 

4- 

4 

4 

9;^=  1440 

j=:  iii?  =  160 

4r=  360  — y  =  ftoo. 

E  X  A  M  P  L  E  V. 
^wo  ferfons  'difcourfmg  of  their  revenues^  fays 
A  J  if  B^ould  yield  bim  afoft  be  bos  of  2  si.  a 

year. 
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yiOfy  ibeir  nvenues  wuld  k  equal:  Says  b,  if  a 
wmld  give  him  a  place  be  bolds  of  aaL  per  an- 
num, the  revenue  of  b  «>^W  ie  dmble  that  of 
'   Qu,  their  revenues  ? 

Let  the  revenue  of  A  be  called  x,  that  of  B, 
J I  then, 

j»  =  X  +  25  +  25  =  ;>f  +  50 
=  2y  —  44  —  22  =  2y  —  66 
ajtf  —  66  =  ^if  +  50 
5f  =  66  +  56  =  116 
J  =  ^  +  50  =  166. 

EXAMPLE  VL 

A  gentleman  diftributing  money  amon%  fome  poor 
people,  found  he  wanted  los,  to  he  able  to  give  5s. 
H  eaeb',  therefore  be  gives  each  4  s.  ow/y,  and 
\  finds  tbat  be  bos  js.  lef$.    Qq*  the  number  of 
.  fhilUngs  and  poor  people  f 

Call  the  number  of  the  poor     and  the  num- 
ber of  (hillings  j^^  then, 
X.  r      f 5^  ==  J'  +  10 

_y  =  4af  +  5 
5* —  10  =  4-^'  +  S 

5*  — 4*  =  >J 

;^  =  4X+    5  =  65. 

"      F  4  EX- 


,M 
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EXAMPLE  VII. 

^wo  merchants  were  copartners ;  the  Jum  of  their 
Jink  was  30oi.  One  of  their  Jiocks  continued  in 
campanjf  x  i  months  %  hut  the  other  drew  out  his 
ftock  in  9  months  $  when  th^  made  up  their  aC' 

counts  they  divided  the  gain  equally.  Qu.  fVbat 
was  each  man*s  ftock  ?  Suppofe  the  ftock  of  the 
firft  to  be  u^  and  the  &ock  of  the  other  to  be  jr  ^ 
then^ 

=  300 


9^ 

aojr  =  3300 
J^  =  ^=  i6S--^  =  3oo-j'  =  i35. 

EXAMPLE  mil. 

There  are  two  numbers  whofe  fum  is  the  6th 

part  of  their  produ^,  and  the  greater  is  to  the  lejfer 
as  3  to  2.  Qii.  What  are  tbeje  numbers  ?  Call 
them  X  and>  i  theo, 

fupp.  \  ^  ^  y  "  b  z 

 _  ^      •  30jr  =:  zyy 

yx  =  +  6jp  30  =:  2y 
yu  ^  6x  =  6y  30 

*=i^,  whence*,  DIREC- 
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DIRECTION  IV. 

§  81.  "  fVbm  in  one  of  the  given  equations,  the 
unknown  quantity  is  of  one  dimenfion,  and  in 
the  other  of  a  bigber  dmei^on ;  you  muftfind  a 
value  of  the  unknown  quantity  from  that  equa^ 
iion  where  it  is  of  one  dimoj/ion,  and  then  raife 
that  value  to  the  fower  of  the  unknown  quantity 
in  the  other  equation ;  and  by  comparing  it,  fo 
involved^  with  the  value  you  deduce  from  that 
other  equation,  you  fhall  obtain  an  equation  that 
will  have  only  one  unknown  quantity,  and  its 
powers^* 

That  is^  when  you  have  two  equations  of 
dii&rent  dimenfions,  if  you  cannot  reduce  the 

higher  to  the  fame  dimenfion  with  the  lower, 
you  mu(l  raife  the  lower  to  the  fame  dimcnfioa 
with  the  higher. 

EXAMPLE  IX. 

^he  fum  of  two  quantities ,  and  the  difference  cf 
their  fquares^  hein%  givev^  to  find  the  quantities,  ' 
Suppofe  them  to  be  x  andj?,  their  fum  i,  and  the 
difference  of  their  fquares  d*  Then, 

— y^     d  *2sy^s*  —  d 


X  =z  s  — y  '   ^        2  s 

5p*  =  J*  — 2  jy  +  J*  ,        J*  + 

d  -^y^  =z  s*  — isy  +  V» 
d  ^  s^      isy,  whence* 

EX. 
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EXAMPLE  X. 

Let  I  be  prcporiion  of  two  numhers  and  the  Jam 
of  their  fqudres  be  given,  and  let  it  be  required  to 
find  the  numbm  tbemfelves*  Suppofe  their  pro- 
portion to  be  the  (ame  as  that  of  a  to  b^  and  let 

the  fuiii  of  their  ft^uai    be  ^  that  ii>,  let 


fx:y:  :  a:  I 


then  X  =z 

V 

SLndx^  =  — rr-  i 


but  x"^  =  c  —y\ 


whence     •  jr*  =  ^ 

b^f  =  tf^* 

tfJ^  +  ^*  ^y*zzcV 


EXAMPLE  XI, 

Let  the  proportion  of  two  numbers  he  that  of 
a  to  by  and  the  difference  of  their  cubes  be  d» 
Qu,  What  are  the  numbers  2  Thsa, 

xiy 
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=:      and     =  -^; 


whence        d  +     ^  — 

and  a^y^  —  Pf  =  dP 


77 


.    DIRECTION  V; 

§82.  i/"  there  are  three  unknown  quantities^ 
there  muji  be  three  equations  in  order  to  deter- 
i  mne  fbem,  hy  comparing  which  you  may^  in 
all  cafeSi  find  two  equations  involving  onh 
two  unknown  quantities  \  and  then,  ^>  Direc- 
tion 3,  from  thefe  two  you  may  deduce  an 
equation  involving  only  one  unknown  quantity ; 
which  my  be  refolved  hy  fhe  Rules  of  the  laft 
Chapter:* 

From  three  equations  involving  any  three 
unknown  quantities,        and  2,  to  deduce  two 

equations 


7$  ^Trsatise^       Part  I. 

^nations  involving  only  two  unknown  quanti- 
ties^ the  following  Rule  will  always  ferve. 

RULE. 

**  Find  ibra  values  of  x  frm  the  three  ghen 
equatiens  %  tben^  by  comparing  the  firfi  and  Je^ 

eond  value,  you  ivill  find  an  equation  involving 
enly  y  and  z  ;  again,  by  comparing  the  firft  and 
thirds  yo,u  will  find  another  equation  invahing 
pnfyy  and  z  i'  and  lafify^  tboji  equations  are  ta 
te  re/clviJ  DireAion 


EXAMPLE  XII. 
SuppoCs 


12  —y  —  2  z=  20  —  2jf  —  3« 

12  — y  —  2  =  18  —  ^  —  32 


Thefe  two  laft  equations  involve  only  y  and 
2,  and  arc  to  be  refolved,  by  Dire^ion  j,  as 
luiiows. 

ft 

2y 


*  » 
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S  'i^j'  +  3^  —  z  zz  20 — 12  =  8 


§1  83.  This  method  is  general^  and  will  ex* 
tend  to  all  equations  that  involve  three  un- 
known quantities :  but  there  are  often  eafier  and 
ihorter  methods  to  deduce  an  equation  involving 
one  unknown  quantity  only  1  which  will  be  beft 
learned  by  pra&ice. 

EXAMPLE  XIII. 

X — J/  =  4 


36—^  —  62  =  24  — ajr  —  2Z 

1«  =     +  4« 

f  8  —  2z     ift  value 


8  —  2  2  55  T  2  —  42 
2Z  =  12 —  8  :=:4 


and  2=2 

(  -     g  _  22)  =  4 


by  addition  3»  =  36 


EX- 
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EXAMPLE  XIV. 


A?  +  z  s  i 

=    — y 
y  ^zzzc 


^84.   It  is  obvious  from  the  3d  and  5th 

t)ire6lions,  in  what  ir.anncr  you  are  to  >^ork 
there  are  four^  or  more^  unknown  quantities^ 
and  four,  or  more,  equations  given<   By  com- 
paring the  given  equations,  you  may  always  at 

length  difcover  an  equation  involving  only  one 
tjnknov;n  quantity  ^  which,  if  it  is  a  fimple 
equation,  may  always  be  refolved  by  the  Rules 
of  the  lail  Chapter*  We  may  conclude  then» 
that  *^  When  there  are  as  many  (imple  equa- 
tions given  as  quantities  required,  thcfc  quan- 
tities may  be  difcovered  by  the  application  of  the 


«   

preceding  Rules. 


§85. 
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§  85.   ^  If  indeed  there  are  more  qiHUitkies 

required  than  equations  given,  then  the  ques- 
tion ia  not  limited  to  determinate  quantities; 
but  is  capable  of  an  intinue  number  u£  ioiu* 
tions.*'  And,  "If  there  are  more  equations 
given  than  there  are  quantities  required,  it  may 
be  impoflible  to  find  the  quantities  tlut  will 
,  anfwer  the  conditions  of  the  queftion;'*  bc- 
caufe  fome  of  thefe  conditions  maj  be  incon- 
fiftentwith  others. 


C  H  A  p.   XU.  . 

t 

■ 

CONTAINING  some  GENERAL  THKOREMS 
FOR  THE  EXTERMINATING  UNKNOWN 
QUANTITIES  iNCivaHEQPATiONS. 

IN  the  following  liheorcms^  wc  c^U  thofc  co- 
efficients of  the  order''  that  are  pre- 
fixt  to  the  fame  unkno.wn  quantities  in  the  dif- 
ferent equations.  Thus,  in  theor.  a*  4,  J,  f  , 
are  of  tlic  lanie  order,  being  the  coefficients  of* 
x\  alfo  ^>  are  of  the  fame  order,  being  the 
coefficients  of^ ;  and  thofe  are  of  the  fame  order 
fhat  afFed  no  unknown  quantity. 

But  thofe  arc  called  "  cppofite^  coefficients 
that  arc  taken  each  from  a  ditfcrent  equation, 

and  g 
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and  from  a  different  order  of  coefficients ;  As 
u,  e,  and  </,   i>,  in  the  firft  Theorem ;  and 
a,  Cy  k,  in  the  fecondi  alfo  a,  h,  /i  and 
k,  &c 

THEOREM  I. 

{  85.  Suppofe  that  two  equadons  are  given, 

involving  two  unknown  quantities,  as 


{: 


then  fhall  ^  =  "JTZTTi* 

Where  the  numerator  is  the  difFerence  of  the 
products  of  the  oppolite  coefficients  in  the  or- 

dcrs  in  which  y  is  not  found,  and  the  dcnomina- 
tor  is  the  difference  of  the  produds  of  the  oppo- 
fice  coe&riencs  taken  from  the  orders  that  in- 
volve the  two  unknown  quantities. 
For  from  the  firft  equation,  it  is  plain  that 

^  a 
from  the  3dj  dx  n /—  *y  . .  and  x  x^inil^ 

therefore  llZ&.^-t^'^  and  cd — db^  =  af — aty-^ 

whence  aey — diy  =:  af—cdf 

after  die  lame  manner, »  =  ^^^^L. 

EX- 


Diaitizec 
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■ 

EXAMPLE  I. 

»k^„  .  -  5  X  8o  -  3  X  100  _  100  _ 
-    5x8-3x7   -  19  ~ 

,19 


EXAMPLE  IL 


{ 


4X  +  =  90 
3x  —  2^  =  1^0 


—  4X 160—3 X9o_ 64.0— 270^       r:**!!  • 

THEOREM  II. 

§  87.  Suppofe  now  that  there  are  three  unr 
known  quantities  and  three  equations,  then  call 
the  unknowq  quantities  and 

Igx     by  ^  kz  =1  f 
-rt-  11  "~  ^^-"^  +  dhm-^dbp  +  ghn^gem 

Then  uiaU  «  =  — ?  ,   j-r~, — 77  • 

aek  —       +       —  dbk  4-  p^^/  —  gee 

Where  the  numerator  confiib  of  all  the  dif« 
ferent  produ£ts  that  can  be  made  of  three  oppo* 

fite  coefficients  taken  from  the  orders' in  which 

Z  is  not  found  ;\  and  the  denominator  coniids  of 
all  the  produds  ,that  can  be  made  of  the  three 

G  oppoficc 
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oppofite  coefficients  taken  from  the  orders  that 
involve  the  three  unknown  quantities.    For,  • 
from  the  la(t  ic  appears,  that 

y  =  —::rrb  '  ^  '^^^ 

a  t)  —  gb  ' 
an     <7/z  •—  y/w  -f-  ^/t  z  ^  op  ~^  ah:  —      +  gc%.  - 

— ,  and 


ae  —  ^/p  — 


an  —      —dm  +  dtz^  ab—gh. x  an'^afz  + 

gkim  —£^dczj^  ap — ^;;/  —  akz  +        X.fl^— " 

Take  ghdm  —  ^^rff «  froin  both  fides,  «nd 
divide  by fo  fhatl 

—  dm  —  afz  +       X.  h  —  ghn  +  ^^/2  = 

■l^^MH^^HV  M^M^^^^H^^M  «VMHMMWM  iMM^^KM^H^V 

—  — .       +  ^'^^       — dhp  + 

Tranipofe  and  divide,  fo  fliall  you  find 

values  of  ^  and  are  found  after  the  famerin^h- 
ncr,  and  have  the  fame  d^nomiriatbn  Ex.  gr. 

^  ^  aek  —  iihj  -f  ciijc  —  alk'  +  ghf     gee  '* 

If  any  term  is  wanting  in  any  of  the  three 
given  equations,  the,  yahi^.  of  ^  iind  jr^  will  ibe 
.  found  more  . fimple.  Suppof^  fo^  exampje^r  that 
/"and  k  are  equal  to  nothing,  then  the  term  /2; 
vanith  in.  the  fecond  equation,  and  kz  in  the 

^ -Ichird,  and x  — • —  1  ■  ^    ^        >  ; 

^         ^^tf  —  ^tftf*  If 
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If  four  equations  are  given,  involving  four 
unknown  quantities^  their  values  may  be  found 
much  after  the  fame  manner^  bf  taking  all  the 
prodods  that  can  be  .made  of  four  oppofite  co« 

efficients,  and  always  prefixing  contrary  figns  to 
.  thofe  that  involve  the  produds  of  two  oppolitc 
coefficients^ 


CHAP.  XIII. 

OF  QUADRATIC  EQUATIONS. 

)88.  tN  the  folucion  of  any  question  where 
,X  you  have  got  an  equation  that  in- 
volves one  unknown  quantity,  but  involves  at 

the  fame  tinne  the  iqnare  of  than  quantity,  and 
the  produd;  of  it  mulriplied  by  foaie  known 
quantitf»  then  you  have  what  is  called  a  ^a-^ 
dratk  iqufition  1  which  may  be  refolved  by  this 
following 

R   U   L  E. 

Ir     Tran/pqfe  all  the  itrms  that  ih-vclve  the  un- 
known quantity  to  one  fide^  and  the  known  terms 
.  iotbe  otter  fide  of  the  equation^ 
1.  If  the  fquare  of  the  unknown  quanth)  is  muU 

ttpited  by  any  cc efficient y  ycu  are  to  divide  all 
the  t4rms  by  that  coefficient^  that  the  coefficient 

G  a  tf 


Digitized  by  Gopgle 


S6  A  TRSATtSB  <jf  PartL 

of  the  f^uan  of  the  unknown  .quantity  may  be 
unit. 

3.  Aid  to  boib  fiiu  the  fquan  of  half  the  coef^ 
ficient  prefixed  to  the  unknown  quaniiiy  itfelf^ 
and  tke  fide  of  the  equation  that  involves  the 
unknown  quantity  will  then  be  a  comfiete 
/quare. 

4*  Extras  the  fquan  root  from  both  fides  of  the 

equation ;  which  yen  will  find,  o/i  one  fide,  al- 
ways to  be  the  unknown  quantity  with  half 
the  forefaid  coefficient  joined  to  it ;  fo  that 
by  tranfpofing  this  half  you  may  obtain  the 
hu  of  the  unknown  quantity  exprejed  in  known 
terms:*  Thus, 


Suppofey  +  a  J  - 
Add  the  fquare  of — 
£0  both  Udes 


2  \ri^ay  +  '~:^b'¥—, 
s     J  4  4 

Extrad  the  root,     +  — =:+^^  +  — y 

Tranfpofc      y  -  ^  JTl  —  —  ±. 

§  89*  The  fquare  root  of  any  quantity,  at 
4.  a  ay  may  be  +  if,  or  —   j  and  hence,  All 

quadratic  equations  admit  of  two  folutions." 
In  the  lad  example,  atLcr  finding  that  y*  + 


1.  4 

a         ,  or 


ay  -f  —  =  ^  +  — ,  it  may  be  inferred  that 

V  4  —  =  +  4  or  to  —  +  »  fi'^ce 
^      a        ^        4     .        ^  4 


Digitized  by  Gopgle 


Chap.  13.      ALGEBRA*  «7 

~^^  +  —  X— 'V^  +  r  g^^"  ^  +  p  as 
wdi  as  +  Jh  +  4  ^  +        +  T*«  "^*^^^^ 

4  4- 
are  therefore  two  values  of^'i  the  one  gives 

y  5=  +        +   \  the  other 

■=-y»"^-T-. 


§  90*  Since  the  fquares  of  all  quantities  are 
politive,  it  is  plain  that  The  fquare  root  of  ft 
negative  quantity  is  imaginary^  and  cannot  be 

aOigned."  Therefore  there  are  feme  quadratic 
equations  that  cannot  have  any  folution.  For 
example, 

Suppofc  /  —    +  — 

add--toboth,j*'-/iy  +  -  =  -  3«»  +  -=  -~, 

/  ■  1  ^^^^  ^ 

cxtrad  the  root^jF  —  —  =  -^, 

,    '   2  '4 

and;r  =  i  +  y-i^: 

whence  the  two  values  of  y  muik  be  innaginary  or 

11^* 

iippoliibic,  becaufe  the  root  of  -f-   cannot 

poflibly  be  affigned. 

But  of  this  we  ihall  treat  more  fully  in  the 
Seconcl  Part. 

C  3  Suppole 


V 
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Suppofe  that  the  quadratic  equation  propofcd 
to  be  refoived  x^y^^ay  :=  h\ 

thcn^*— +  ^  =  ^  +  i.. 
If  the  iquare  root  of  A  +  —  cannot  be  extraAed 

4 

cxadly,  you  mull,  in  order  to  determine  the 
value  of  jr,  nearly  approximate  to  the  value  of 

J b  +      by  ^hc  Rules  in  Cbaf.  8.   The  fol- 
4 

lowing  examples  will,  illuftrafie.  the  Rule  for 
quadratic  equationa. 

.EXAMPLE  I; 

to  find  that  numher,  which  if  you  multiply  hy 

8,  the  froduEi  Jhall  he  equal  to  the  /guar e  of  ths 
fame  number ^  having  i%  added  to  it. 
Call  the  number  jr;  then 

tranfp.  y'  —     =  —  1 1, 
Add  the  fq.  ot  4,/  -  Sy  4-  i6  =  —  la     l6  =4^ 

extradb  the  root»  —  4  =:  ±  a, 

tranfpofe,    =  4  ±  a  =  6,  or.a« 


EX- 
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EXAMPLE  11.» 

find  a  number  fucb  that  if  you  JnhtraFt  it 
from  lo,  and  mull t ply  the  nmaindfr  bji  the  number 
itfelfi  the  froduQ  JhaU  give  0,1. 
Call  it^i  ihca      • '  , 

lO  — ;r  X     =  21, 

that  is,  lo^ — yy  =  21  ; 
tranlpofe   y''  —  10;?  =  —  31, 
add  the  fq.  of  5,/  —  iqy  +  25  =  -  a  I  +  15  =  4t 

cxtr.thclq.root,;^ —  5  =  ±%/4=±2, 
/,     .      and;?  =  J.  ±  2  =  7,  or.j. 

EXAMPLE  III. 

fhe  Jum  cf  iw$  quantities  is     their  produ& 
Qu.  Wbit  are  the  quantities  f  ~ 

therefore  4  — y  = 

and  ay  —  jr*  =  ^ ; 
tranfp.  /  = 

^dd  -  . . —  tf;?  +  7  =  —  ^  + 

cxtrad  ^,;^  — .     =  ±  V  —  ^  + 

a  '  4 

G4  E3C. 
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EXAMPLE  IV. 

'Xbe  Jum  of  (wo  quantities  is  a,  and  tie  Jm  #/ 
their /quarts  h.    Qu.  the  quantities  f 

Suppofe  J''  +y  -  a  ...  then*  =.4— jk,. 

invol.      =  il*  — .  2tfjF  +  y\ 
whence      — 2ay -h  'y' =  — 
tranfp.  f  2/  —  24^  =  ^  -r  a\ 

and     <  ^ 

divide,        —  ^J'  =  -T^'  . 

«id-./--,  +  -  =  .^-  =  _. 
extr.  V,  jy  - 1  =  ±  'J±=^i  and^  =  2. 

±  V  — j-:j.«(=«— J-)  =  -  +  s/—^' 
Or  thV^^"-^^.  and  *  =f  +  v^^'. 

r 

EXAMPLE  V. 

A  company  dining  together  in  an  inn^  find  their 
hill  amounts  to  i-j s  Jhillings two  of  them  were 
not  allowed  to  pay^  and  the  reft  found  that  their 
Jhares  amcuvted  to  los.  a  man  more  than  if  all  had 
paid.    Qu .  Hqw  many  were  in  company  f 

Suppofe  their  number  *i  then  if  all  had  paid, 

each  mark's  Osare  would  have  been  feeing 

flf— -2  is  the  number  of  thofe  that  pay.  It  is  . 
therefore,  by  thcqueftion,  •  * 

175 
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and  17  j«  —  175*  +  3Jo=:  10**— 20»; 
that  is,  1  oaf''  —  2ox  =  j  jo, 
and  Jf*—        =  ; 
add  I  . .  +  I  =  35  +  I  =  361  . 

extr.  v^"^. ,    _  I  =  ±  6, 

^  =  I  ±  6  =  7,  or  —  5. 

It  is  obvious  that  the  pofitivc  value  7  gWca 
the  fblution  of  the  queftion ;  the  negative  vahie 
—  5  being,  in  the  prcfcnt  cafe,  u(cle(s« 

:  EXAMPJLE  VI. 

There  are  three  rumhers  in  continual  z^ometricaL 
proportion  ;  the Jum  of  the  firfi  and  Jtccnd  is  10^ 
tbi  difference  of  the  fecond  and  third  is  24* 
Qu.  the  numbers?  - 

Let  the  firll  be  and  the  fecond  will  be 
ID    ^9  and  the  thiixl  34    « s  therefore, 

:  10  —  xwio  —  <J>^ :  34  —  x^ 
and34J(  —  x'^  =  icq  —  20*  +  x^^ 
tranfp.    C54*  =  100  +  a**, 
anddivid;  \   jip*—  27^^  =  —  50, 


add 


11 
% 


extraft         . jr-H  =  ^         =  ^  % 

^  2       ^  ^    4  '2 

and  *  =  !L±Z?,  or  =  .2Zz2i  ±^  25,  or  2. 

So 
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So  the  three  continued  proportionals  arc 
2  :  8  :  32,  or 
25  :  — •  15  9. 

§  pt.  Any  equation  of  this  form^**  4  =: 
tvhere  the  greateft  index  of  rhe  unknown  quan- 
tity jf  is  double  to  the  index  of.j^  in  the  other « 
term>  may  b&redgced  to  a  quadratic  ^  -^az^  K 
by  putting =     and  confequcntly  y*^  = 
And  this  quadiatic  refolved  as  above,  gives 

And  feeing    =5  2:  =5  —  |-±      *  +  7 

.   EXAMPLE  I. 

the  predu^  eftw  -guantUies  is  a,  and  the  Jim 
rf  Ibeir/quares  b.         the  qHontities  f 


whence^  — y^^^i 

mult,  b}^j' . .      — /  = 

tranfp.  y  —  ^  jy*  =  — 
Put  nowy  =  2 . .  •  and  confequentiy^*  =:  z\ 

«nd  it  is 
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4dd »•  —  *  3:  +  7  =  -  — 
4  4  .  4 

cxt.\/  ,  a  -^-  =  ±  V  -  — ^  ' 
and*  =  7  ±v^~4l^«!ld,feiIligJ^«\/«, 

•  4- 

EXAMi^LE  II. 

T'o  find  a  numkr  frcm  the  cube  of  which  if  ym 
Juhtra^  1 9,  and  multiply  ibe  remainder  by  that 
4ub€,  tbeproduS  Jball  be  Q,iG. 

Call  the  number  required  iii  and  then^  by 

the  que^tioa^ 

■        in ' 

—  19  X  flj*  =  ai6, 
flp*—  1^'  ~  216. 
Put     =  2  =1  z\  and  it  will  be 

^       4  .4  4 

andv/  7  -  ^  "Ji 

whence  2s  =     ^     =  27,  or  ss'— 

2 

But  X  =  v^i^r  wherefiwreA?  =  +  3,  or  —  2« 


EX. 
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EXAMPLE  III. 
7*0  find  the  value  of     fufpojmg  $bat 

• «  Put      =  2,  and     =  2*  j 
then     —  72  =  8, 

«*  —  72  +  —  =  — , 

2:  = 

But     =      and  *  =  {/2*  =  i/64  =:  4. 


C  H  A  XIV, 

OF  SURDS. 

§  52.  a  lefs  qiiaiKiiy  meafures  a  greater  fa 
X  ^  to  iea.ve  no  remainder,  as  a  ^9  mea« 
fures  10  tf,  being  found  in  it  fiire  tinnes,  it  is 
laid  to  be  ah  aUquot  part  of  it,  and  the  greater 
fs  faid  to  be  a  multiple  of  the  Icfs.  The  lefs 
quantity  in  this  cafe  is  the  great  eft  common  mea^ 
Jure  of  the  two  quantities ;  for  as  it  meafures  th« 
greater,  fo  it  alio  meafures  itfelf,  and  no  quango 
tiTf  can  meafure  it  that  is  greater  than  it(el£ 

When  a  third  quantity  meafures  any  two 
propofed  quantities,  z&  %a  meafures  and 
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loa^  \t  is  faid  to  be  la  cwnmoft  mea/ure  of  thefe 

quaniitiesi  and  if  no  greater  quantity  mcafurc 
them  both^  it  is  c4kd  their  greateft  common. 
mM/ure,  -  ,  - 

Thofe  quantities  are  laid  to  be  cmtimfitraib 
which  have  any  common  meaibre^  but  if  there 
can  be  no  quannty  found  that  meafures  them 
both,  they  are  faid  to  be  incommen/urable ;  and 
if  any  one  quantity  be  c^alled  rational^  all  others 
that  have  any  common  meafure  with  kj  are  a]fb 
called  rational :  But  thofe  that  have  no  com- 
mon meafure  with  it,  are  called  irratmml 
quantities. 

§  93»  If  any  two  quantities  a  and  b  have  any 
common  meafure      this  quantity  x  (hall  alfo  , 
.  meafure  their  (urn  and  difl^rence  a  ±  Let 

X  be  found  la  a  as  many  times  as  unit  is  found  > 
in     fo  that  a  =■  mx*^  and  in     as  many  times 
as  unit  is  found  in     fo  that  b  =*  fix  1  then 

lhall  ^±<^  =  f?;x'±iw  =  »±«x;c;  fo  that  x 
fhail  be  found  m  a  ±l  h,  as  often  as  unit  is 
found  inm  ±  :  Now  fmce  m  and n  are  integer 
numbers^  ai  ±  i»  mufl:  be  an  integer  number  or 
unity  and  therefore  x  muft  meafure  a  ith 

§  94.  Ic  is  alfo  evident,  that  if  x  meafure 
any  number  as  it  muft  meaiure  any  multiple 
of  that  number.  If  it  be  found  in  a  as  many 
titnes  as  unit  is  found  in      fo  that  «  mx, 

•  then  it  wilt  be  found  in  any  multiple  of  a;  as 
ft  ay  as  many  times  as  unit  is  found  in  mn  -,  for 

'  na  mnx^ 

%  95»  • 
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^95.  If  two  quantities  a  and  ^  are  propofed, 
and  b  meafure  a  by  the  units  that  are  in  m  (chat 
is,  be  found  in  a  as  many  times  as  unit  is  found 
ivkm)  and  there  be  a  reipainder  t\  and  if  ■»  be 
fuppoied  CO  be  a  common  meafure  of  a  and 
by  it  ihill  be  alio  a  meafure  of  f.  For  by  the 
fuppoiicion  a'='  mb  -i-  r,  fince  it  contains  b  as 
man]^  times  as  there  are  units  in  and  there 
is  r  befides  remaining;  therefore  a  *^mb 
^ow  K  is  fuppoied  to  meafure  a  and  and 
therefore  it  ineafurcs  mb  (Art,  94.)  and  con- 
fcquently  a mb  (Art*  93.)  which  is  equal 

to  €• 

If  c  meafures  b  by  the  units  in    and  there  be 

a  remainder  J,  fo  that  b  —  nc  +  dy  and  b'^nc  =  d, 
then  (hall  ^  alfo  meafure  d;  becaufe  it  is  fup* 
poled  to  meaiure  b,  and  it  has  been  proved  that 
it  meafures  c,  and  confequently  ncp  and  ji  c 
(by  Art,  94.)  which  is  equal  to  d.  Whence/ as 
after  fubtra6ting  b  as  often  as  poflible  from  a, 
the  remainder  c  is  meafured  by  x ;  and  after 
fubtr acting  c  as  aftea  as  poflible  from  b,  the  re- 
mainder d  is  alio  meafured  by  x ;  fi^^  for  die 
fame  realbn,  if  you  iubtraA  d  as  often,  as  pof* 
fioie  from'  c,  ihc  rcmaitider  (if  drerc  be  any)  , 
muft  frill  be  meafured  by  x :  and  if  you  pro- 
ceed, ftill  fubtradling  every  remainder  from  the 
preceding  remainder,  till  you  find  io^ne  te^- 
mainder  which  fubtradbed  from  the- preceding 
leaves  no  further  remainder,  but  ex^ftly  nica- 
1  .  fuf^.s 
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fures  It,  this  laft  remainder  will  ftill  be  me^fiired 

hy  Xy  any  common  mcafurc  of  a  and'^. 

■  §  96.  The  laft  of  thefc  remainders,  viz,  that 
'  vhich'dtadljr  meafurca  the  preceding  remainder, 

muft  be  a  commdn  meifure  of  a  and  h :  fup- 
-pofe  that  i  was  this  laft  remainder,  and  that  it 
meafured  c  by  the  units  in  r,  then  fhall  c  =  rrf, 
and  we  ihail  have  thefc  equations,  -  • 

•  '  "  . 

■  • 

Now  It  is  plain  that  fince  i  meftfurcs  r,  it , 
muft  alfo  mcafure  ncy  and  therefore  muft  mea^ 

furc  nc     d^ox  b.    And  fince  it  mcafurcs  b  and 
'  4:,  it  muft  mcafurc  mh     c,  or  a%  fo  that  it  muft 
be  a  common  meafure  of  a  and  h.   But  furthcr» 
it  muft  be  their  greatift  eommon  meafure  5  for 

■  cvcry<  comnwn  mcafure  of  a  and  h  muft  meafiire 
d,  by  the  laft  article ;  and  the  grcatcft  number 
that  meafujes  d  is  itfelf,  which  therefore  is  the 
greateft  common  meafure  of  a  and  b. 

•  %  97.  But  if,  by  continually  fubtrafting  cvciy 
remainder  from  the  preceding  remainder,  you 
^  cfari  never  find  one  that  meafures  that  which  pre- 
'  cedes  it,  cxaaiy,  no  quantity  can  be  found  that 
•'  will  mcafurc  both  a  and^j  and  therefore  they 
"  *Hl1>e  ihiimnlunfiirahU  to  each  other. 
•  '  For  if  there  was  any  clMnmoii  meafure  of  thefc 
■■  quantities^  as  k,  it  wuuid  ncceflarily  mcafure 
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•11  the  remainders^  Cy      &c.    For  it  would 

mcafufc  a  —  mhy  or  r,  and  coiilequently  h  nc^ 
or  d\  and  fo  on*  Now  ^efe  remainders  de- 
creafe  in  fuch  a  manner,  that  they  will  neceifa^ 
rily  become  at  length  le(s  than  o$r  any  ailign* 
able  quantity :  for  c  muft  be  lefs  than  i  a  j  be- 
caufc  f  is  lefs  than  and  therefore  lefs  than  mhy 
and  confequendy  lefs  than  +  -j^^^,  or  In' 
like  maiiner  d  muft  be  lefs  than  ^  for  ^  is  lefs 
than  ir»  and  confequently  lefi  than  '§'4/  +  ^  »  r> '  or 
3^^.  The  third  remainder,  in  the  fame  manner, 
muft  be  lefs  than  \cy  which  is  itfelf  lefs  than  \a: 
thus  thefc  remainders  decreafe  fo,  that  every 
one  is  leis  than  the  half  of  that  which  preceded 
it  next  but  one.  Now  if  from  any  quantity  you 
take  away  more  than  its  hal^  and  from  the 
remaiiiucr  more  than  its  half,  and  proceed  in 
this  manner,  you  will  come  at  a. remainder  lefs 

(Euclid  Prop.  i.  Book  lo)  than  any  aifignable 
quantit]^  It  appears  therefore  that  if  the  re- 
mainders Cy  &:c.  never  end,  they  will  become 
lefs  than  any  afiignable  quantity,  as  which 
therefore  cannot  pofiibly  meafore  them»  and 
therefore  cannot  be  a  common  meafure  of  a 
and 

§  98.  In  the  fame  way,  the  greateft  conamon 
meafure  of  two  numbers  is  difcoyered.  Unit 
is  a  cbmmQil  meafure,  of  aU  integer  numberSp 
and  two  numbers  arc  faid  to  be  prim  to  each 

other,  when  they  have  no  greater  common  mea- 
Rire  than  unit^  luch  as  9  and  25«   ^uch  always 
/  *  are 
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arc  the  kaft  numbers  that  can  be  aflumed  ij\ 
any  given  proportion ;   for  if  thefe  had  any  . 
common  meafure,  then  the  quotients  that  would 
Sirife  by  dividing  them  by  that  eommoh  mea- 

fure  would  be  in  the  fame  proportion,  and  be- 
ing lefs  than  the  numbers  themfelves,  thefe 
nunnbers  would  not  be  the  lead  in  the  ikme 
proportion  $  againfl:  the  fuppofition. 
•  §  99.  The  leaft  numbers  in  any  proportion 
always  meaiurc  any  other  numbers  that  arc  ia 
the  fame  proportion.  Suppofe  a  and  ^  to  be 
the  leaO;  of  all  integer  numbers  in .  the  fame 
proportion,  and  that  c  and  d  are  other  numbers 
in  that  proportion,  then  will  a  meafure  f,  and 
.  i  meafure  d. 

For  if  a  and  ^.are  not  aliquot  parts  of  c  and 
then  they  mud  contain  the  fame  number  of 
the  fame  kind  of  parts  of  c  and  dy  and  therefore 
dividing  ^  into  parts  of  c,  and  3  into  an  equal 
number  of  like  parts  of  J,  and  calling  one  of 
the  firft  «1,  and  one  of  the  latter  n ;  then  as  m 
is  to  n,  fo  will  the  fum  of  all  the  ms  be  to  the 
fum  of  all  the  ns  $  that  ii,  m  i  n  it  a  i  ii 
therefore  a  and  I?  will  not  be  the  lead  in  the  fame 
proportion  ;  agaialt  the  fuppofition.  Therefore 
a  and  ^  mull  be  aliquot  parts  of  c  and  d.  Hence 
we  fee  that  numbers  which  are  prime  to  each 
other  arc  the  leaft  in  the  fame  proportion ;  for 
if  there  were  others  in  the  fame  proponion  lefs 
lhan  them,  thefe  would  meafure  them  by  the 

H  fame- 
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fsMnc  number,  which  therefore  would  be  their 

common  mcafurc  againft  the  fuppofition,  for 
we  (uppofed  chem  to  be  prime  to  each  Qther» 

^  lOb.  If  two  numbers  a  and  t  are  prime  to 
one  anpther^  and  a  third  number  €  measures  one 
'  of  them  tf,  it  will  be  prime  to  the  other  For 
if  c  and  ^  were  not  prime  to  each  other,  they 
would  have  a  common  meafure,  which  becaufe 
it  would  mcafure  c,  would  alfo  meafure  a,  which 
is  meafured  by  <s  therefore  and  ^  would  have 
a  common  mcafore  againft  the  fuppofition. 

§  loi.  If  two  numbers  a  and  are  prime  to 
r>  then  0iaU  their  produft  be  alfo  prime  to  #v 
Fin*  if  yoo  fuppofe  them  to  have  any  common 
meafure  as  and  fuppofe  that  d  meafiires  at 
by  the  units  in  e,  fo  that  de  =^  a  by  then  ihali 
d :  a  i  I  But  fince  d  meafures  and  c  is 
fuppoied  to  be.  prime  to  a,  it  follows  (by 
100«)  that  ^and«  are  prime  to  each  other;  and 
therefore  (by  Jrt.  99.)  d  muft  meafure  b  $  and 
yet  fincc  d  is  ruppofcd  to  meafure  r,  which  is 
prime  to  it  follows  that  d  is  alfo  prime  to 
that  ihdi%  prime  to  a  number  which  it  mea* 
fures,  which  is  abfurd* 

§  102.  It  follows  from  the  lafl  article,  that 
if  a  and  c  are  prime  to  each  other,  then  tf*  will 
be  prime  to  c :  For  by  fuppofing  that  a  is  equal 
to  if  then  4t  will  be  equal  to  a*^  and  confe* 
quendy  will  be  prime  to  In  the  fime 
manner    will  be  prime  to  a. 
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%  io>  If  two  numbers  a  and  f,  m  both 

prime  to  other  two  r,     then  (hall  the  produ^ 
be  prime  to  the  product  c^i  for  (by  Art» 
IQI*)    ^  will  be  prime  to  c  and  alfo  to  an4 
difrdfor^  by  the  fame  arcide»  cd  will  be  ptisaf 

$  104.  From  this  it  follows,  that  if  ^  and  r 
arc  prime  to  each  other,  then  flitll  be  prime 
10  r%  by  fuppofing,  in  the  IsSkp  that  a  ^  h,  and 
<  =  ijf.  Ic  is  alio  evidenc  that will  be  prime 
CO  r%  and  in  general  9ny  power  of  4  to  mf 

power  of  €  whatfocvcr. 

§  105.  Any  two  numbers,  a  and  by  being 
^vcn>  CP  iind  the  lea(i  numbers  that  are  in  the 
iatme  propomon  with  diem,  dmdi  thm  by  tint 
•  greatefi  cmmffn  mtrfure  jr,  mid  tbi  quotitnts  c  and 
d  Jhall  be  the  Uqfi  numben  in  the  Jame  profprtioi^ 
with  a  and  b. 

For  if  there  could  be  any  other  numbers  in'  ' 
that  proportion  lels  than  €  and  d,  fuppofe  them 
to  be  ^  and  and  thefe^  being  in  the  fiune  pro* 
portion  as  a  and  b^  would  meafurc  them :  And 
the  number  by  v^  hich  they  would  mcafure  them, 
would  be  greater  than  becaufc  c  and /are 
fuppofed  lelk  than  c  and  d^  fo  that  x  would  not 
be  the  greateft  common  meafure  of  and  b  % 
againft  the  fuppbfuion. 

§  ic6.   Let  it  be  required  to  find  the  leaft  . 
number  that  any  two  given  numberSj  as  a  and 

can  meafiire.  Firft^  if  th^  are  prime  U  each 
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ather^  then  fbetr  prcduSf  ah  is  the  leaft  number 
^hich  they  can  bcfh  meafure. 

For  if  chey  could  meaiure  a  lefs  number  than 
nhy  as  r,  fuppbie  that  c  is  equal  xoma^  and  to 
wh\  and  (ince  r  is  leis  than  ah^  therefore 
will  be  lefs  th:m  ah^  and  m  lefs  than  h ;  and  nb 
being  lefs  than  ah,  it  follows  that  n  mult  be 
lefs  than  a ;  but  finc^  ma  =  nb^  and  confe- 
<]ueotl^  axbwnxmy  and  a  and  b  are  prime  to 
each  other,  it  would  follow  that  a  would  mea- 
Ture  and  h  iVitafure  m  j  that  is,  a  greater  num- 
ber would  meafure  a  lefs,  which  is  abfurd«> 

But  if  the  numbers  a  and  h  are  not  prime  to 
each  other,  and,  their-greateft  common  meafltre 
is  ^f,  which  nr.eufures  a  by  the  units  in  w,  and 
meaiures  b  by  the  units  in  n,  fo  that^  —  mXy  and 
b  n^i  then  ihali  an  (which  is  equal  to  bm^ 
becaufe  a h  ii  mx  mx  m  :  n,  and  there- 
fore an  ^  bm)  be  the  leaft  number  that  a  and 
b  can  borh  meafure.  For  if  they  could  mcai  ure 
anv  number  c  lefs  than  nay  fo  that  c  =  i a  zz  k  b, 
then  a  :  b  : :  m  :  n  : ;  k  :  li  and  becaufe  x  is 
fuppofcd  to  be  the  greateft  common  meafure  of 
a  and  it  follows  that  m  and  n  are  the  leafl:  of 
all  numbers  in  the  fame  proportion,  and  there- 
fore m  meafures  k,  and  n  meafures  /.  But  as  r 
is  fuppofed  to  be  lefs  than  na,  that  is,  / a  lefs 
than  na,  therefore*  /  is  .  lefs  than  n,  fo  that  a 
greater  would  meafure  a  lefs,  which  is  abfurd. 
Therefore  a  and  b  cannot  meafure  any  number 

left 
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kfs  than  nai  which  they  both  meafure^  be- 
caufe  na  =  m^. 

It  follows  from  this  rcafoning,  that  if  a  and 
i  mcafure  any  quantity  the  kaft  quantity  na, 
which  is  meafured  by  a  and  will  alfo  mea- 
Ibre      For  if  you  fijppoie  as  before  that  e^ia, 

^ou  will  find  that  n  muft  mcaiure  /,  dad  na 

» 

muCt  meafure  /a  or  r. 

I  107.  Let   exprefs  any  intrger  number,  and 


J*  any  fradion  reduced  to  its  lowcH  teraiSj  fui 

that  m  and  »  may  b?  prime  to  .  each  other,  anl 

coA^cqucntly  <a/i  +     ailu  prime  to      it  will 

Ibllony  that  an  -Tw*  will  be  prime  to  and 

■  * 

conlequently        ^^^-^  will  be  a  fraction  in  its  lead 

^rmS)  and  can  never  be  equal  to  an  integer 
number.  Therefore  the  fquare  of  the  mixt  num- 
ber i»  -f  ^  is  ftiU  a  n)ix(  number,  and  never 
ft 

an  integer.  In  tlic  fame  manner  rhe  cube,  bi- 
quacirace,  or  any  power  of  a  mixt  number,  is 
ftill  a  mixt  number^  and  never  an  integer.  It 
follows  from  this,  that  the  fquare  net  of  an  ift' 
teger  yynuft  be  an  integer  or  an  mcomm:hJiu\,lle. 
Suppofe  that  the  in^rf^er  propor.nl  is  b,  and 
that  the  fquare  root  X)f  it  is  lefs  than  ^  -f  i,  but 
greater  than  then  it  muft  be  an  incommen- 
furable  \  for  if  it  is  a  commenfuHible,  let  it  be 

4f  +  -» ifrhere  —  rjeprefents  any  fra(^too  redi^ced. 

H3  tq 
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to  iu  leaft  terms;  it  would  foUow  that  a  +  ^ 

n 

filuared  would  give  an  iotc^r  number  »^  the 
contrary  of  which  we  have  demonftratrd* 

§  108.  It  follows  from  the  laft  article^  chat 
tit  /quan  roofs  of  all  numbms  hut  9f  \^  5^ 
16,  25,  3^>  49»  64*  81»  ioo,  121,  t44,i*rv 

(which  are  the  fquarcs  of  the  integer  numbers 
1,  2,  3,  4,  5,  6,  7,  8,  9,  10,  IT,  12,  ^i^.)  are 
inccmmenjurables  \  after  the  fame  manner,  lA# 
m/x  ^  all  numbers  but  tf  thi  attii  tf 
3>  4*  5^  ^>  7i  8,  9,  are  mmmenfu^ 
rabies:  and  quantities  that  are  to  one  another 
in  the  proportion  of  fuch  numbers,  muft  alfo 
have  their  fquare  roots  or  cube  roott  incom* 
menfurable. 

§  109.  The  roots  of  fuch  numbers  being 
incomnricnfurable,  are  exprefTed  thercftxrc  bf 
placing  thcproper  radical  fign  over  them;  thua^ 
VS^  A/7,  v^S,  1/xo^  6f^.  exprcfa 
numbers  incommenfuiable  with  unit.  Thefe 
numbers,  though  they  are  inconfimcnfurable  " 
thennfelves  with  unit,  are  commenjurable  in  fower 
wich  it,  becaufe  their  powers  are  integers,  that 
is,  multiples  of  unit.  They  may  alfo  be  com* 
menfurable  ibmetimes  with  one  another,  as  the 
and  the  v/2,  becaufe  they  are  to  one  an- 
other as  a  to  I :  And  when  they  have  a  com- 
mon meafuie,  as  \/%  is  the  common  mfsafiire 

of 
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of  both,  then  their  ratio  is  reduced  to  an  cx* 
preflioti  in  the  kail  terms,  as  that  of  commcn- 
itirable  quantities,  by  dividing  them  by  thev  . 
greateft  common  meiiure.  This  common  m»» 
fure  is  found  as  in  commenfijrablc  quandties, 
only  the  foot  of  the  common  meafurc  is  t4 

be  made  their  common  divifor.  Tim  • 
V4  s=  t»  and  s 

§  no.  A  rational  quantity  may  be  reduced 
to  the  form  of  any  given  furd,  by  raifing  the 


the  name  of  the  ford,  and  Acii  iccdog  tht 

radical  fign  over  it  thus,  a  s  V^«*  «  * 
=  {/a^  =  yoTy  and  4  =  V16  s=  =* 

t/*s6  =  i/ioa4  —  4/4"' 


^  III.  As  furds  may  be  confldered  as  powen 

with  fradlional  exponents,  they  ate  reduced  U 

ethers  of  the  /me  value  iialjuill  have  thejme 

radical  Jtgn,  hy  redming  tbo/e  fradieaai  easpa^ 

ncnU  to  Jra^ions  having  the  Jame  value  and  a 

s 

(ommen  denominator^  Thus  ^  ass  of",  aiki 
J/tf  =:  ^^  and -i.  =  — >  —  =  — and  thcrc^ 

^  •        If      nm    m      nm  ' 

fae      ind  V^m  reduced  to  the  fiune  radical 

H4  %i» 
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fign,  become  "^/^  and  "X/tf".  If  you  are  to 
reduce  y/j  ai^d       to  the  fame  dciiornina,tor, 

confider  l/i  as  equal  to  3^,  the  ^2  a$  equal  to 

whoie  indices  reduced  to  a  common  decio* 

•  •  •  ' 

ininator,  you  have  3*  =3^  ^nd  2^  =  i"*^,  and 
conrfqu-ndy^3  =  ty =  ^/^7»  v/^  =5 
;^4ri  lb  that  the  prbpofcd  fuids  ^3  and 
^2  arc  reduced  to  other  ccn^^irfurds  ^^27  an^ 
^4,  having  a  common  radical  f/gn.     *  t 


§  113.  If  the  furds  are  of  different  rational' 

quantities,  as  C/ ^nd  \/ b\  and  have  the  fame 
iign^  multiply  tbcfe  rational  quantitUs  into  onp 

another^ 
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anotbery  or  divide  them  hy  one  another,  etftif 
jet  the,  common  radical  fign  over  their  pro* 

♦  • 
•  *  b 

'  If  the  furds  have  not  the  fame  radical  figii, 
reduce  tbem iy  tbeii'Uh  ArtI  to'fmb as Jhall have 
the /me  radical  Jign^  and  proceed  as  brfore*  Thus 

•y/a  ^^b-y^TF;  g  =         ;/^  X  4/4 = 

If  the  furds  hayq  any  rational .  coeffi- 
.cjencsy  their  produdb  or  quotient  mtid:  be  pre- 
fixed.  Jhys,  2v^3  >^  5^6  =  lO^/iS* 


§  1 14,  The  powers  of  furds  are  found  as  the 
powers  of  other  quantities,  mHliiplying  their 
exponents  hy  the  index  of  the  power  required.  ThMS 

.tbel<iuju:cof4/ais.a^^!  .j=  ^      i/4i  the 

cube 
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cube  t>{^  n  =  5*  =  yift5.  Or  you 
need  only,  in  involving  fords,  ra$/e  ibe  quan* 

tity  under  the  radical  fjgn  to  the  power  reptirid^ 
€ontinuing  the  fame  radical  Jign  %  mlefs  the  indae 
rf'^bat  pMer  is  equal  /»  tbi  name  of  tig  Jkrdf 
§r  4  multiple  ofit^  aud  in  $bai  uff%  ihe  f9nm  4f 
tbi  Jwrd  ^eemeS  taHonoL  Evolution  is  perw 
formed  dividing  the  fra^itm  which  is  the  ex^ 
fonent  of  the  Jwrd  tbt  name  of  the  root  ' 
jmred* 

Thus  the  fquare  root  of       is  V     or  y/^m 

§115.  The  furd  ^/^«'"^f  =:<iv^5  and  in  like 
intnner,  if  a  power  of  any  quanticy  of  the  ikitie 
name  with  the  furd  divides  the  quaimqr  under 
the  radical  fign  wichonC  a  rcttudnda*,  at  heve 

oT  divides  arx,  and  35  the  iqu^c  of  j;  divides 

75»  the  quantity  under  the  fign  in  ^TS^  ^^^^ 
out  a  remainder,  then  pliux  the  root  of  diat 
power  rationally  before  the  fign,  and  the  quo- 
tient under  the  fign,  and  thus  the  furd  will  be 
reduced  to  a  more  Iimple  esprefiioiu  Thus 

f  116.  When  furds  by  the  lad  article  are 
reduced  to  their  ieaft  expreffions,  if  they  have 
the  iiuBic  irrattooal  part,  thqr  are  added  or  fub* 

trafttx^ 
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ioefficients,  mnd  prefixing  the  Jum.  9r  ^vn»  f 

V/81  +        =  3v/3  +  «{/3  =  $<^3» 

§  117.  Cmpcmd  Jurds  arc  fuch  as  confifl  of 
two  or  more  joined  together.   The  finipk  lurds 
are  commenfurabie  in  power,  and  by  being  muU 
tiplied  into  themfelves  give  at  length  radood* 
quantities;  yet  compound  furds  multiplied  in- 
to themfelves  commonly  give  ftill  irrational 
DroduAs,    But  when  any  compound  furd  i$ 
propofed,  thm  is  oHQtlur  cmp&und  Jurd  wki^ 
multiplied  into  it  gives  a  rati^l  ffsinS/f  Thua 
V  a  ^  V  h  multiplied  by  \/  a  —     h  gives 
^  — .     and  the  invtpgation  of  that  Jurd  which 
mubifUii  isU$  A$  fr^sd  Jurd  will  give  a  ra^ 
iUmal  froist&f  is  nuule  eafy  by  the  following 
'^Pheorems* 

THEOREM  I. 

^iiS.   Generally,  if  you  multiply     —  b"" 

hfit^  +         *•  +  +  ^"""^ 

&c.  continued  till  the  terms  be  in  numbef 

equal  to  - ,  the  produft  (hall  be    —    :  for 
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X  if*  — 

+  fi'^p"^  +  +  ate. 

—  if-*  ^  —  ,1--*«     — if-  «  ^  -  &c.  —  V 

THEOREM  ir. 

multipHed  by      +       gives      q:  which 

ii  dciiiOailiaLcd  as  the  oiiier.    Here  the  fign 

of    is  poficive  when  —  is  an  odd  bumber^ 

§  lig.  When  any  binomial  ford  is  propofed, 

Juppcfe  the  index  if  each  number  equal  to  and 
let  n  be  the  leafl  integer  humbler  that  is  meafured 
by  nty  then  Jhall  a'-""  ±  a"-"^  b'"  +  b^"*^ 
tec,  give/i  compound  furd,  which  fnultiplied  into  the 
fr&pofed  Jurd  d*  will  give  a  rational  produBm 
1  liU>  to  find  the  lurd  which  multiplied  by 
^a, —  y/b.  Will  give  a  rational  qui^ntity,  iiere 
0»  =  aod  the  leail  number  which  is  mea- 
fured by  4-9  i^  ^Tixt^  let  =  then  Ihall 
'iT-^  +  tf'-**  b^  +  /2"-^»      &c.  -  a'-i"  + 

a^^^b^  +  a'^b^  -J^a^b^^b^Tz  \/7  + 

V^b  +        which  multiplied  by  y/a  — 
gives  u—bm 

.  To 
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To  find  the  furd  which  multiplied  by 

=     +  y^,  gives  a  rational  produft.  Here 

fw  =  i  and  a;  =  3,  and        —  tf*-^*  ^  +  ^"""3* 

^  =  tf'  —  tf*       +  —      =  V'tf'  — 


«EC.  =  « 


THEOREM  IlL 

« 

%  110.  Let  d«  ±  ^  be  multiplied  by  a^'^  ^ 
'^^mi,i  +  rt«-3»»     iip  ^»-4«  ^3'  +  Gfr.  and  the 

produdb  (hall  give  ±  .*  therefore  n  muft  be 
taken  the  leafi  integer  that  Jhall  give  -  alfi^  an 
integer. 


ff  } 


•it  "~ 


The  fign  of      is  pofitive  only  when  Is 

an  odd  number,  and  ihc  binomial  propofcd  is 

^  +  ■  V  ,        -  .       . .  .  ;  /  ' 

*  §  1 21« 
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)  1^1»  If  my  bipomial  fivd  is  propofed 
whole  two  numbers  have  different  iadlces,  let 
thefe  be  m  and  /,  and  take  n  equal  to  the  leaft  in- 
teger number  that  is  mealbred  hy  m  and  by  j|  . 

and  ^^^j*'"*"'  +  n"— 3«  q:  4«  ^3'  &cl 
fliall  give  a  compound  furd»  which  multiplied 
hy  die  propofcd     ±      ft«ll  give  a  rational 

produft.  Thusv^  (/  ^  being  given^fuppofc 
m  —  j^,  /  =  4-»  7  =  therefore  you  have 
»  =  3,  and  41«-"  +  a^^V  +  4*^3«  ««-s* 

+  41^"*        +  ^  5=  tf*  +  tf^        '\-  ^h^  + 

ai  +  J     +     =  ^7  +  X 

+  *  X  +  «  X  VJ*  ^  ab  h  K 
i/^  +  i  X  v^,  which  multiplied  by  the  \/  ^ 

—  (/^,  gives  4«  —  4« 


§  122»  By  thefe  Theorems  any  binomial 
ford  whatlbever  being  given,  you  nnay  find  a 
furdj  which  multiplied  by  it  lhall  give  a  rational 
produ&.  . 

Suppofc  that  a  binomial  ford  was  to  be  divid- 
ed by  another,  as  v^ao  +  v^i2,  by       —  Vz^ 
2  the 
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thf  4UOii«o(  may  be  cxprdfcd  by*-—-—^^. 

But  it  may  be  expreflcd  in  a  more  fiinplc  form 
by  muhiphfing  both  numerator  and  dcnminatar 
thai/wr4  Vfkieb  mbiflied  mto  tbi  imnmiat^t 

»  ;  s8+2v/i5i 

f  12  J.  In  general,  when  any  quantity  is  di« 
vided  by  •  binomial  furd,  at  #•  ±  where  m 
and  /  reprefiiic  any  fraftioiis » whatlbem,  fah  n 
tbi  Uaft  integer  numkr  $ba$  is  majwrei  hy  m  and 

Y>  tmdt^i^  i^b  mmraier  mi  dmmbuti^  kf 
4.  ^«-Mi  ^  +  oF^i/ti^  ScQ.  and  tbedenmU 
mUcr  qfibefr§Ma  wHtbeemi  nuimml,4mdajual 

H  a^-^fi I  iIm  4Mdi  M  tbi  mmkrt  ef  tbi 

numerator  hy  this  raiional  quantity  ^  and  the  quote 
arifing  will  be  that  of  the  fropofed  quantity  divided 
iff  the  UnomiAl/wrd,  ixfrejfed  in  its  ieaft  terms. 

V6     _v^4i4i/i8      ;</ao    _  l^to 
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=  ■    ■  ^  2^  =  24/5  +  4^20+  4/ro;- 

and     —  3"  =  8  —  9  =  —  i)  = 

4</AO-t'4Vio»  j/3+a%/iox^9-f6v^io^.3Vaox^34i3v^i<Mcy^ 

—  1 

=  —  V5  —  4v/io  X  \/3     4v/5  X  (/9 

$  124.  When  the  iquare  root  of  a  furd  is  re« 

quired>  it  may  be  found  nearly  hy  extYaSling  the 
root  of  a  rational  quantity  that  approximates  to  its- 
value.  Thus  to  find  the  Iquare  root. ot  3  +  -^2,, 
we  Brft  calculate  ^/2  s  1«  414^19  and  therefore 
3  +  2^2  =  5, 82S42»  whofe  root  is  found  to  be 

nearly  2,  41421 :  fo  that     3  +  2^2  is  nearly 
d^  4l42i.    But  fomctimcs  we  may  be  able  to- 
cxprefs  the  roots  of  furds  exad^iy  by  other  funis  $v 
as  in  this  example  the  iquare  root  of  3  +  2y/2 

is  I  +     2,  for  r+"^7r  X  I  +  y/2  —  i  +  2y/a 

+  2  =  3  +  2^2, 

-    ,  » 

In  order  to  know  when  and  how  this  may  be 
found,  let  us  fuppoie  that  x  +  ^  is  a  binomial 
lurd,  whole  Iquare  will  be  y*  +  2j#jr :  If  k 
and  jf  are  quadratic  furds,  then  j^*  +y  will 
be  rational^  and  'xxj^  irrational ^  ip.th^t  2xy 

lhall 

■5 
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ihail  always  be  k(s  thaa      -f  jr%  becaufe  the 

difference  is  jif*  +  jr*  —  ftifj  -s  jir— which  is 

always  pofitive,  Suppofc  that  a  propofcd  furd 
confiding  of  a  rational  part  a,  and  an  irrational 
part  coincides  wkh  this,  then  a, 
and  4rx  =  B :  Therefore  by  what  was  iaid  of 
Equations^  Chi^,  i3th» 

.    .  jr*  -5  A  "    =i      and  cfaerefere 

B*      1  A*  • 

AX*  —     =     and  jp^  —  A  jp»  +  —  =  o  I 

4  4 

from  whence  wc  have  x-  =  L-L^fl  ^•and 


 ■    ■  >  Therefore  when  a  quantity 

par dy  rational  and  partly  irrational  is  proposed  to 
have  Its  root  extraded,  call  the  rational  part  a, 
ibi  irraiknal  b,  mii  the  /quart  of  the  greaujl 

»^;/>^<?r oftbermfiaU be  ^  ■       , /Z;^ 

a 


A       4/ A*  B* 

.  Jquarc  of  tbi  lejfsr  pari  Jball  be   ^ 

And  as  often  as  the  fquare  root  of  a*  —  can 
be  extraded,  the  fquare  root  of  the  propofcd 
binonnial  furd  may  be  exprcfTed  itleJf  as  a  bino« 
naiai  furd  For  estample,  if  3  +  iv^2  is  pro« 
pofed^  then  a  =:  3,  b     2  v'a,  and  a*  —  b*  =  j> 

^8  « 1*  Therefore  If*  =  r:2,  and 

a 

y s:  ■^■iixs I,  Xhcrefoiex-f  j'ssi  +  a. 

I  To 
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To  find  the  fquare  root  of  —  i  +  v/ — 8,  fup- 
pofe  A  5s  — 1>  B  =  \/ —  8,  fo  that  A*  —  B»  =s  9» 

,  A+v^A*— —1  +  3  ,  A  — */a"— B* 

and—  = =  X,  and  —  

—  — — ^  =  2^  therefore  the  root  required 
is  I  +  \/  — a. 

§  125.  But  chough  X  and^  are  not  quadratic 
furds  or  roots  of  integers,  if  they  are  the  roots 
of  like  furds,  as  if  they  are  equal  to 
and  y/ n  y/z,  where  m  and  n  are  integers,  then 
A  s=*«  +  »  X  i/z,and-|-B=:  V^mffZ  ;  A*~B*=: 

x  a:,  and  V  =  JUlJ^^ZZZT 


 J—  l»v/2,/=  

=  n  ^z,  and  Af  4-  =  s/m  y/z  +  s/V^.  The 
part  A  here  eafiiy  diftinguiihes  itfeif  from,  b  by 
its  being  greater, 

§  ia6>  If  *  and  jr  are  equal  to  and 

v/ «  y//,  then     +  ixy  +/       ^2  +  »  v^/  + 

s/mn y/z  t.  So  that  i f  2;  or  /  be  not  multiples 
one  of  the  other,  or  of  fomc  number  that  mc^- 
fures  them*  both  by  a  fijuarc  number,  then  wUI 

A  itielf  be  a  binomial. 

%  I  ay.  Let  x  ^  y  z  cxprcfs  any  ttinomiat 
furd,  its  fquare  +  +  2^  +  a^j»  +  2xz  +  2yz 
may  be  iuppoied  equal  to  a     B  as  before.  But 

rather 
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rather  multiply  any  two  radicals  as  ^xy  by  ixz, 
and  divide  by  the  third  whici^  gives  the 
quotient  2«^  rational,  and  double  the  fquare  of 

the  iurd  .v  required.   The  ianie  rule  fcrves  when 

there  arc  four  quantities,  +  j^*  +  2*  +  /*  + 
aJipF  2xr  4-  +  ayai  4  ajr  +  ozs^  moltiply  djgr 
hf  '^xs^  and  the  produ^  4X*jry  divided  by  2 /jr 

gives  a  mtional  quotient,  iialf  the  fquare 
of  In  like  manner  2rv  x  lyz.  —  ^y^xz^  which 
divided  by  2x2  another  member  gives  2v*,  a  ra- 
tional quote,  the  half  of  the  fquare  of  2jf.  la 
the  fame  manner  z  and  /  my  be  found ;  and 
their  ium  ^  +    +  2  +  J,  the  fquare  root  of  the 

ii^pnnooital     +  j^"^  -l-  a;'  +  j*  +  aqr 
2XZ  +  ^yz  4      +  dilcovered. 

For  example,   to  find  the  Iquare  root  oC 

lb  +  ^24 + v/40  +V601 1  ^""-^-^, 

which  I  find  to  be  y/i  6 =4,  the  half  of  the  fquare 

rpoe  of  the  douHc  of  which,  vfsr.    x  v'S  =  ^2, 

is  one  member  of  the  fquare  root  required ;  next 

:^it2L^  =  6,  the  half  of  the  fquare  root  of 
'  the  double  of  which  is  ^3,  another  member  of 
the  root  required  1  laftly,  ^^J!^^"  =  10,  which 

gives  for  the  third  member  of  the  root  re- 
quired :  From  which  we  conclude  tliat  the  fquare 
r^of  lo  +  ^24  +  ^40  +  'v/6ois  v'2+  ^3 
4  i^S>  ^trying  you  find  it  fucceeds,  fince 

1 3  multi* 
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multiplied  by  icfclf  it  ^ves  the  propoied  qua- 
drinomial.  ^ 

§  128.  For  extrafting  die  higher  roots  oT  t 
btnomial,  whoTe  two  «lembers  being  fquared 
are  cotnmenlurabte  fnemberS)  there  is  die  fol- 
lowing 

R  D  L  E. 

Let  the  quantity       a  ±  B,  whereaf  a  is 
\  tbi  greater  part^  and  c  the  expontni  qf  thfi 
root  reqttired.    Seek  the        nmhir  n  wbefs 
*    fw>er  if  is  divifihli     a  a  — *  bb>  tie  qmuipU 

dfeing  Computi  V  a  .+  b  ^<  in  ibt 
nearejt  integif  number^  vobkh  fnppofe  to  Be  r* 
Divide  A.  >/  Q^by  its  great  eft  rational  divi/or^ 

'     and  kt  the  quotient  he  j,  and  iet       ^  m.  the 
mareft  int^or  n^mhe}-  he.  t,  /0  fiall  the  root 

•  .  required  be  ■  ^  if  the  $  root  rf 

B  can  be  extra^ed*  _  • , 

EXAMPLE  I.. 


;  Thus  to  find  the  cube  root  of  ^/96^  4.  a^i 
we  have  a*  ~  b*  s  34 j>  whofe  divifors  ai« 
7,  7,  7,  whence  «  t=  7,  and  q^—  i.  Further^ 

^4.  B  X     (^,  that  is,  v^568  +  2^  is  a  iitdc  morp 

•  Aiithm.  Univcifal.  p.  59, 

than 
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duw  56^  whofe  ncarcft  cube  root  is  4.  Where*, 
fore  r  =  4.  Again,  dividing     968  by  its  great* 

eft  rational  divifor,  wc  iiave  a  y/q,=  22  ^2,  and 

the  radical  part         s^wad  or  — 111 

the  neareft  integers,  is  2  =:  And  laiUy, 
fs  =  t%^a,  ^Tf^Zi  t,  and  i. 
Whence  1 4*  i  is  the  root,  whole  cube,  upon 
teiai,  I  find  to  be  v^96S  4.  2 

EXAMPLE  IL 

To  find  the  cube  root  of  6S  —  v^4374j  we 
have  A* — B*  =  250,  whofe  divifora  are  5, 5, 5, 2, 

Thence  «  =  5  x  2  =  10,  and  <i^=  4,  and 

^ A + B  X  or  + v^4374  X  2  is  nearly 
7    r I  ag^in,  A       of  68  x  v  4  =  136  x  vi» 

that  IS,  J  =  I,  and  — ^jj— ,  or  — — -i,  is  nearly 

s  4  s  Therefore  /j  =:  4,  y/V— s  4/^, 
and  V<C=^v^  4  ^v'^»  whence  the  root  to  be 
tried  18 


3'  • 


EXAMPLE  III. 

Suppofe  the  fifth  root  of  i^'/G  +  41  is 
demanded,  a'  —  a*  =  3»  and  «  =  31  81, 

1 3  r^S, 
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and  \/a.=  'v'B  i  —  -{«'9.  And  chcrefore  trial  U 
to  be  made  with  ^ 

In  thefe  operations^  if  the^  quantity  is  a  frac* 
tion,  or  if  4ts  parts  have  a  common  divilbr,  you 

arc  to  rxtracl;  the  root  of  the  numerator  and  <i<f* 

nominator^  or  of  the  favors  fcparately.  Thus 

to  eactrafl:  the  ^ube  root,  of  v^i4a  —  ia'|> 
this  reduced  to  a  common  denominator  ia 

And  the  roots  of  the  numerator 

2 

and  denominator,  feparatcly  founds  give  the 
root  %   And  if  you  fcek  any  root  gf 

^ 3993  +  ^  1757^ i^5>  divide  its  parts  by  the 
common  divifor  i/^^  and  the  quotient  being 

1 1  -f  v^Ti5,  the  root  of  the  quantity  propofed 
will  be  found  by  taking  the  roots  of  v^j  and 

of  1 1  +  v^Iaj;,  and  multiplying  them  into  each 
other; 

%  129.  The  ground  of  this  Rule  may  be  ex- 
plained from  the  following 

THEOREM. 

Let  thi  fum  or  difference  of  two  quantUici  x 

andy  be  raiJU  tQ  0  fow^r  v^hoj^_  exfQn(nt  is  r, 
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undhtthe  1/,  zd,  K^lh,  ^th,  &c.  terms  of  that 
poweTy  colk^ed  into  one  Jum^  be  called  a,  and 
$be  reft  of  the  terms^  in  the  ive»  flaees,  call  b  $ 
the  difference  of  the  f quotes  of  a  and  b  fttaU  ho 

equal  to  the  difference  of  the  J^uares  of  x  and  y 
raifed  to  the  fame  power  c» 

For  the  tcms  in  the  c  power  of  a?  +  jr  (wnN 
ing  for  their  coefficients^  rcfpcaively,  i,  e, 
&c.)  are 

xc  +  cx"^^j  +  dx^^^y*  +  ex'-^'^y^  +  &c.  =  a  +  b, 
.  and  the  fame  power  of  a^— (chaDgiug  the  figns 
in  the  even  places)  is 

— ex'^^y  +  «p'-^^  +  &c^=  a  —  b, 

and  therefore  ;g  +yY  xx    jl'  =  a  +  b  x  a  —  b 
A*  —  B*  (=  *       X  x—y\')  =  ^yV. 

Let  one,  or  both,  of  the  quantities  x,  jr,  be  a 
quadratic  /urd,  that  h^let  x  +  y,  thc^rOotof 
the  propofed  binomtd  a  +  b,  belong  to  one  of 

thefe  forms,  p  +  Wi^k-Zf  +  or  ^y/)  +  Vf. 
And  it  tbilows, 

I.  If  +  r  =  f  +     »  *»^>  ^  •'jy 

whole  number,  a,  the  fum  of  the  odd  terms,  will 
be  a  rational  number ;  and  b,  die  fum  of  the 
terms  in  the  e^en  places,  each  of  which  involved 
an  01/1/ power  ^iy^  will  be  a  rational  number  mul« 
tiplied  into  the  quadratic  ford  ^q^ 

a.  Let  f,  the  exponent  of  the  root  fought, 
be  an  odd  number^  as  we  may  always  luppofe 

1 4  it. 
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it,  bccAufe  if  it  U  CV€ii,  it  may  be  halved  by  the 
extradtion  of  the  fquare  ropt,  till  ic  becomes  ocjd  | 

and  kt  X   ^  y        k\/p   +  g,     Xhca  A  wiU 

involve  the  furd       ^nd  9  will  be  ratign^l, 

3.  But  if  |3Qth  nii?mb«ri  af  the  root  are  irra* 
tional  (x  -f    =  k\^p  +  /V^)  ^  and  r.  are  both, 
irrational^  the  oue  involving  v'/),  and  the  other 
ihe  fqrd  /^,' 

Ami  in  all  diejc  cafes,  it  is  oafily  feen  that 
when  X  is  greater  than  a  will  be  greater 
than  B,  ' 

§  130,  From  this  compofition  of  the  binomial  . 
A  +  B,  we  are  led  to  its  refolucign,  as  in  the 
foregoiag  rule,  by  thefe  Aeps. 


When  A  is  ratimd,  and  a*  —  b  is  a  per  fed  ^ 

power.  ,  ' 

.1.  £iy  the  Ths^rem»  a*  f  B»  s=  x^-^^f  suat^ 
raUijf  i  and  thercfdne  entraaing  the  r  root  of 
A*  —  B*  it  will  be  X*  ^ y\    CaH  this  root  n. 

2.  Extrad  in  the  neareft  integer  the  c  root 
'  of  A  +  B,  it  will  he  (.HWij^i    ^  j.  Which 

put  = 

3.  Divide  x*  (=  ;i)  by  ^  +  ^  (=  r)  the 
quotient  is  (nearly)  x—y,  and  the  fum  ot  the 
diviiui  and  quotient  is  (more  nearly)  2x1  that  is, 
if  an  integer  value  of  *  is  to  be  found,,  it  will  be 

r  +  i 

the  neareft  to  . 


4» 
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4,    -  If* -/  s=y I  or,  — n  » 


=  ^  + 


whence^  =  v   — and  therefore  put- 

tiflg /  =      ■ ihe  root  foughc  «  -f  j 

■ 

s/f  —  n »  ihe  f^me  cxpreflion  as  in  the  rule, 
when  i|  /  I,  that  is,  when  a*  —  b*  ia 
^  perfeA  c  power,  ind  the  greater  member  a  is 
rations^. 

ii. 

Wh^o  A  ii^  irrational,  and'a«.=  i. 

'+7 

3y  the  fame  proccfi,  x  =  — (ss  t)  aaci 


J  =  v/t*  —  But  feeing  a  is  fiippofed  irratio- 
nal, and  c  an  odd  number,  x  will  be  ii  rational 
likewife ;  and  they  will  both  involve  the  (afnc 
irreducible  ford  /;p>  or  s,  which  is  found  by 
dividing  a  by  its  greateft  rational  divi(br*  Write 
therefore  for  x  or  t,  its  vahic  /  x     and  x  jt 

HI. 

If  the  c  root  of  a*  —  b*  cannot  be  taken, 
nniilttply  a*  —  b'  by  a  number  Q^,  fuch  as  that 
^e  product  may  be  the  (lead)  perfed  c  power 
if  (7  A*^-^  And  now  (inftead  of 

A  + 
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A  +  extraffc  the  c  root  of  a  +  b  x  v^qII 
which»  found  as  above,  will  be  +  —  »; 
and  confequehtly  the  r  root  of  a  +  b  will  be 
/X  +  ^/*J*  —  n,  divided  by  the  c  root  of  v^q^ 

It  13  required  in  the  rule  that  a  perf^tJ  c  power 
(»*)  he  found  which  Jhali  be  a  multiple  ^  a*  — 
B*  by  the  whole  number  To  find  this  power, 
let  the  ghren  number  a*  —  b*  be  reprefented 
by-  the  product  arbfdfi  whole  fingle  divifors 
Jet  be  tf,  tf,  .  .  • .  by  by  , ,  ,  .  dy  f  -y  and 
the  produdl  of  thefe  divifors  raifed  to  the  power 

which  is  a'b'dfy  dividtd  by  a-^^^^wili  give 
the  quotient  ^-/'^/•—'/^V  =  <La  whole 
number,  provide  fomc  index,  as  m  or  be 
not  greater  than  c.  If  it  is,  take,  inftead  of  the 
fingle  divifor  a  or  by  or  a}  or  b\ 
till  there  be  no  negative  index  in  the  quotient  1 
that  is,  till  ^be  a  whole  number. 

'  $  131.  We  may  add  the  following  remarks, 
I.  If  the  refidual  a  —  b  is  given,  it  is  evi- 
dent from  its  gencfis  by  involution,  that  the 
fame  rule  gives  its  root  x  —y, 

2>  The  extracting  the  e  root  of  a  -f  b,  or  of 

A  +  B  X  v^Q^,  in  the  neareft  integer,  negledl- 
ing  the  fradlonal  part,  will  always  give  x  +  y 

fuch,  that  the  value  of  x  which  refults  in  the 
operation  ihaii  not  diilcr  from  iu  true  value  by 

'  unity  j 
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timty ;  that  is,  it  ihall  be  the  true  integer  vah» 
ibughc. 

For  /  being  Tome  proper  fradion,  htx  +  j 

±i /be  the  accurate  value  of  ^  a  +  b  xy/  q^, 
and  let  the  quotient  of    — j'*  divided  by  it  be 
y  T  S*  of  <be  divilbr  and 

quotient  being  2;t  ±  /  T  J'l    our  reckoning  the 
fractional  part  could  make  a  difference  of  unity 
in  the  value  of     k  would  follow  that/ —  g  or 
g «— /  =  2»   Which  is  abfurd)  g,  as  well  as 
being  a  proper  fradfon*- 

3.  If  both  A  and  b  are  irrational;  or,  if  the 
Iffler  of  the  two  members  is  rational,  no  root 
.denominated  by  an  eyen  number  can  be  found. 

4«  When .  the  greater  aiember  is  rational, 
and  the  exponent  ^  is  an  even  number,  it  is  am- 
biguous  whether  the  greater  member  of  the  root 
is  rational  or  furd.  And  though  a  root  in  the 
form  of  +  Iv"^  is  not  found,  yet  a  root  in  the 
form  of  k^p  +  q,  or»  that  failing,  in  the  form 
i^p  +         may  beobtained» 

If  we  look  for  a  root  ky^p  +  we  are  now 
to  fubtraft  x  r^y  from  x  -f  y,  and  half  the  remain- 
der will  give  (or  q)  the  rational  part.  And  to 
if*  —     (=  «)  adding  jr*,  the  fum  will  be  «*• 


m  the 


So  that;?  5=  and^r 

CxpreHioQS  being  the  fame  as  when  c  is  odd, 

wid| 
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with  the  fign  of     changed.    If  this  does  not 
fucceed,  and  a  prime  number  ilands  under  the 
radical  figo,  no  farther  trial  need  be  maide. 
But  if  a  compofice  number  ftands  under  the 

radical  fign,  the  root  may  poflibly  belong  to 
the  form  k*/p  +  Wq-,  and  that  com pofite  num- 
ber being  X  fincc  lip  —  l^q  =  n,  and  k^f 
£s  X,  the  numbers  I,  may  be  fought  for  in  the 
aeareft  integers^  and  trial  made  with  k^f  -f-  IVj i 
as  in  this 

EXAMPLE. 

To  find  tbi  jQurth  root  qf  ^g^^^-^aZ^^  v^224» 
The  4th  root  of  A*  —  B^is  157  =5;»*  ^yzzn^ 
and  the  4th  rootof  a-^  b»  that  i$»««^^  =  rs} 

nearly:  and  ^  =  —  =  17  nearfy,  Whence 

X  ss         =13*  But  now  the  leaft  radical  facr 

tor  in  •  being  v^mTs;  ^7  x  2,  I  put  ») 
==  i&^7»  and  il  in  the  nearcft  integer  s  5. 

Again  k^p  —  l^q  —  n  =  175  ~  /*  X  a  ==  157  j 
that  is,  X  2  =  18,  aod/  :»  which  gives 
the  root  5V7  —  jv<2. 

J^n  this  manner  the  even  roots  may  be  fought 
immediately.  But  to  avoid  ambiguity  and  need* 
Jefs  r rouble,  it  is  better  firft  to  deprefs  them  by 
.  exuadiDg  the  iquarc  rQOt^  as  in§  124. 

A  SUP- 
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A  SUPPLEMENT 

* 

,    T  O   T  H  1  S  ' 

CHAPTER. 


§  Ija,  '^r^HERE  occur  fometioics,  efpeciallf 
X   la  the  reibltttioo  of  cukU  cqutcions 
by  Cintni'g  Rule  (Part  IL  §  79.)  biaomialsof 

this  Torm  A  ±  b  —  ^>  whole  cube  roots  muft 
be  found.  To  thele  the  foregoing  rule  caiinoc 
be  applied  ihroughout,  becaufe  of  (he  imagt* 
oary  faAor  v      Yec  if  the  root  is  cxpreflt- 

ble  in  rational  numbers,  the  firft  ftep  of  that 
rule  will  ofu'n  lead  us  to  it  in  a  fliort  way,  not 
merely  tentative,  the  trials  being  confined  to 
knowo  limits. 

For  it  belncr,  iiniverfally,  C^a*  —  B*  :=  .v*  — 

and,  in  the  prdent  cafe,  %/a*  +  B^q  =     —  j^* 
:s  ^«  «4.  /»  X  f ;  if  we  divide  the  part  under  the 
•radical  fign  by  ttft  greateft  rational  divilbr,  the 

quote  is  the  imaginary  furd  and  from 

l^A*  +  B'^  fubtrafting  />*  the  fquare  of  fome 
divifor  of  a,  the  remainder  is  I*  x  ft  ^  known 
multiple  of  the  fquare  of  /  a  divifor  of  b. 

2  That 
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That  p  and  /  are  diviforiof  a  and  b  rcipec* 

tively  is  evident  $  for  cubing  j>  -f  you 

find  A  =  X  p'  — 3/^^,  B  =  /  X  3p*  -  And 
the  ligns  of   and  /  mud  be  luch  as  vv ill  cnvc  the 

produfts  of?  X  p*  -      ,  /  X      -     of  the 

fame  figii^  as  a  and  b  relpcdiveJy. 

*  EXAMPLE.  ^ 

J&ri  ibe  cuie  root  of  Si  2700  = 
Si  +  30v^^.  '  

HerfeA  =  8l,B=:30,jrr:3;  l/tlK^l  +  2700 
=  21        +  /^y.  Subcra^ting  therefore  fronrr  21, 

the  fquare  of  (/>)  ±  3,  which  is  a  divilor  of  a, 
there renaams  (/*  x  ^  =:)  2  x  2  x  3.  And  ( /  =:)  2  • 

is  a'divifor of 30.  Ladly,  a  (=j>  x^^  —  3/^^) 
being  pbfitive,  and  the  fa6tor  3/*^  nega-^ 

tive,  f  muft  have  the  negative  fign ;  and  for  the 
Jike  icafon  /  =:  +  2.   So  that  the  root  is  —  3 

It  will  be  fhewn  in  the  fccond  Part  of  this 
Treatife  that  «*tveiy  cube  or  odicr  power  has 
as  many  rootfi,  real  and  imaginary,  as  there  arc 
units  in  the  exponent  of  the  power;'*  particu<« 
lariy,  that  unity  itfelf  has  the  cube  roots  1, 

-i+  .v1zl3,  ^-±::J!Lil1.  if  therefore 

2  2 

we  would  iind  the  other  two  cube  roots,  :in  tius 

cxairple,  feeing    ==  2'    li^and^z'  x  v^r:  ar 

(2' 
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rcprcicnting  any  cube  whatever,  and  z  any 
of  its  roots)  we  arc  to  multiply  —  3  +  a  v^  — 3; 
the  root  already  found,  by  —  +  -J-  v/  —  3>  and 
by— --J^and  tbeprodu&s — 4 -4.%/— 3, 
and  i  -f  -i-  \/  —  3  will  be  the  roots  required. 

Or,  becauie  the  dcnomipacor,  of  Jthc  imagU 
nary  roots  of  unity  is  2,  taking  /  j.,  one 
hilf  of  a  divifor  of  a,  we  have  21  ~  -I  =  V  = 
y  X  3  =  Af,that is/is 4;  and/)'' —  g/^^aswell 
as  3f*—^^  being  negauve,  bothp  and  /  muft  be 

negative,  and  the  root  is  —  i  v^^^*  Again 
take  p        ^nd  you  (hall  find      +  fo'the 

rennainingroot  is  |^  +  -j  v/ — 3,  as  before. 

We  may  faereobferve  that  the  operation  ought 
to  be  abridged,  where  it  can  be  done,  by  divid<^ 

ing  the  given  binomial  by  the  greated  cube 
that  it  contains  j  and  finding  the  root  of  the 
quotient!  which  multiplied  by  the  root  of  th? 
cube  by  which  you  dividedj  will  give  the  root 
required*   Thus,  in  the  foregoing  Example, 

81  — 2700=  27  X  3  +  v^—  VrSwrfthe 
roots  of  3  +  —  'rr  being  now,  more  cafily, 
found  to  be  —  V+_^v^^  t*  —  i — t 
and  4  +  4- 1/  — thcfe  multiplied  by  3,  the 
cube  root  of  ay,  give  tfie  roots  required  the  iame 
as  above. 

If  the  coefficient  of  the  iaiaginary  mem- 
ber of  the  binomial  has  a  contrary  fign,  the 
roots  will  be  the  fame,  with  the  figns  of  the 

imaginary 


# 
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imaginary  parts  changed/'    Thus  the  cube 
roott  of  li  —  V  —  a700|  or  81«-**  30 
will  be  —  3  —  2v/  —  3,  —  4  H-  T  '^Zy 
4  -  i  \/ -TJ.  And  therefore  v^8 1  +    -«70©  4* 

i/8i  —  ✓  —  2700  =  —  3  X  2  =  —  6,  ofsz 
•^4x2=:  —  3,  or  t=  4  X  1  =*  J,  the  imagi- 
nary parti»  taniihing  by  the  contrariety  of  their 
figns. 

We  may  obferve  likewife,  that  fiich  roots, 
whether  cxpreHible   in   rational  numbers,  or- 

i)Ott  may  be  found  by  evolving  the  binomial 

A  B  v/~ f  by  the TlfmM  in  pag.  41,  and 
fumming  the  alternate  ternis.    As,  in  the  fore* 

going  example^  8i     30  ✓  «—  3)^  or  rather 

57]^  X  I  +  {4  s/ —  betn^  expanded  into  a 
ieries>  the  fum  of  the  odd  terms  will  continuaily 
approach  to  4.5  =:  and  the  fum  of  the  co* 
efficients  of  the  even  terms  to  which  is  the 
coeificient  of  the  imaginary  part*  Bus:  for  a  ge- 
neral and  elegant  folution,  recouric  mud  be  had 
to  Mn  d$  Afi?/Vf^'s  Appendix  to  Dr.  Saunderfon's 
Algebra^  and  the  continuation  of  it  in  -  Pbiio/* 
franf.  N*  451.  What  has  been  explained  above 
may  krve,  for  the  prckut,  to  give  the  Lc\irner 
fome  notion  of  the  compofition  and  refolutioa  of 
thofc  cubes  $  that  he  need  not  hereafter  be  fur- 
prifed  to  meet  with  exprellions  of  real  quantities 
which  involve  imaginary  roots. 

•  End  of  the  First  Part, 
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Of  the  Genefis  and  Refolution  of  Equations 
all  Degrees  I  4md  of  the  different 


Of  ths  genesis  and  RESOLUTION  or 
EQUATIONS  Iff  GENERAL;  and  the 
NUMBER  OF  ROOTS  am  EQUATION  or 

ANY  DEGREE  MAY  hafb, 

§  I,  A  FXER  the  fame  manner  as  tlic  higher 


cation  of  the  lower  powera  of  the  fanae  root| 
equations  of  fuperior  orders  are  generated  bir 
die  multiplication  of  equations  of  inferior  orders 

involving  the  fame  unknown  quantity.    And  an 


PART  II. 


AffeBions  of  the  Roots, 
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powers  are  produced  by  the  mulcipli- 


K 
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equation  of  any  dimenjim  may  he  cmijidtred  as  pro» 

ducid  bv  the  multiplication  of  as  many  f.mpk  equa^ 

Hons  as  tt  has  dimenfions  ;  or  of  any  other  equa* 

tions  wbatfoever^  if  the  /un$  of  their  dimenfions  fi 

equd  to  the  dmenfion  of  that  equation.   Thus  any 

cubic  equation  may  be  conceived  as  generated  by 

the  multiplication  of  three  Jlmple  equations,  or 

.of  one  quadratic  and  one  fmple  equation.  A 

^/jSii(tfdlrtf/i^.  as .  generated  by  the  multiplication 

four  fmple  equations,  or  of  two  quadraiie 

equcUions  j  or  laftly,  of  one  otUc  and  onefimpk 

* 

equation. 

.§2«  If  the  equations  which  you  fuppofe  mul- 
'    tipUed  by  one  another  are  the  fame^  then  the 

equation  generated  will  be  nothing  clfe  butfome 
power  of  thofe  equations,  and  the  operation  is 
merely  involution  i  of  which  wc  have  treated  al- 
ready ;  audi  when  any  fuch  equation  is  given, 
the  fimple  equation  by  whofe  multiplication- ic 
is  produced  is  found  by  evolution,  or  the  cxtrac« 
tion  of  a  root. 

But  when  the  equations  that  are  fuppofed  to 
be  multiplied  by  each  Other  are  different,  then 
other  equations  than  powers  arc  generated; 
which  to  refolve  into  the  fimpk  equations  whence 
they  are  generated,  is  a  different  operation  irom 
involution,  and  is  what  is  called,  the  refelution 
of  eqteationSn  ^ 

But  as  evolution  is  perfbnmed  by  obferving 
and  tracing  back  the  fteps  of  involution ;  fo  to 
c  difcovcr 
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difcover  the  rules  for  the  rcfolution  of  cqiia-. 
tjonsy  we  muft  carefully  obkrve  their  gintra* 

§  3.  Suppofe  the  unknown  qiiainicy  to  be  x, 
and  its  values  in  any  iimpie  equations  to  be 
a,  Cy  &c.  then  thofc  fimpie  equations,  bf 
bringing  all  the  terms  to  one  fide,  become 
^  —a        X  —  h  —  o,  X  —  r  =  o,  &c.  And, 

the  produd  of  any  two  of  thcfc,  as  x a  a 

r-^h  =  o  will  give  a  quadraSU  equation,  or  an 
equation  of  two  dimenfions.    The  produft  of 

5uiy  three  of  them,  as  x  —  a  x  *  — x  x  —  c 
=  0  will  give  a  €uHe  equadon,  or  one  of  three 

dimenfions.    The  produft  of  any  four  of  them 

'  wiU  give  a  biquadratic  equaiion,  or  one  of  four 

dimeniions,  as — \a  x  x — ^  x  x  —  c  x  x  —  d 
%c  o.   And,  in  gexeraJ^  "  In  the  eqnatkn  fro^ 

^uced,  the  higbeft  dimenjion  of  the  unknown  qxantity 

^ill  he  equal  to  ihe  n  urn  her  of Jim^k  equal  ions  that 
iiT€  multifUed     each  other.** 

§  4.  When  any  equation  equivalent  to  this 

biquadratic  X  —  a  x  x  —  t  x  x  —  c  xx  —  d  =  0 
is  propofcd  to  be  refolved,  the  whole  difficulty  . 

confifts  in  tincUng  tiie  fimple  equations  x  —  = 
jgZIi  ^  o,  X — c  =:  o,  AT  ~  if  s  o,  by  w  hofe  muU 
tiplicadon  it  is  produced ;  for  each  of  thefe- 

iinaple  equations  gives  one  of  the  values  of  x. 
And  one  folutiou  of  the  propgfed,  equation*  For, 

if 


V 


'  .  1)4         ^  Treatise  of     Part  II. 

.  if  any  of  the  values  of  x  deduced  from  thofe 
fimple  equations  be  fiibftituted  in  the  propofed 
eqtsation»  in  place  of  x,  then  all  the  terms  of 

th  u  equation  will  vanifti,  and  the  whole  be 
found  equal  to  nothing.  Becaufe  when  ic  is 
fuppofipd  tiMX^a^  orx-  h,  or  y  -  r ,  or  x  — 
then  the  produd  x — a  x  *  x  *  —  r  x  x—d 
docs  vanifh,  becauk  one  of  the  faiftors  is  equal 
to  nothing.   There  ore  therefore  four  fuppoii* 

tioos chat give^  —  a  x  jp  — *  x  x—c  x  »—d 

zz  o  according  tathe  propofed  equation  %  that  is, 
thcK  are  four  roots  of  the  propofed  equation. 
And  after  the  fame  manner,  "  Any  other  equa- 
tion admits  of  as  many  folutions  as  there  are 
fimple  equations  multiplied  by  one  another  that 
produce  ir,*'  or  **  as  many  as  there  are  units  in 
the  lugheft  diimenfion  of  the  unknown  quantity 
in  the  propoied  equation." 

§  5.  But  as  there  are  no  other  quantities  what- 
•  foevcr  bcfides  thelc  four  {a^     c^J,)  that  fubfti- 

tutedintheprodud^p — a  x  * — Ax  x—£^x — 
in  the  place  of  jp>  will  make  the  produA  vantih  ; 

tlvcreforc,  the  equation  x  —  a  a  x  ^b  x  x.-^ c  ^ 

yix^d^  o^cannot  poflibly  have  more  than  thefe 
lour  fiootSy  and  cannot  admit  of  more  Iblutions 

tl^an  fom.    If  you  fubftirme  in  that  produ6l"a 
-  quantity  neither  equal  to      nor      nor  nor 
d%  which  fuppofe  €^  then  fince  neither  e 

wxi'^dn  equd  to  fiothingi 

their 
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rticir  produd  *  — •  x  e  —  ^  x  e  —  c  x  e-^d 
cannot  be  equal  to  nothing»'  but  muft  be  (omc 
teal  product ;  and  therefore  there  is  no  fuppofi-* 

tion  befide  one  of  the  forcfaid  four,  that  gives  a 
juft  value  of  x  according  to  the  propoled  equa* 
lion.  So  that  it  can  havr  no  more  than  thcfe 
four  roots.  And  after  the  fame  n>anner  ie  ap- 
pears, that  No  equation  eon  binae,  more  rooti 
ihan  U  contaim  ditmnjicns  of  ibe  unknown  ^uan^ 

§  6.  To  make  al!  this  ftill  plainer  by  an  ex- 
ample, in  numbers  i  fuppofe  the  equation  to  be 
icfolved  to  be  — 10«*  +  35^'  —  50*  +  24= o, 
and  that  you  dilcover  that  this  equation  is  the 
feme  with  the  produf):  of       i  x  x—i  x  y  — 3 

XX  —  4,  then  you  certainly  infer  that  the  four 
values  of  x  are  i>  2,  3»  4;  feeing  any  of  thefe 
numbers  placed  for  x  makes  that  produft»  and 

coijkquently  Af^  —  lOx'  -f-  35^*  —  50^:  4-  24, 
equal  to  nothing,  according  to  the  propofcd 
equation.  And  it  is  certain  that  there  can  be  no 
other  values  of  x  befides  thele  four:  (ince  when 
you  fubftitute  any  other  number  for  x  in  thofe 
fadors  X  —  —  2,  AT  —  3,  jif  —  4,  none  of  the 
fa^lors  vanifh,  and  therefore  their  produ(5t  can- 
not be  equal  to  nothing  according  to  ihe  ec^ua* 
tion. 

^  7«  It  may  be  ufcful  focnctimes  to  confider 
^uations  as  generated  from  others  of  an  infe- 
'  .        K;3  nor 
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rior  fort  befides  fimple  (jnes.  Thus  a  cubic 
equation  may  be  conceived^ as  generated  from 
the  quadratic  9t*'^pif  4-  ^  =  o,  and  ihtjlmpb 
equation  X'^a  ^  o,  mulcipliec^  by  each  others 

whofcproclud 

*  Zili'  +  l^pT''^}  =  o  any  cubic 

equation  whofe  roots  are  the  quantity  (a)  the 
value  of « in  the  fimple  equation,  and  the  two 

roots  of  the  quadratic  c  quation,  yiz» 

tiviZESandtli^^    as  appears  from 

Cbi^.  1 3.  Part  I.  Andy  according  as  thefe  roots 

are  reai  or  impoJ/fMe^  two' of  the  routs  of  the 
cubic  equation  are  reai  or  impoffible. 

^  8.  in  the  dodrinc  of  involution  we  fhewed 
that  "  the  fquarc  of  any  quantity  pofuive  or 
negative,  is  always  pofitive/*  and  therefore, "  the 
ft^uare  root  of  a  negative  is  impolilblc  or  ima- 
ginary." For  example,  the  is  either  +  a 
Qf — ay  butv'  — ii*  can  neither  be  +  «  nor 
—  a,  but  muft  Be  imaginary.  Hence  is  under- 
Xlood  that  "  a  quadratic  eqiiation  nnay  have  no 
impoflibie  exprt-flion  in  its  coefficients,  and  yet 
when  ir  is  rcfolved  into  the  fimple  equations 
that  produce  it,  they  may  involvfe  impoflible 
exprtflioni»  '*  Thus  the  quadratic  equation 
jp*  -f  tf*  =  c  has  no  inapofTible  coefficient,  but 
the  fimplt  eq  arioni  from  which  it  is  produced, 

viz.  X  +  v/— '  tf*  =  o,  and  X  —     —  <g*  =  o, 

'  -         .        '  both 
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both  involve  an  imaginary  quantity  j  as  the 
fquare  —  is  a  real  quafitity,  but  its  fquare 
root  is  imaginary.  After,  the  fame.maoner  a 
biquadratic  equation^  when  refolved,  may  give 
four  (imple  equationst  each  of  which  may  give 
an  impofiiblc  value  for  the  root :  and  the  fame 
may  be  faid  of  any  equarion  that  can  be  pro- 
duced from  quadratic  equations  only  i  that  is> . 
yihok  diaienfions  are  of  the  e  ven  numbers. 

§  9,  But  "  a  cubic  equation  (which  cannot " 

be  generated  from  quadratic  equations  only, 
but  requires  one  fimple  equation  belidcs  to  pro- 
duce it)  if  none  of  its  coefficients  are  impolIible9 
will  have^  at  leafti  one  real  root,^  the  fame 
with  the  root  of  the  fimple  equation  whence  it 
is  protiuced.  The  iquarc  of  an  impofiiblc  quan- 

^rymaybe  real,  as  the  ^fquare  o^  %/  —  «•Is 
—  if*  I  but  the  cube  of  an  impoffible  quan-> 
tity  is  dill  impoffible/'  as  it  ftill  involves  the 

fquare  root  of  a  negative:    as,  — »  X. 

V^^*  X  v/^T*  =  v<':^  =  a'  v/"^, 

is  plainly  imaginary.  From  which  it  appears, 
that  though  two  fimple  equations  involving 
impoITibie  exprelHonSj  multiplied  by  one  an- 
other, may  give  a  product  where  no  impoffible 
expreffion  may  appear ;  yet,  "  if  three  fuch  fim- 
ple equations  be  niuUiplicd  by  each  other,  tiie 
impoffible  exprefnon  will  not  diiappsar  in  their 

K4  pro-. 
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product."  And  hence  it  is  plain,  that  though  a 
quadratic  equation  whofe  coefficients  are  all  real 
may  have  its  two  roots  impbfliblc,  yet '«  a  cubic 
equation  whole  coefficients  are  real  cannot  have 
all  ics  three  roots  impoflibic.**        ,  • 

5  lO,  In  general,  it  appears  that  the  impof- 
fiblc  exprellions  cannot  difappear  in  the  equatioa 

produced,  but  when  their  number  is  even ;  that 
there  are  never  in  any  equations,  whofe  coeffi- 
cients are  real  quantities,  fingle  impoflible  roots, 
or .  an  odd  number  of  impoflible  roots>  bjut 
«  that  the  roots  become  impoflible  in  pairs;'*, 
and  that  "  an  equation  of  an  odd  number  of  di^ 
menfions  has  always  one  real  root." 

§  1 1.  «  The  roots  of  equations  arc  cidicr  po- 
'  fitive  or  negative  according  as  the  roots  of  the 

iiaiple  equations  whence  rhey  are  produced  arc 
pofitive  or  n^ative/'  If  you  luppofe  :=  —  a, 
«  =  —  *^  *  =  —    *  =  — '     &c.  then  Ihall 

and  the  equation  a*  +  ^  x  x  -\-  t  x  x     c  x  x  d 
=»  o  will  have  its  roots,  —  ^ i  —     —  <^  — 
&c.  negative. 

But  to  know  when  the  roots  of  equations  are 
pofuive  and  when  negative,  and  how  many  there 
are  of  each  kind,  ihall  be  explained  in  the  next 
chapter* 

*  • 
CHAP. 
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CHAP.  ir. 

'  Of  the  signs  and  COEFFICIENTS  of 

EQUATIONS. 

§  i2.TT7UENany  number  of  fimple  equa* 
V  V   tions  are  multiplied  by  each  other, 

it  is  obvious  that  the  higheft  dimenfion  of  the 
uiiknown  quantity  in  their  produft  is  equal  to 
the  number  of  thofe  rimple  equations  i  and,  the 
term  involving  the  higheil  dimenfion  is  called 
the  Ji*JI  term  of  the  equation  generated  by  this 
multiplication.  The  ternn  involving  the  next 
.  dimenlion  of  the  unknown  quantity,  lefs  than* 
the  greatefl:  by  uni^  is  called  thc  /iccnd  term 
of  the  equation ;  the  term  involving  the  next  di- 
inenlfon  of  the  unknown  quantity,  which  is  lefi 
than  the  greateft  by  two,  the  ibird  term  of  the 
equation,  And  that  tera^  which  involves 
dimenlion  of  the  unknown  quantity,  but  is 
Ibme  known  quantityt  is  called  the  laft  term  of 
the  equation. 

f*  The  number  of  terms  is  always  greater  than 
.  the  bigheft  dimevfion  of  the  unknown  quantity  hy 
utnt.**  And  when  any  term  is  wanting,  an 
af^erijk  is  marked  in  its  place.  The  fignsztA 
coefficients  of  equations  will  be  undtrilood  by 
conlidering  the  following  Tabl£,  where  the 

fimple 
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fimple  equations  a?  ~  x  —  by  &c.  are  multi- 
plied by  oae  another^  and  produce  fucccQlvclf 
the  bighel'  equations^ 


—  II  +  ab\  =     ^  Quadrate, 

X  X  —  c  =  o 


Jf^  — 


—  r  J       +  it  J 


X  *  — =  o 


+     V  ^    —  acd  1  Biquadratic, 
be  f  — 


X       ^  =  0 


— ^  I  ^^^^ 

— >ix**+ff^|  —  flif 
.Wt       4>ii/|  -i^ri/ 


+  i2i'<:^  1  abcde 
\-ahdt  y=0|a ' 

I  ^ace 
^bcd 


S  '3- 
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^13.  From  the  infpedion  of  chefe  equations 
It  is  plaioj  that  the  coefficicni  of  the  firft  term  is 

The  coefficient  of  tne  fccond  term  is 
yi^w  ^  aU  sbe  roots  ( a,       d,  i)  having  tb^ir 
figus  cbMgid. 

The  coefficient  of  the  third  term  is  tin  Jim 

of  all  the  produ£ls  that  can  he  made  by  mulii^ 
plying  any  two  of  the  roots       h     d,  ej  by  OM 

another^ 

'  The  CQefficicQt  of  the  fourth  term  is  the  fum 
M  the  produBs  that  can  be  made  by  multiplying 

into  one  another  any  three  cf  the  roots,  "jjiih  their 
figns  changed.  And  after  the  fame  manner  all 
the  other  coefHcients  arc  formed. 

The  laft  term  is  always  the  produ&  of  all  tbi 
roots,  having  their  Jtgns  changed,  multtpiied  bf 
one  anorher. 

§  14.  Although  in  the  Table  iuch  fimple  equa- 
tions only  afe  muldplied  by  one  another  as  hav« 
pofitive  roots,  it  is  eafy  to  fee,  that  the  co- 
efficients will  be  formed  according  to  the  fame 
rule  when  any  of  the  fiinf  le  equations  have 
negative  roots."  Ajid,  in  general^  if  —  px* 
+  —  r  =  o  reprefr^:nt  any  cubic  equation,  then 
(hall  be  the  fum  of  the  roots  $  q  the  fum  of 
the  products  made  by  multiplying  any  two  of 
them;  r  the  produdl  of  all  the  three:  and,  if 
~pi  +  — +  J>  — t,  -i-  Uy  &LC,  be  the 
coefficients  of  the  adj  jdj  4th,  Kth,  6th,  7  th, 
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terms  of  any  equation,  then  ihaU  p  be 
ibe  fum  of  all  the  roots,  q  the  fum  of  the 
IMToduftsof  any  two,  r  the  lum  of  the  produte 
of  any  three,  s  the  fum  of  the  produ<5ls  of  any 
fijur,  /  the  fum  of  the  produfts  of  any  fiyejt 
M  the  fum  of  the  products  of  any  ilx,  ^c. 

^15.  When  therefore  any  equation  is  pro- 
pofed  to  be  refolved,  it  is  eafy  to  find  the  fua\ 
€f  the  !r6ots»  (for  it  is  equal  to  the  coefficient 
of  the  (econd  term  haying  its  fign  changed :) 
or,  to  find  the  fum  of  the  produfts  that  can  be 
inatie  by  multiplying  any  determinate  number 
pf  them* 

But  it  is  alio  eafy     to  find  the  fum  of  the' 

iquares,  or  of  any  powers,  of  the  roues/* 

•  The  fum  of  the  fquares  is  always  p*  —  of^ 
For  calling  the  fum  of  the  fquares  B,  fince  the 
fym  of  the  roots  is  p  ;  and  "  the  fquare  of  the 

■  fum  of  any  quaiitiucs  is  always  equal  to  the  fum 
,  of  their  fquares  added  to  double  the  produds 
that  can  be  made  by  multiplying  any  two  of 
tbcm,'*  therefore  =  j?  +  2^,  and  confequently 
J  =2  />*  2q,  For  example,  4  +  ^  -f  = 
J*  +     +     4-  2aif  4-  2ac  +  2k  i  that  is,^*  =  B 

+  2f.   And  7TTTTT71*  =    +    +  tf* 

+  a  X  aif  •¥  ac -^-  ad  ^  ^  -t-  M  A-  r</,  that 

js  again, p'  =  B  +  2^,  or  B  —  2q.  And  fo 
for  any  other  number  of  qu^.ntities.  In  general 
therefore,    B  the  fum  of  the  fqaares  of  the 

roota 
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roots  may  always  be  found  by  fubtra^lmg  2f 
from        the  quantities  f  and  g  being  aiwa^  . 
known,  (ince  they  are  the  forffirirnn  to.  the  pio-> 
pofed  cquatioii. 

§  16.  "  The  fum  of  the  cubes  of  the  roots  oi 
any  equauon  is  equal  to/)'  —^fi  +  J'a 

Bp^fq  +  jr.**  For  J  — f  x  ^givesalvajs 
the  exce6  of  the  fiim  of  the  cubet  of  anf  .^qiiaii- 

tities  above  the  triple  ium  of  the  pd-odudls  that  ' 
caa  be  made,  by  multiplying  any  three  of  thecn. 
Thus 4*  +    +  e^c^^mc—bc  X  JTTTc 

(rrB  —  q  X  j>)  =  41*  +  ^5  +  —  3  j^r.  There- 
fore if  the  lum  of  the  cubes  is  called  C^thcnlhan 

B-^q  X  />  =  C— 3r,  and  C  t=Bp —  qp  +  jr 
{bccaufe  B^p^  —  «f )  z=    —  3;*^  +  jr. 

A&erthe  fame  manner^  if  D  be  the  fum  of 
che  4th  powers  of  the  roots,  you  will  find  ch«t 
2>  pC—  qB  ^pr^^i  and  if  £  be  the  Rip 
of  the  5th  powers,  then  (hall  £  =  />D  —  fC  -f 
r5  —  +  5/.  And  afrer  the  fame  manner  tlic 
ium  of  any  powers  of  the  roots  may  be  found  $ 
the^progrcilioaof  thefe  expreflions  of  the  fum  of' 
the  powers  being  obvious*  ' 

%  17«  As  for  the  f]|gns  of  the  terms  of  the 
equation  produced,  it  appears  from  anipedkMi 
that  the  figns  of  all  the  terms  in  any  eqoatioa 

in  the  table  are  alternately  +  «and  — :  tbde 

equations  are  generated  by  n^ultiplying  conti- 
nually X  -^cf^x  ^i,X'T'^,x  by 00c 

asotfaGT* 
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tnothen '  The  firft  term  is  always  Ibtne  porcJ 
power  of  X,  and  is  pofinvej  the  fecond  is  a 

power  of  X  mukiplicd  by  the  quantities 
— -     —  r,  &c.    And  fince  thefe  arc  all  nega- 
tive, that  term  muft  therefore  be  negative. 
The  third  term  has  the  pfoduds  of  any  two  of 
diefe  equations  (  —  4,  — •     —    &c.)  for  its 
coefficient :  which  produds  are  all  pofuive,  Se« 
caufe  —  X  —  gives  4-.    For  the  like  realon, 
the  next  coefficient,  cpnQ(ting  of  all  the  pro- 
du£b  made  by  multiplying  any  three  of  thefe . 
quantities,  muft  be  negative  $  ^d  the  next  po~ 
iitive.    So  that  the  coefficients,  in  this  cale,  will 
be  pofitive  and  negative  by  turns.    But,  "  in 
this  cafe  the  roots  are  ail  politive fince  sc  ^ra$ 
i        xs=  c,  x^d,  X  ^     &c,  are  the  a& 
iumed  fimple  equations.    It  is  plain  then,  that 

when  all  the  roots  Are  ^ofttive^  the  figns  are  al-^ 
ternately  +  and  —J* 

.  f  i8.   But  if  the  roots  are  all  negative^  then 

x  +  a  X  x'+J  X  x  +  c  X  FhTS,  &c.  =  o,  will 
cxprefs  the  equation  to  be  produced  all  whulc 
terms  will  plainly  be  pofuive ;  fo  that  wb^n  all  ' 
tie  roots  of  an  equation  are  negative,  it  is  f  kin 
there  will  be  no  ebanges  in  tbt  figns  of  the  terms 
of  that  equation,^ 

§  19.  In  general,  "  there  are  as  many  pofi- 
tive roots  in  any  equation  as  there  are  changes 
in  the  figns  of  the  terms  from  +  to  — or 
from  to  4-  i  and  the  remaining  roots  are 
'  *  negative.** 
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negative."  The  Rule  is  general,  if  the  impof- 
fible  roots  be  allowed  10  be  either  poiiavc  or 

,  negative. 

^       in  quadratic  equations,  the  two  roots 
are  either  both  pofitive,  as  in  this 

(jf  —  a  >^x  —  i  =)        ax  +  alf  ^o, 

fpfceit  there  tre  two  changes  of  the  figos:  Or 
th^  are  both  negatt¥e«  as  in  this 

where  there  is  not  any  change  of  the  figns.  Or 
dim  is  one  pofirive  and  one  negative,  as  in 

( JZIi  X  ^+7  =)    -  ^  U _  ^ 

^  where  there  is  neoeOarily  one  change  of  the  figns ; 
t>ccaure  the  firft  term  is  pofitive,  and  the  laft  ne- 
gative, and  there  can  be  but  one  change,  whe- 
ther the  fecond  term  be  +  or  — . 
'  Therefore-the  rule  given  in  the  19th  ieftioa 
extends  to  all  quadradc  equations. 

§  21,  In  cubic  equations,  the  roots  may  be, 

i\  Ail  pofitive,  as  in  this,  x—a  Kic—if  kx—^ 
s  o,  in  which  the  figns  are  altemacdy  +  and 
as  appeals  from  the  Table  i  aid  dicre  are  three 

changes  of  the  figns. 

^\  The  roots  may  be  all  negative,  as  in  the 

equation  x  s  x  ^T&^  ^  -f  o,  where 
,  tljiere  can  be  00  chaiige  of  the  Agos.  Or, 

r- 
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3^«  There  may  be  two  pofitive  roots  and 

one  negative^  as  in  the  equation  x-^a  X 
X  X  -I-  1:  =  o»  which  gives 

Here  there  muft  be  two  changes  of  the  figns :  « 
becaufe  if  a  +  if  is  greater  than  r,  the  fecond 
cerm  mud  be  iiq;ative»  its  coefficient  being  - 

And  if  a  +  If  is  left  than  r,  then  the  third 
term  muft  be  negative,  its  coefficient  +  4»^  — 

—  k€{ak  —  (x  T^Ti)  ♦  being  in  that  cafe 
negative.  And  there  cannot  pofiibly  be  three 

changes  of  the  figns,  -the  firft  and  laft  terms 
having  the  fame  fign. 

4**.  There  may  be  one  pofitive  root  and  two* 
negative,  as  in  the  equation  x     a  x  JT+T  x 

ss  —  ^  =  O5  which  gives 

,  Where  there  ri.uft  be  always  one  change  of  the 
figns,  fince  the  firft  term  is  pofitive  and  the 
laft;  negative.  And  there  can  be  but  one  change 
of  the  figns,  lince  if  the  .  6cond  term  is  ne- 
gfttive,  OT  a  '¥  b  lefs  than     the  diird  muft  be 

*  Bcenife  the  foAingle  m  x  i  is  lefi  ditn  the  Iqoaie 
«  +  *  X  «  +     and  therefore  much  lefs  t]iao  «  +  ^  x 

negative 

4  t  J 
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negative  alfb>  fo  that  there  will  be  but  one 
change  of  the  figns*  Or>  if  the  fecond  term 
is  afiirmadve,  wb  jtever  the  third  term  k,  there 
will  be  but  one  change  of  the  ligns.    It  ap« 

pears  therefore,  in  gt:neral,  that  in  cubic  equa- 
tiol^s^  there  are  as  many  a&rmative  roots  as 
thete4ue  changes  of  the  figns  of  the  terms  of 
the  equation. 

The  fame  way  of  reafbning  may  be  ex« 
'  tended  to  equacions  of  higher  dimcnfions,  and 
the  rule  delivered  in  ^  19,  extended  to  ail  kinds 

of  equations. 

»  .      •  . 

1 20*  There  ar«  leveral  confe&aries  of  what 
has  been  already  denoonftrated,  that  are  of  ufe 

in  difcovering  the  roots  of  equations.  But 
before  we  proceed  to  that^  it  will  be  convenient 
to  explain  fiime  transfennations  of  equation^ 
by  which  they  may  often  *be  rendered  more 

fimplc,  and  the  inveiligatioa  of  their  routi  mprc 
cafy. .  * 
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C  H  A  p.  III.. 

Of  the  transformation  of  EQUA- 
TIONS;  AND  EXTERMINATING  their 
INTERMEDIATE  TERMS. 

a  * 

§  23.  TTT  7E  now  proceed  to  explain  the  trans- 
VV    formations  of  equations  that  are 
moil  ufcful:  and  iirii«  "  ^he  ajfirmative  roots 
cf  M  iquatum  are  changed  into  negative  roots 

,  of  she  fame  value^  and  the  tiegathe  roots  inta 
affirmative^  hy  only  chavging  the  figns  of  the 
terms  aiurnately,  beginning  'with  the  Jecond** 
Thus  tlie  loots  of  the  equation  ^  —  — - 
^  49»-^  JO  -  o  are  +  1,  +  a,  +3,  —  51 
whereas  the  roots  of  the  fame  equation  having 
Cxily  the  figns  of  the  fecond  and  fourth  terms^ 

^  changed,  vix,  >^         —  1 9^*  — .       —  30  =: 
.         are  _  i,  _  2,  — -  3,  +  J. 

To  udderfland  the  reafon  of  this  rule^  let  us 

aflume  an  cquaiion,  2S>x  —  aY^x  —  b'i^x  —  e  ' 

XX  —  d  ^  X  —  ^&c.  ~  o,  vhofe  roots  are  4-  a, 
+    -f     +  e,  ^c.  and  anotiier  having  its 
'  godtsof  the  fame  yai\ie>  but  affcded  with  contrary 

figns,  asAii?  xx  +  if^ix-hcXx  +  dyx  +  e 
&c.  =0.  It  is  plain,  that  the  terms  taken  al- 
tenaxdy^  beginning  from  the  firfi»  are  the  iaaie 

ia 
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in  both  equations^  and  have  the  fame  fign, 
being  produds  of  an  even  number  of  the 
roots  i"  the  produ^  of  any  two  roots  having  the 
fame  fign  as  their  produfl  when  both  their  figns 
arc  changed ;  as  +  ^x— ^  =  —  /zx  -f^. 

But  the  fecond  terms  and  all  taken  alternatelj^ 
irom  them,  becaufe  thetr  coefficients  involve 

always  the  pioducLs  of  an  odd  nun:iber  of  the 
roots,  will  have  contrary  figns  in  the  two  equa- 
tions. For  example,  the  produdb  of  four,  viz. 
abcd^  having  the  fame  (ign  in  both»  and  one 
equadon  in  the  fifth  term  having^^^i^  x  4- 
and  the  other  abed  x  — c,  ii  follows  that  their 
product  ahcde  mufl  have  contrary  figns  in  the 
two  equations:  thefe  two  equations  therefiirc 
that  have  the  fame  root$>  but  with  contrary 
ligns,  have  nothing  different  but  the  figns  of  the 
alternate  terms,  beginning  with  the  fecond. 
From  which  it  follows,  "  that  if  any  equation  is 
giveoj  and  you  change  the  figns  of  the  alternate 
terms,  beginning  :with  the  fecond»  the  new 
equation  will  have  roots  of  the  lame  yaluej  but 
with  contrary  figns." 

§  »4.  It  is  often  very  ufeful  "  to  transform 

an  equation  into  another  that  foall  have  its  roots  . 

greater  or  lejs  than  the  roots  of  the  fropofed  equa- 

tion  by  fome  given  difference,''* 

Let  the  equation  propofed  be  the  cubic 
— px"-  +  qx  —  r  =  o.  And  let  it  be  required 

to  transform  it  into  another  equation  whole  roots 

L  2  .  lhaU 
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fliali  be  iefs  than  the  roots  of  this  equation  hj 
lame  given  difierence  (e),  thac  is,  fuppofe 
jp  =  and  confequently  a;  =:    Hh  <s  then 

inftead  of  x  and  its  powers^  fubftitute  y  -\r  e 
and  its  powers^  and  there  will  arife  this  new 
.equation^ 

(^)y  +  30'*  +  3^>  + 

—  r 

ttrhofe  roots  are  kfs  than  the  roots  of  the  pre- 
ceding equation  by  the  difierence  (0*  / 

If  it  had  been  required  to  find  an  equation 
whole  roots  fhould  be  greater  than  thofe  of  the 
propofed  equation  by  the  quantity  ,{f\  then  we 
tnuft hav«  fuppofed y^x-^i^  and  confequently 
jr  sjr  — >  r»  ahd  then  the  other  equation  would 
liave  had  this  form  % 

V  -  V 
r 

If  the  pmpofed  equation  be  in  this  fomriy 

%^  •\-fx^ qx r  —  o,  then  by  i uppofing  x-^-  e—y 
there  will  arife  an  equation  agreeing  in  all  re- 
^peds  with  the  equation  {A\  but  that  the  ie« 
cond^and  fourth  terms  will  have  contrary  iigns* 
^  And 
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And  by  fuppofing  x  —  e^y,  there  will  arife 
inequation  agreeing  with  {B)  in  all  refpc^ls, 
but  that  the  fecond  and  fourth  terms  wiQ  have 
contrary  figns  to  what  they  hare  in  (B). 

The  firft  of  thefe  fuppofitions  gives  this  equa- 
tion, 

^  r  J 

he  iecond  fuppoficion  gives  the  equation  , 

•  +  jjf  +  f 

+  r  J 

>  I  aSf  s  The  firft  ufc  of  this  transformation  of 
equations  is  to  flicw,  «  bow  tbejecwd  (cr  ether 
intermediate)  tern  may  h  taken  away  out  of  an 

pjuation*' 

It  is  plain  xhat  in  the  equation  {4)  whofc  fc- 
l»nd  term  b  Se-^p  if  you  fuppole  e  =  4;^ 
and  confequently  3^  —  ^  =  then  the  fecond 
pprm  will  vanirti. 

In  the  equation  (C)  whofe  fecond  term  is 

~  3<?  +  ?  x  /,  fuppofing  <  =  1^,  the  fecond 

term  alio  vanilhes. 

Now  the  equatipn  (4)  was  deduced- from 
4f  —/X*  +  J*  —  r  S3  c,  by  fuppofxngjf  ==  * — f ; 

L3  «4 
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and  ihc  equation  (C)  was  deduced  from  at'  +/.v^ 
qx  r  =  o  J  by  fuppofing  =  x  +  ^ .  From 
which  this  Rule  may  eafiiy  be  deduced  for  ex- 
terminating the  iecorid  term  out  of  any  cubic 
equation. 

RULE. 

Add  to  the  unknown  quantity  of  tie  given  equa* 

tion  the  third  part  of  the  coejfficient  of  the  fecond 
term  ivith  its  proper  ftpt^  viz.  ~  -Vp,  and 
Juppofe  this  aggregate  equal  to  a  new  unknown 
quantity  (y ).  From  tins  value  of  y  find  a 
value  of  X  iy  tranjpofition^  and  fubflitute  this 
value  of  X  and  its  pcxjuers  in  the  given  equation^ 
*  and  there  will  arife  a  new  equation  that  Jhall 
want  the Jecond term** 

EXAMPLE. 

Let  it  be  required  to  exterminate  the  feeond 

ttim  out  of  this  equation,  x^  —  9^f*  +  a6x  — 
34  =  o,  fuppofe  x  —  3  or^  +  3  =  and 
fubftituting  according  to  the  Rule,  you  will  &id 

/  +  9/  +  27Jr  +  27 

+  o.(>y  +  78 

jr*    *    ^y  r-io5sp. 

In 
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In  which  there  is  no  term  where  j  is  of  two 
dimenfion8>  and  an  aderiik  is  placed  in  the  room 
of  the  iccQod  term,  to  Ihew  k  is  want!  ig. 

§  16,  Let  the  equation  propofed  be  of  any 
number  of  dimenfions  reprcfented  by  (nji  and 
]et  the  coefficient  of  the  fccond  term  with  its  fign 

prefixed  be  —      then  iiippoOng  a?  —  —  =  jr, 

and  conftquently  x  =  y  +  ^  and  fubftituting 

this  value  for  x  in  the  given  equation,  there  will 
arife  a  new  equation  that  ihali  want  the  iecood 
term. 

It  is  plain  from  what  was  demonftrated  in 

Chap,  1.  that  the  Imii  ot  the  roots  of  the  pro- 
pofed equation  is  +       and  fince  we  fuppofe 

jizc  jf  —  A,  it  follows,  that  in  the  new  equation, 

each  value  ofjr  will  be  lels  than  the  re(pe<ft[ve 

value  of  by  —  s  and,  fince  the  number  of  the 

roots  is  it  follows  that  the  fum  of  the  values 
of  y  will  be  kfs  than  +  p»  the  fum  of  the  values 

.of     by  /?  X  ~  the  difi^ercncc  of  any  two  roots, 

that  is,  by  +  ^   therefore  the  fum  of  the  values 

of^  will  be  -f  ^  —  ^  =  o. 

But  the  cociiicient  of  the  flcond  term  of  the 
equation  of  J  is  the  fum  of  the  valued  of^,  viz. 
+  ^  —  and  therefore  that  coefficient  is  equal 
to  nothings  and  confequently,  in  the  equation 

L  4  of 
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of^,  the  fecond  term  vaniihes.  It  follovrs  thcn^^ 
th^c  the  iccond  term  may  be  extermmated  out 
of  any  giiren  equation  by  the  foUowing 

* 

RULE. 

f  *  Divide  the  ccffftcient  ^  tbi  fu9ni  arm  of  tba 
^ropo/ed  equatim  by  the  ntmier  of  Mnmficns  of 
the  equation-,  and  ajfuming  a  new  unknown 

quantity  add  to  it  the  quotient  having  its  fign 
€banged,  ^hen  fuppqfe  ibis  aggregate  equal  ta 
.  X  the  unknown  quaneity  in  the  propofed  equatieni 
and  for  X  and  its  powers^  fuhfiitute  the  aggre^ 
gate  and  its  powers.  Jo  f/jall  the  new  equation 
tbat  ari/es  want  its Jecond  term^** 

%  Tj.  If  the  propofed  equation  is  a  quadratic^ 

as     —  ;p  flf  +  J  =  o,  then,  according  to  the 

rule,  fuppofej^  \p  ^  ^9  fubftitudng  this 
value  for  aTj  you  will  find^ 

y-^py-^lp'^ 

+  ?  J 

And  from  this  example  the  ufe  of  exterminat- 
ing the  fecond  term  appears :  for  commonly  the 
iblution  of  the  equation  that  wants  the  fecond 

term  is  mor^  caiy.  Andi  if  you  can  find  the 

valuQ 
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value  o(y  from  this  new  equation,  it  h  eafy  to 
find  the  value  of  x  by  meaiis  of  the  equation 
jr  +  4^  ^  examplei 

Since  y  +  f  —  ip*  =  o,  it  follows  that  : 

which  agrees  with  what  we  demonftratcd,  Cha^^ 

ter  13.  Fart  I. 

If  the  propofed  equation  is  a  biquadratic^  as 
"pxl  +  y  a:*  —  r^f  +  J  =  o,  then  by  fuppofing 

—  -J.^  —  or  X  m  y  +  l-pi,2L{\  equarion  fhall 
arife  having  no  kcond  term.  And  if  the  pro- 
pofed  is  of  five  dimenlions,  then  you  mult  lup* 
pofe «  c ±  Andfoon. 

%  aS.  When  the  fccond  term  in  any  equa-> 
tion  is  Wanting,  it  follows,  that  the  equation  ^ 
has  both  affirm arive  and  negative  roots,"  and 
that  the  ium  of  the  aiHrmative  roots  is  equal 
%o  the  fum  of  the  negative  roots :  by  which 
means  the  coefficient  of  the  lecond  term^  which 
is  the  fum  of  all  the  roots  of  both  forts,  vanifhes, 
and  makes  the  lecond  term  vanifli. 

In  general,  "  the  coefficient  of  the  fecond 
term  is  .the  diSerence  between  the  fum  of  the 
affirmative  roots  and  the  fum  of  the  negative 
roots:**  and  the  operations  we  have  given  ferve 
only  to  diminifh  all  the  roots  when  the  fum  of 
the  affirmative  is  greatfifll»  or  increafe  the  roQts 
y/bcn  the  fum  of  the  negative  is  gre^ceft»  fo 

as 
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as  to  balance  them^  and  reduce  them  Co  ao 
equality* 

It  is  obvious,  that  in  a  quadratic  equation 
tbat  wants  the  fecond  tenii«  there  muft  be  one 
looe  affirmative  and  one  negative;  and  thefe 

mufh  be  equal  io  one  another. 

In  a  cubic  equation  that  wants  the  fecond 
terin>  there  muft  be  either,  two  afHrmative  root^ 
equal,  taken  together,  to  a  third  root  that  muft 
be  negative  $  or,  two  negative  equal  to  a  third 
that  niuil  be  pofitive. 

•*  Let  an  equation  —  px*  +  qx  —  r  =  o 
be  propoied^  and  let  it  be  now  required  to  exter- 
minate the  third  term*** 

By  fuppofing^  =  x—fy  the  coefficient  of  the 
third  tcim  in  the  equation  ofj  is  found  (fee  equa- 
tion yij  to  be  3(?*  — ipe  -|-  q.  Suppofe  that  co- 
efficient eqpal  to  nothing,  and  by  refolving  the 
quadratic  equation  y*  —  ^fe  +  f  =  o,  you  will 
lind  the  value  of  e,  which 'iubftituted  for  it  in 
the  equation  y  ~  x  —  e,  will  (hew  how  to  trans- 
form the  propoRd  equation  into  one  that  ihall 
want  the  third  term. 

The  quadratic  2^*  —  ^P^  +  ^  =  o  gives 

f  =  ^^^^  "^^'  So  that  die  propofed  cubic 
will  be  transformed  into  an  equation  wanting  the 
third  term  by  fuppofing   =       ^  "       "  ^'^^ 


or V  acy  — ^   i-^, 

3 

If 
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If  the  propofed  equation  is  of  n  dimenfions^ 
the  value  of  0,  by  which  the  third  tenii  may  be 
laken  away»  is  had  by  rcfolving  the  quadratic 

equation    +     x  ^  +  —  r  =  OtfuppoU 

ii3g  —p  and  q  to  be  the  coefficients  of  the  fe- 
cond  and  third  terms  of  the  propofed  equa- 
don. 

The  fourth  term  of  any  equation  may  be  taken 
away  by  lulviiig  a  cubic  equation,  which  is  the 
coeiiicienc  of  the  fourth  term  in  the  equation 
when  transformed,  as  in  the  fecond  article  of 
this  chapter.  The  fifth  term  may  be  taken 
away  by  folvlng  a  biquadratic  ^  and  after  the 
fame  nvanner  the  other  terms  can  be  exterminat- 
ed if  there  are  any. 

^  29.  There  are  other  tranfmutations  of  equa« 
tions,  that  on  ibme  occafions  are  ufeftiL 
An  equation^  as    •^px*  +     —  r  s  p,  mfj^ 

he  transformed  into  another  that  Jhall  have  its  roots 
equal  to  the  roots  of  this  equation  muitiftied  hj  a 
given  ^nutxtity,  as     by  fuppofmgjr  s  fx,  and 

confequently  ^     -7,  and  fubftituting  this  value 

J 

^  xiti  the  propofed  cquacioni  there  will  arile 

J%'^J%  +  ^  —  r  =  o,  and  multiplying  all  by 

. .    —  fpy*  4-  f-qy  - —  /V  =  o,  where  the  co-  ' 
efficient  of  the  fecond  term  of  the  propofed  equa- 
tion multiplied  into  /  makes  the  coefficient  of 

the 
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the  fccond  term  of  the  transformed  equation  j 
and  the  following  coefficients  are  produced  bf 
the  following  coefficients  of  the  propofed  equa* 
don  (as  multiplied  into  the  powers  of 


Therefore,  to  transform  any  equation  into 
soother  whofe  roots  (hall  be  equal  to  the  roots 
€f  the  propofed  equation  multiplied  by  a  given 

quantity*'  (/),  you  need  only  multiply  the 
terms  of  the  propofed  equation,  beginning  at 
the  iecond  term,  by  &c.  and  put- 

*  ting  inftead  of  x  diere  will  arife  an  equatioiii 
having  its  roots  e^ual  to  die  roots  of  the  pro- 
pofed equation  mukiplied  by  (/)  as  req^uired. 

§  3a  The  transformation  mentioned  in  th^ 
laft  article  is  of  ufe  when  the  higheft  term  of 
the  equation  has  a  coefficient  different  from 
miiy ;  for,  by  it,  the  equation  may  be  traos- 
fcMined  into  one  that  ihall  have  die  coefficient 
of  the  higheft  term  unit. 

If  the  equation  propofed  is  ax^  — ^^p*  + 
r  =  o,  then  transform  the  equation  into  one 
whofe  roots  are  equal  to  the  roots  of  the  pro- 
pofed equacion  mukiplied  by  That  is,' 

y 

iijppoic  j.  ^  X,  or    =      and  there  wiil  arifis 


f  s=  Oi  fo  that;?'  —      +  W 


from 
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f  rooi  which  wc  e<i%  draw  this 

RULE. 
Cbangi  fbe  unhwwn  qmiUity  x  into  anQtberjf^ 
ffi^fix  m  €oe£Uieni  to  tbi  bigbeft  iimh 
the fecenJt  multiply  the  foiltming  terms,  begin'- 

ning  ivilh  the  thirds  hy  a,  &c.  ths 

powers  of  the  coe£icient  of  the  higbeft  term  nj  tb€ 
frtfofid  eqtuum,  r^itivdj.*' 
Thus  the  equation  gAr'— i  yt*  -f  14«  4*  %6 

is  transformed  \nio  Lhe  equation 

y  —  ijj/'  +  14  X  3  X  J  +  16  X  9  =  o,  or 
jr'  —  13/  +  4ajr  +  144  =  o. 

Then  finding  die  roots  of  this  equation^  it 
will  e^fily  foe  difcovered  what  are  the  roots  of 

the  propofed  equation  :  fince  ja:  =  y,  or  a-  z=. 
And  therefore  iince  one  of  the  values  of  is 
—  3^  it  fijllows  that  one  of  the  values  of  x  i$ 

3 

^31.  By  the  lad  Rule  *^  an  equation  is  eajtfy 

I  cleared  4if  fra^ions."    Suppofc  the  .equauoa 

P  Q  r 

propolcd  is     —     Af*  4»  —    — —  =  o.  MuU 

tiply  all  the  terms  by  the  produft  of  the  dcno* 
minators,  you  find 

mne       —  nep        ^  meq  ^  x — mnr  —  o. 
Then  (by  laft  fedlion)  transforming  the  equation 
into  one  that  (ball  hare  unit  for  the  coefHcicnf 
of  the  higheft  term,  you  find 
f  ^ntp       +  m^t'nq  xy  —  =  o. 

Or, 
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Or,  neglcding  the  denominator  of  the  laft 
term-,  you  need  only  multiply  all  the  equa- 
tion by  mn,  which  will  give 

0n  xx'  —  n^  >^    +  mq  X  x^-^^zo.  And 

then/  — »j>  x/  +  i»'«f  — 

Now  after  the  values  of  ^  are  found,  it  will 
be  cafy  to  difcover  the  values  ofxi  fincc,  in  the 

firft  cafe,  x  =      ;  in  the  fecond,  ;v  =  -^. 
For  example,  the  equation 

* —iAT =  o,  is  firft  reduced  to 
6 

thisformj^c'^—ip?— ii--o,  and.then  trans* 
formed  intoy  « i  ay — 146  rz  o. 

Sometimes,  by  thefe  transformations,  Surds 
are  taken  away.**   As  for  example,  • 
The  equation  x     +  qx  —  rVtf  =  o, 

by  puttingjr  =  y  <j  x     or  A?  ==  4->  is  trans- 

formed  into  this  equation. 

Which  by  multiplying  all  the  terms  by  a^^a, 
becomes^  — pay*  +  qa^'-^ra*  =  o,  an  equar 
don  free  of  furds.  But  in  order  to  make  this  fuc- 

ceed,  the  furd  {\/a)  muft  enter  the  alternate 
ternii  beginning  with  the  fecond. 
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^  32.  An  equation,  as  .v^  —  -f  <^  v  —  r  =  o, 
may  ifc  transformed  into  one  wboje  roots  Jhall  bt 
the  quantities  redfrecai  ef  tc^   by  .  fMppofing 

=  — ,  andjf  =  -j^  or,  (by  one  fupijoiltioxi) 
«  =  — ,  becomes  2'  —  ^ z*  +  ^rz  —  r*  =:  o. 

In  the  eqviacion  ofy,  it  is  manifefl  that  the 
order  of  the  coefficients  is  inverted  1  fo  that  if 
the  fecond  term  had  been  wanting  in  the  pro- 
poled  equation,  the  laft  but  one  fliould  have 

been  wanLing  in  the  equations  of  y  and  2.  If 
the  third  had  been  wanting  in  the  equation  pro- 
pofed>  the  lait  but  two  had  been  wanting  ia 
the  equations  of  and  2. 

Another  ufe  of  this  transformation  is,  that 
the  greatejl  root  in  the  one  is  transformed  int9 

the  kaft  root  in  the  other!*   For  fince  =: 

and  J  =  -^,  it  is  plain  that  when  the  value  ol  x 

is  greatell»  the  value  of  j  is  leaftj  and  coa- 
vcrfely. 

How  an  equation  is  tiansformed  fo  as  to  liav^ 
all  its  roots  affirmative^  Ihali  be  explained  ii)  ik^ 
Mowing  chapter^ 
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CHAP.  IV. 

* 

f 

Of  finding  the  ROOTS  of  EQUATIONS 

wii£N^  TWO  OR  MORE  OF  TH£  ROOTS  are 
EQUAL  TO  EACH  OTHER. 

§  33.  TJEJFORE  we  proceed  to  explain  how 
J3  to  refolve  equations  of  ail  IbitSj  mt 
IhaH  firft  demonftrate  ^  hm  4»  equttHvn  that 

has  two  or  more  roots  equals  is  deprejfed  to  a 
lower  dimenfion  and  its  refolution  made,  con- 
fequently,  more  eafy.  And  iball  endeavour  to 
explain  the  grounds  of  ihia  and  many  other 
rules  we  fliall  give  in  the  remaining  part  of  this 
Treatiie^  in  a  more  (imple  and  concife  manner . 
than  has  hitherto  been  done. 

''In  order  to  this,  we  mud  look  back  to  §  24* . 
where  wc  &id  that  if  any  equation,  as  —px^ 
-Jt-  jx—rs:o,is  propofedy  and  you  are  to  trans*  . 
'ferm  it  into  another  that  ihall  have  its  roots  kfs 
than  the  value  of  x  by  any  given  difference,  as  e, 
you  arc  to  affume/  =1  x  —     and  fubftituting 
for  X  its  value  jp  4-     you  find  the  transformed  ' 
equation, 

y  +  30*  +  3^V  + 

mm  fy*  '-ipey  —  pe* 

+   qy   -i-  qe 

—  r 

Where 
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Where  we  are  to  obkrve, 
•    r  That  the  lait  term  {e^  —  pe^  +  qe  —  r)  is 
the  very  equatkm  due  was  propofcd^  having  # 
in  place  of 

a*  The  coefficient  of  the  laft  term  but  one 

is  3<?*  —  CLpe  +  which  is  the  quantity  than 
drifcs  by  multiplying  every  term  of  the  laft 
coefficient  ^  — /^*  +  j#  —  r  by  the  index  of  s 
in  each  term,  and  dividing  the  produ£^  30^  — 
a pe^  +  qe  by  the  quantity  e  that  is  common  to 
ail  the  terms. 

3**  The  coefficient  of  the  laft  term  but  two 
n  je'^p,  which  is  the  quantity  that  arifes  by 
multiplying  every  term  of  the  coefficient  laft 
found  (jt"  —  ape  +  q)  by  the  index  uf  ^  m  each 
term,  and  dividing  the  whole  by  2e, 

^  34.  1  li  ic  fame  obfervations  extend  to 
equations  of  all  dimenfions,  .  If  it  is  the  biqua* 
dratic  ^*'  +  qx* —  +  j  =  o  that  is  pro* 
pofed,  then  by  fuppoCmgy  zz  x  ^  it  will  be 
transformed  into  this  other^ 


+   ^>  +  2qey  +  qe 
—       —  re 
+  i  J 

r  • 

Where  again  it  is  obvious  that  the  laft  term  is 
the  equation  that  was  propofed,  having  e  m 
place  of  X.   That  the  laft  term  but  one  has 

M  for 
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for  its  coefficient  the  quantity  that  arifcs  by 
multiplying  the  terms  of  the  lafl  quantity  by 
the  indices  of  ^  in  each  term,  and  dividing 
the  produft  by  That  the  coefficient  of  the 
laft  term  but  two  S^-^Zf^  +  j)  is  de- 
duced in  tl^e  fame  manner  from  the  term  imme- 
diately following ;  that  is,  by  multiplying  every 
term  of  4^'  —  3p^'  +  ^qe  —  rhy  the  index  of 
e  in  that  term,  and  dividing  the  whole  by  e 
multiplied  into  the  index  of  y  Jn  the  term 
fought,  that  is,  by  ^  x  a.   And  the  next  term 

is4^— jp=  • 

.  The  demonftration  of  this  may  eafily  be  made 

general  by  the  Theorem  of  finding  the  powers 
of  a  binomial,  fmcc  the  transformed  equation 
^ronfifts  of  the  powers  of  the  binomial  -f  e  that 
are  marked  by  the  indices  of  e  in  the  laft  term» 

.  multiplied  each  by  their  coefficients  i,  —  + 

.  J,  _  r,  4  J,  &c.  refpcaively. 

,  %  35.  From  the  laft  two  articles  we  can  ea- 
fily find  the  terms  of  the  transformed  equation  - 
without  any  involution.  The  laft  term  is  had 
by  fubftituting  e  inftead  of  x  in  the  propofed 
equation  i  the  next  term,  by  multiplying  every 
part  of  that  lift  term  by  the  index  of  ^  in 
each  part,  and  dividing  the  whole  by  ^  1  and 
the  following  terms  in  the  manner  defcribed  in 
the  foregoing  article  i  the  reipcdtiye  divifors 

being 
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being  the  quantity  e  miildplied  by  the  mdcx  of 

*    y  in  each  term. 

The  dosioii&cation  for  finding  when  two  of 
'more  roots  are  equal  will  be  eafy,  if  we  add  to 
this,  that,    wbm  tbi  unkmnm  quantiiy  enters 

nil  the  terms  of  av.y  equation^  then  me  of  its  va^ 
lues  is  equal  to  nnthing*^  As  in  the  equation 
^  _  +  =  o,  where  x  —  qzzQ  being 
one  of  the  fimple  equations  diat  produce 
«3  _  qx  -=,0^  it  follows  that  one  of  the 
values  of  x  is  o.  In  like  manner  two  of  the 
values  of  n  arc  equal  to  nothing  in  this  cqnntion 
x^—px*  Oi  and  three  of  them  vaniih  in  the 
equation  «♦  —  ^*'  =  o» 

'  II  is  alfo  obvious  (eenverfely)  that  *'lf  « 
docs  not  enter  all  the  terms  of  the  equation, 
r.  if  the  lad  term  be  not  wanting*  then  none 
of  the  values  of  Jif  can  be  equal  to  nothing 
tor  if  every  term  be  not  multiplied  by  x^  then 
5P  —  o  cannot  be  a  divifor  of  the  whole  equation, 
and  confequchtly  o  cannot  be  one  of  the  values 
of  X,  If  X*  does  not  enter  into  all  the  terms 
of  the  equation,  then  two  of  the  values  of  x 
cannot  be  equal  to  nothing.  If  ^r*  does  not  en- 
ter into  all  the  ternns  of  the  equation,  then 
three  of  the  values  of  x  cannot  be  equal  to  no* 
thing,  &c. 

§  36.  Suppofe  now  that  two  values  of  x  are 
equal  to  one  anotlier,  and  to  e  ;  then  it  is  plain 
that  two  values  of y  in  the  transtormed  equation 

Ma  wilt 
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will  be  equal  to  nothing :  fuice  y  =  x^e^ 
And  confcquently,  by  the  laft  articjcj  the  two 
laft  terms  of  the  transfoimed  eqaatioa  xnuft 

Suppoie  it  is  the  cubic  'equation  of  ^  33.  that 
IS  propdfedj  viz.  —  px*  +'  jjr  —  r  =  o  1  and 
becauie  we  fuppofe  »  zie,  therefore  the  laft  term 
of  the  transformed  equation,  viz,    — pe''  + 

—  r  will  .vanifli.  And  lince  two  values  of  y 
vaniifa^  the  laft  term  but  one,  viz.  2/9 
-f  qy,  will  vanifh  at  the  fame  time.   So  that  je^ 

—  ^pe  +  ^  =  o.  But,  by  fuppofition,  e 
therefore,  when  two  values  of  in  the  equa* 
tion  ' —  ppe''  +  —  r  =  o,  are  equal,  it  fol- 
lows, that  3x* — a^^  +  y  =  o.  And  thus,  "  the 
propofed  cubic  is  deprefled  to  a  quadratic  that 
has  one  of  its  rooto  equal  to  one  of  tiic  rooLs  of 
that  cubic." 

If  it  is  the  biquadratic  that  is  propofed,  viz, 
A*  — px  '  -t  qx^  —  +  J  =  o,  and  two  of  its 
roots  be  equal ;  then  fuppofing  e  ^  two  of 
the  values  ofjr  mud  vanifli,  ai^d  the  equation  of 
§  34.  will  be  reduced  to  this  form, 

f 

Pf  I  *  *  =s  o.  So  that 

+  J 

—  3^**  +  —  r  =  o  j  or  becaulex=:^>  , 
*  -  ♦  In 
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In  general,  when  two  values  of  x  arc  equal 
to  each  other,  and  to  the  two  laft  terms  of 
the  transformed  equation  vanifli;  and  confe- 
quenily,  if  you  multipiy  the  cernis  of  the 
propofed  equation  hj  the  indices  of  x  in  each 
term,  the  quantity  that  will  arife  will  be  =  o, 
and  will  give  an  equation  of  a  lower  dimenfion 
than  the  propofed,  that  ihall  have  one  of  its 
loott  equsd  to  one  of  the  roots  of  the  p^pofed 
equation/' 

That  the  laft  two  term^  of  the  cq\ution  vaniih 
when  the  .values  of  x  are  fuppofed  equal  to  each 
^tliCTt  w)  to^^  'will  alio  appear  by  confidering, 
that  (ince  two  values  of  y  then  become  equal  to 

nothing,  the  produdb  of  the  values  of  y  muft 
.vaniihj,  which  is  equal  to  the  laft  t;erm  of  the 
equation |i  and  becaufe  two  of  the  four  values  of 
are  equal  to  nothing,  it  follows. alio  thi^t  one 
of  any  three  that  can^be  taken  out  of  thefe  four 
muft  be  =  O;  and  therefore,  the  products  made 
by  multiplying  any  three  muft  vanifti  5  and  con- 
fequendy  the  coefficient  of  the  laft  term  but  one, 
which  is  equal  to  the  fum  of  thefe  produAs, 
muft  vanifti. 

§  37.  After  the  fame  manner,  if  there  arc 
three  equal  roots  m  the  biquadratic  x*  —  fx^  -i- 
— «  rx  +  /  =  o,  and  if  «  be  equal  to  one  of 
them^  three  values  of   (=    —    will  vanifli» 

and  confequcatly  y^  will  enter  all  the  terms  of 

M  3  the 
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the  transformed  equation  $  which  will  have  this 
fornix 


*      3s  o*  So  that  here 


6<*  —  +  f  =  6}.  or,  fince  ezzXj,  therefore 
6x*  —  3/>a;  +  ^  =  o:  and  one  of  the  roots  of 
this  quadratic  will  be  equal  to  one  of  the  roots 
of  the  propofed  biquadratic. 

In  this  cafe,  two  of  the  roots  of  the  cubic 
equation  — 2 fx*  +  aqx  «  r  =  o  are  roots  of 
'the  propoied  biquadmdc,  becaofe  the  quantity 
6x*  3f  -f  7  is  deduced  from  —  ^px*  4 
iqx  —  r,  by  multiplying  the  terms  by  ti>e  in- 
vicxes  of  X  in  each  term. 

In  general^  whatever  is  the  number  of 
equal  roots  in  the  propofed  equation,  they  will 
all  remain  but  one  in  the  equation  that  is  de^ 
duced  from  it  by  multiplying  all  the  terms  by  the 
indexes  of  x  in  them ;  and  they  will  all  remain 
but  two  jnr  the  equation  deduced  in  the  fame 
manner  from  that}*'  and  fo  of  the  reft« 

§  38.  What  we  bbfervcd  of  the  coefiicients  of 
equations  transformed  by  fuppofing  y  =  .v  —  e, 
Jeads  to  this  cafy  demonftraiion  of  this  Rule  i 
and  will  be  applied  in  the  next  chapter  to  de- 
monftrate  -tbR^  Rules  for  finding  the  limits  of 
equations* 

It  is  obvious  howevefj  that  though  we  make 
life  of  equations  whofe  figns  change  alternately, 
•the  fan^e  reaibninfg  estteqds  ^o  all  other  equations. 

It 
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It  is  a  confequcnce  alfo  of  what  has  been 
demonikrated,  that  if  two  roots  of  any  equa- 
tion, as  +  ^j;  r  s  o,  are  equal,  thea 
multiplying  the  terms  any  arithmetical  (trks, 
as  <2  +  3^,  a  -t-  2i^,  a  +  a,  the  produd  wiU 
be  =  o/' 

For  fmce  ax'^  — . 4^x*  +  aqx  —  ar  =  Oi  and 

3«*  —  ipx  +  f  X     =:  0»  it  Mows  that 

ax^  +  ^bx^  —  ^^x^  —  i^x"^  H-  ^/^x-  +  ^^flf  —     =  o. 
Which  is  the  produdl  that  arifcs  by  multiplying' 
the  terms  of  the  piopofcd  equation  by  the  terms 
of  the  feries,  a  +       a  ^  2i,a        a',  whiq|i 
may  reprefent  any  arithmetical  progreffion. 


M  4 
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C  ,H  A  P. 

Of  the  UmTS  of  EQUAl  IONS. 

§  39'T  \  7  E  now  proceed  to  fiiew  how  to 
V  V   diicover  the  limits  of  the  roots  of 

equations,  by  which  their  folution  is  much  fa-- 
cilicated. 

Let  any  equation,  s^&x^  —  +  ^  r  =  o». 
be  propofedi  and  transform  \tg  as  above»  into 
the  equation, 

y  +  3ey*  +  se'y  + 

+         +  f  ^ 
—  r 

Where  the  values  of  j  are  lefs  than  the  refpec* 
tive  values  of  x  by  the  difference  If  you 
fuppofe  ^  to  be  taken  fuch  as  to  make  all  the 

coefHcients,  of  the  equation  of  pofitive,  viz, 
—  pe*  +  f  ^  —  r,  3(f*  —  2pe  +  3^  —  p;  then 
there  being  no  variation  of  the  figns  in  the 
equation,  all  the  values  of  y  muft  be  negative  1 
and  confequendy,  the  quantity  by  which' the 
values  of  x  arc  diminifhed,  mull  be  greater  th^ii 
thf-  crreatffi  pofirive  value  of  x:  and  confcqutntiy 
mult  be  the  limit  of  the  roots  of  the  equation 
— ^jr*  +  f  —  r  =  o. 

It 
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It  is  fufficient  therefore,  in  order  to  find  the 
limit,  to  enquire  what  quantity  fubftituted  for 
X  in  each  of  theft  expreflions  ^px*  4  ^ ^  — 
3**—  2fx  4-  jv  —  py  will  give  them  all  po- 
fitive;"  for  that  quantuy  will  be  the  limit  rc*» 
quired. 

How  thefe  exprelHons  are  formed  from  one 
tnother,  was  explained  in  the  beginning  of  the 
laft  chapter. 

EXAMPLE. 

^  401  If  the  equation  — 2«*  — 10**  +  30;^* 
+  63  ;c  +  I  ao  =  o  is  propofed  j  and  it  is  required 
to  determine  the  limit  that  is  greater  than  any 
of  the  roots  ;  you  arc  to  enquire  what  integer 
number  fubftituted  for  x  in  the  propoied  equa- 
tion, and  the  following  equations  deduced  from 
it  by  §  35,  will  give,  in  each,  a  pofidvc  quan* 
tity, 

5;c*     8**  —  30Ar*  +  Cox  +  63 
Sx^ —  6^*  —  x^x  +  15 

6^*  — 4*  —  S 
Sx  —  a. 

The  leaft  integer  number  which  gives  each 

of  thck  poiitivc,  IS  2  ;  which  therefore  is  tiiC 
limit  of  the  roots  of  the  propofed  equation ; 
or  a  number  that  exceeds  the  greatelt  pofitive 
?6ot. 

If 
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If  the  limit  of  the  negative  roots  is  requiredj» 
you  may,  by  §  23,  change  the  negative  into 
pofitive  roots,  and  then  proceed  as  before  to  find 
their  limits.  Thus,  in  the  example  you  will 
find  that  —  3  is  the  limit  of  the  negative  roots. 
-  So  that  the  five  roots  of  the  propofed  eqyatioii 
are  betwixt  — •  3  and  +  a, 

§  41.  Having  found  the  limit  that  furpailes 
the  greateft  pofitive  root,  call  it  And  if  you 
ailume  J  =i«>  —  and  for  x  fubftitute  m  ~y, 
the  equation  that  will  a  rife  will  have  all  its  roots 
pofitive;  *  becaufe  m  is  fuppofed  to  furpafi  ail 
the  values  of  and  confequcntly  «  —  x  (^y) 
muft  always  be  affirmative.    And  by  this  nneans> 

any  equaiion  may  be  changed  tnto  one  that  Jball 
have  all  its  reM  affirmative.* 

Or  if  — »• »  reprelent  the  limit  of  the  negative  ^ 
roots,  then  by  aflbmingj^  =  the  propofed 

equatioa  fliall  be  transformed  into  one  that  (hall 
have  all  its  roots  a&rmative  i  for  -f-  »  being 
greater  ilian  any  negaqve  value  of  it  follows 
that  zzx    n  muft  be  always  pofitive* 

§  42.  "  ne greateft  negative  coefficient  of  any 
equation  increafedhy  unit^  always  exceeds  tbegreatejl 
root  0/  the  equation'* 

To  demonftrate  this,  let  the  cubic 
•^qx — r  a  o  be  propoieds  where  all  the  terms 
are  negative  except  the  firft.  Afluming = 
it  will  be  trau:>ioraied  into  the  following  equa- 
tion; 

(A) 
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—  r 

I  ^«  Let  m  fuppofe  thac  the  coefficients 
are  equal  to  each  other  1  aod  if  you  al(b  fuppofe 

^  =  ^  +  I,  then  the  laft  c<juauon  becomes 

'       +  3>  J 

W  here  ail  the  terms  being  poficivc^  it  follows 
that  the  vahics  of  jr  are  «U  negative  and  that 
coiifequently     or  /  H-  I9.  is  greater  than  the 

greaccft  value  of  x  in  the  propofed  equation. 

^2^.  If  q  and  r  be  not  =      but  leU  than  it,  , 
and  for  e  you  (till  fublUcuce  ^  H- 1  (fmce  the  ne* 

gative  part  ("'"^^ZrO  ^^^^"^"^*  ^**^ 
pofittve  remaining  undiminiflied)  a  firthrii  all 

the  coefBcients  of  the  equation  (/ij  become  po- 
fitive.  And  the  fame  is  obvious  if  q  and  r  have 
pofitive  fjgns,  and  not  negative  figns»  as  we 
fuppofed*  It  appears  therefore,  ^^that,  if*  in  ^ 
any  cubic  equation,  p  be  the  greateft  negative 
coefficient,  then^  +  i  mud  furpafs  the  greateft 
value  of  Af.** 

^  43.  3^.  By  the  (ame  reafbning  it  appears, 
that  if  q  be  the  grcatell  negative  coefficient  of 

the 
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the  equation,  and  ^  =  ^  -f,  i,  then  there  will  be 
no  varution  of  the  figns  in  the  equation  of^; 
for  it  appears  from, .the  laft  ilrticle,  chat  if  all 
the  three  (p,  r)  were  equal  to  one  another» 
ai  d  c  equal  to  any  one  of  them  incrcafed  by 
vnit,  as  to  <7  +  i,  then  all  the  terms  of  the 
equation  (A)  would  be  pofitive.  Now  if  e  be 
fuppo&d  ftill  equal  to  {  4-  i,  and  f  and  r  to  be 
lefs  than  f ,  then,  a  f^rttpru  all  thefe  terms  will 
be  pofitivc,  the  negative  part,  which  involves _^ 
and  r,  being  aiminiilied,  while  the  pofitive  part 
and  the  negative  involving  q  remain  as  before. 

4^.  After  the  fame  manner  it  is  demonftratedt 
that  if  r  is  the  greateft  negative  coefficient  In  the 
equation,  and  e  is  fuppofed  =  r  +  i,  then  all 
the  terms  of  the  equation  (A)  q(  y  will  be  po» 
fitive;  and  confequently  r  +  i  will  be  greater 
than  any  of  the  values  of  .  • 

What  we  have  £ud  of  the  tuhic  equation 

—  fx^  t  zz     \&  eafily  applicable  to 

others.  * 

^  general^  we  conclude  that  the  gnatdt 
negative  coefEcient  in  any  equation  increafed  by 
tinit,  is  always  a  limit  chat  exceeds  all  the  roots 
of  that  equation." 

But  it  is  to  be  obferved  at  the  fame  time,  that 
the  greateft  negative  coefficient  increafed  by 
unit,  is  very  feldom  the  marefi  limit:  that 
is  bcft  dtfcovered  by  the  Rule  in  the  39th 
article, 

§44* 
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^  44.  Having  (hewn  in  §  41.  how  to  change 
any  propoicd  equation  into  one  that  ihall  have 
all  its  roots  a$nnativei  we  fhall  only  treat  of 
iiich  as  have  all  their  roots  poGdve,  in  what  jc- 
mains  relating  to  the  limits  of  equations. 

Any  fuch  equation  may  be  reprefented  bf 
«— X  X — ^  X  x^c  X  X — d  Scd  ss  Og  whofe 
xooti  are  a,  h,  c,  &c« 

And  of  ail  fuch  equations  two  limits  are 
cafily  diicovered  from  what  precedes,  viz. 
"which  is  le(s  than  the  lea(l,  and    found  accord- 
ing to  §  39«  which  furpafles  the  greateft  root  of 
the  equation. 

But  befides  thefe,  we  fhall  now  fliew  how- 

to  find  other  Imits  betwixt  the  roosts  tbemjelves^* 
And,  for  this  purpole»  will  fuppofe  a  to  be  the 
leaft  root,  h  the  fecond  root>  t  the  third,  and  fo 
on;  it  being  arbitrary. 

§  45.  If  you  fubftitute  o  in  place  of  the  un- 
known quantity,  putting  x  =:  o,  the  quantity 
that  will  arife  from  that  fisppofition  is  the  laft 
term  of  the  equation,  all  the  others,  ,  that  involve 
Xi  vanifhing. 

If  you  fubftltute  for  a  quantity  lefs  than  the 
lead:  root  the  quantity  refulting  will  have 
the  fame  Ggn  as  the  laft  term  1  that  is,  will  be 
pofitive  or  negative  according  as  the  equation  is 
of  an  even  or  odd  number  of  dimeniions.  For 
all  the  factors  x  —  x  —  h,  x-^c,  &c.  will 
be  negative^  and  their  produft  will  be  fofuive 

,  or 
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or  negative  according  as  their  number  is  even 
or  cdd» 

■ 

If  you  fubfticu(e  for  x  a  quantity  greater  than 
the  "leaft  rooc  a,  but  lefs  than  all  the  other 
roots,  then  the  fign  of  the  quantity  refuhing 

will  be  contrary  to  what  it  was  before  j  bccaufe 
one  fador  (x  —  a)  becomes  now  poUtive^  all 
the  others  remaining  negative  as  before. 

If  you  fubftitute  for  x  a  quantity  greater  than 
the  two  lead  roots,  but  Icis  than  all  the  redy 
both  the  fa£lors  x  —  a,  x  —  h,  become  pufitlve, 
and  the  reft  remain  as  they  were.  So  that  the 
whole  produdt  will  have  the  fame  fign  as  the 
laft  term  of  the  equation.  Thus  fucceffively 
placing  inftead  of  x  quantities  that  are  limits 
bcLwixt  the  roots  of  the  equation,  the  quanti- 
ties that  refult  will  have  alternately  the  fjgns  + 
and  — •  And,  converjely^  "  if  you  find  quanti* 
ties  which  fubftituted  in  place  of  «  in  the  pro- 
poled  equation,  do  give  alternately  politive  and 
negative  refults,  thofe  quantities^  are^  the  limits 
of  that  equation." 
It  is  ufeful  to  oblerve,  that,  in  general, 
when,  by  fubftituting  any  two  numbers  for 
X  in  any  equation,  the  refults  have  contrary 
figns,  one  or  more  of  the  roots  of  the  equation 
mud  be  betwixt  thofe  numbers."  Thus,  in 
the  equation  x^  ix' —  5=0,  if  you  fubfti- 
tute a  and  3  for  the  refults  are  —  5,  +  4; 
whence  it  follows  that  the  roots  are  betwixt  2 

and 

* 
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and  3 :  for  when  thefe  refultsrhavc  difierent  figns, 

one  or  other  of  the  fadors  which  produce  the 
equations  iiiuft  have  changed  its  fign  ;  fuppofe  it 
is  X  =  ^9  then  it  is  plain  that  e  tnuit  be  betwixc 
the  numbers  fuppofed  equal  to 

§  46.  Let  the  cubic  equation  —px*  +  4fx 
— .  r  =  o  be  propofed,  and  kt  it  be  transformed, 

by  affutning  J  =  x  —     into  the  equation 

+  f J'  +f*J 

Let  us  fuppofe  e  equal  fucceniveiy  to  the  three 
values  of  Xy  beginning  with  the  leaft  value  ^  and 
becaufe-  the  laft  term  e*— ;^*-ff*  —  r  will 
vantfh  in  all  thefe  fuppofidons»  the  equadon  will  ^ 
have  this  form, 

y  +  ^ey  +  3^*  -1  ^  ^ 

•f  i  J 

where  the  laft  term  3^*  —  2pe  +  f  is,  from  the 
nature  of  equations,  produced  of  the  remaining 
values  of  j^,  or  of  the  excefles  of  two  other  values 
of  X  above  what  is  fuppofed  equal  to  e ;  fmce 
always^  =  ^  —  e.  Now, 

1*.  \i  e  be  equal  to  the  ieaft  value  of  at,  then 
thofe  two  exccifes  being  both  poOdve,  they 
will  gi^e  a  pofitivc  produft,  and  coniequently 
3^—  2pe     q  will  (3e,  in  this  cafe,  pofuive. 


i?»  HI  ATI  SI         Pajit.  11. 

If  e  be  equal  to  the  llcond  value  of  at, 
then,  of  thofe  two  cxccffes  one  being  negative 
and  one  pofitive,  their  product  je^  —  2j>^  +  f 
will  be  negative. 

3^  If  ^  be  equal  to  the  third  and  greateft 
value  of  Xy  then  the  two  exeeflcs  being  both  ne« 

gative,  their  produd  3^*  —  2^e  +  f  is  pofitive. 

Whence, 

If  in  the  equation  3^*  —  Oife  +  f  =:  o,  you 
fubftitute  fucceflively  in  the  place  of    the  three 

roots  of  the  equation  ^  — */>tf*  +  qe —  r  =  o, 
thf  quantities  rcfulting  will  fuccefllveiy  have  the 
iigns  +,  — ,  +f  and  confequently  the  three 
toots  of  the  cubic  equation  are  the  limits  of  the 
roots  of  the  equation  3^*  —  +  f  =  o  (by 
^  45.)  That  is,  the  lead  of  iVic  ruois  or  the 
cubic  is  lefs  than  the  lead  of  the  roots  of  the 
other  ^  the  fecond  root  of  the  cubic  is  a  limit 
between  the  two  roots  of  the  other;  and  the 
greateft  root  of  the  cubic  is  the  limit  that  ex« 
cccd:>  both  the  foots  of  the  Other* 

§  47.  We  have  demonftrated  that  the  roots 
of  the  cubic  equation  — pe^  — •  r  =  o  are 
limits  of  the  quadratic  3^*  —  2ptf  +  f  i  whence  it 
follows  (conver/efy)  that  the  roots  of  the  qua- 
.dratic  3^»*  —  2/>^  +  f  =  o  are  the  limits  between 
the  firft  and  fecond,  and  between  the  fecond  and 
third  roots  of  the  cubic  —  4.  r  =  o. 
So  that  if  you  find  the.  limit  that  exceeds  the 

a  greateft 
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grcateft  root  of  the  cubic,  by  §  39.  you  wiil 
have  (with  which  is  the  limit  kfs  thaa  any 
of  the  roots)  four  limits,  for  the  three  roots  of 
the  propoied  cubic* 

•  Ic  was  dcmonflrated  in  §  35,  how  the  qua- 
dratic 3  —  2pe  +  ^  is  deduced  from  the  pro- 
pofed  cubic  ^  —  y^*  +  jtf  —  r  =  o,  viz.  by 
mulnplying  each  term  by  the  index  of  e  in  it, 
and  then  dividing  the  whole  by  ^5  and  what  we 
hav^e  demoiill rated  of  cubic  equations  is  eafily 
extended  to  all  others  1  lb  that  we  conclude, 
**  that  the  laft  term  but  one  of  the  transformed 
equation  is  the  equation  for  determining  the 
limits  of  the  propofed  equation."  Or,  that  the 
equation  arifing  by  multiplying  each  term  by  the 
index  of  the  unknown  quantity  in  it,  is  the  equa- 
tion whofe  roots  give  the  limits  of  the  propofed 
equation ;  if  you  add  to  them  the  two  mention* 
cd  in  §  44. 

» 

§  48.  For  the  fame  reafon,  it  is  plain  that 
the  root  of  the  Hmple  equation  3^—^  s=  o, 
(i.  e.  ip)  is  the  limit  between  the  two  roots  of 
the  quadratic  3e*-««"  ape  +  <7  =  o.    And,  as 

4^'  —  3p^'  +  —  r  =  o  gives  three  limits  of 
the  equation  .e^  —  pe"^      qe*  —     +  j  =  o,  fo 

the  quadratic  6e^  —  Jp^  +  ^^o  gives  two  li- 
R^ts  that  are  betwixt  the  roots  of  the  cubic 
4*'  ~  3p6*  +  aftf— r  =  o;  and  ^e-^p  —  o 

gives  one  limit  tiiat  is  betwixt  the  two  roots  of 

N  the 
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the  quadratic  6/  — -  '^pe  +  <^  =  o.  So  that  wc 
have  a  compkce  leries  of  thefc  equations  arifing 
from  a  fimple  equation  to  the  propofed>  each  of 
which  determines  the  limits  of  the  foUowiog 
equation* 

^  49.   If  two  roots  in  the  propofed  equation 

arc  t'qual,  then  the  limit  that  ought  to  be  be- 
twixt them  muft,  in  this  cafe,  become  equal  to 
one  of  the  equal  roots  themfelves.'^  Which 
perfedly  agrees  with  what  was  demonftrated  in 
the  lad  chapter,  concerning  the  Rule  for  finding 
the  equal  roots  of  equations. 

Andj  the  fame  equation  that  gives  the  li- 
mits^ giving  alio  one  of  the  equal  roots,  when 
two  or  more  are  equal,  it  appears,  that  if 
you  fubftitute  a  limit  in  place  of  the  unknown 
quantity  in  an  equation,  and,  inftead  of  a  po- 
fitive  or  negative  relulr,  it  be  found  =  o,  then 
you  may  conclude,  that  not  only  the  limit  it- 
ielf  is  a  root  of  the  equation,  but  that  there  are 
two  roots  in  that  equation  equal  to  it  and  to  one 
another.'* 

§  50.  It  having  been  demonflratcd  that  the. 
roots  of  the  equation  —  fx"-  \  qx  — r  =  o 
are  the  limits  of  the  roots  of  che  equation 
3^p*  —  ipx  +  J  =  o,  the  three  roots  of  the  cubic 
equation,  which  fuppofe  to  be  by  Cy  (ubfti- 
tuted  for  x  in  t'ne  quadratic  3.^*—  2/>.v  + 
muft  give  tiic  rcfults-politive  and  negative  alter- 
nately. 
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nately,  Suppofe  thefe  three  refults  to  ht  ^ 
— r  M,  +  is  that  is,  3«*—  %pa  +  j  ar  iV, 

fincc    — pa^  +     — r  t=  o,  and      —  2pa^  + 
zz  N        fiibtrading  the  former  multipiicd  into 
3  from  the  latter,  the  remainder  is  pa*  —  2^a  + 
3ir  zz  N  X  a.   In  the  lame  manner     —  if  ^  4»  . 
3r  =  —  M  X    and^r**^    r  +  sr  =+  L  x 
I  hcrcfore/.v*  —  2fA?  +     is  fuch  a  quantity  that 
if,  for  X,  you  fubftiturc  in  it  iucccfiively  a, 
the  refults  will  be  +  iVx^,  —  ilfx^,  +  i,xr* 
Whence    by    are  limits  of  the  equation  px^  — 
aqx  +  jr  =  o  (by  §  45.)  and,  comerjely^  the  roots 
of  the  equation  -px^  —  iqx  +      =  o  arc  iiinits 
between  the  firft  and  fecond,   and  between 
the  fecond  and  third  roots  of  the  cubic  — 
p3(^  +  qx  —  r^o.   Now  the  equation  px'^  — 
Q,qx  +  jr  =  o  arifes  from  the  propofed  cubic  by 
muhiplying  the  terms  of  this  latter  by  the  arith- 
metical progrefilon  p,  —  i,  —  2,  —  3.  And 
^in  the  fame  manner  it  may  be  fhewn  that  the 
roots  of  the  equajtion  px^ — 2^ x*  +  3rx—  4/  as  o 
are  limits  of  the  equation    —      +  f   —  rM 

Or  multiply  the  terms  of  the  equation 

—         qx  —  r  =r  o 

by  «  +  3^,    +  a^,  <a  +  ^ 

ai^  —  apx*  +  aqx  —  c) 

+  3^^'  —  2i|jp^P*  +  bqx  {^zz^x'^^'Xpx  i- q x hx)y 

N  2  any 
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any  arithmetical  ferlcs  where  a  is  the  lead  term 
and.^  the  common  differencej  and  the  produ^ 
(if  you  fubftitute  for  fucceifively,  4»  c, 
the  three  roots  of  the  p  oi  o(ed  cubic)  (ball  be 

4-  iV  X  ^x,  —  M  X  bXy  f  L  X  hx.    For  the  firft 

part  of  tbeprodiK^ttf  x  x' — px"-  4-  ^jf  — r  =  o> 
'  and       ^  being  limits  in  the  equation  ^^^^ 
apx  4*  f  =:  Os  their  fuh&itution  muft  give  refiilts, 
Mj  Lj  alternately  pofitive  and  negative. 

Jn  general,  the  roots  of  the  equation  ^  ~ 
^flf»^i  +  f — iw«-s  +  6f tf.  s  o  are  linnits  of 

the  roots  of  the  equation  nx^^  —  n  —  i  x  px"—* 

or  of  any  equation  that  is  deduced  from  it  by 

niuldplying  its  tcrais  by  any  arithmetical  pro- 
greflion  a^b^  a^^zh^  /7413^,  <j  qr  4^»,  &c.  ^;?^ 
converjely^  the  roots  of  this  new  equation  will 
be  limits  of  the  propofed  equation^ 
^  —       »  +  f^«-*  —  ^s?*".  =  o. 
If  any  roots  of  the  equation  of  the  limits 
mre  imfojfible^  then  muft  there  he  fome  r§Qts  of* 
ebe  propofed  equation  impoJfihU.'*    For  as  (lo 
§  46.)  the  quantity  3**  —      +  f  was  demon- 
ftrated  to  be  equal  to  the  proc^udt  of  the  cx- 
Ceffes  of  two  values  of  x  above  the  third  fup- 
pofed  equal  to  ^  j  if  any  impoffible  expreilion  be 
found  in  thofe  exceiTes^  then  there  will  of  con- 
fequence  be  found  impoffible  expreffions  in  thefc; 
t.wo  valuci  olxt 

And 
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And  "  from  this  obfervation  rules  may  be 
deduct  for  difcovering  when  there  are  impof- 
iible  rooM  in  equadons/'  Of  which  we  fliaH 
rreat  afterwards. 

§  5 1.  Befides  the  method  already  explained^ 
there  are  others  by  which  limits  may  be  deter- 
mined, which  the  root  of  an  equation  cannot 
exceed. 

Since  the  fquares  of  all  real  .quantities  arc 
affirmative^  it  foUows»  that  the  /um  nf  the 
fquares  of  the  roots  of  any  equation  mufl  he 

greater  than  the  Jquare  of  the  greatejl  root** 
And  the  fquare  root  of  that  fum  will  therefore 
be  a  limit  that  muit  exceed  the  greateft  root  of 
the  equation* 

If  the  equation  propofcd  \tx*  ^pxr^*  +  qxit^ 
—  rx^'i  +  ^c,  ^  o,  then  the  fum  of  the  fquares 
of  the  roots  (by  §  15.)  will  be    —  2f.    So  that 
2jr  wiU  exceed  the  greateft  root  of  that 
equation* 

Or  if  you  find,  by  §  16,  the  fum  of  the  4th 
powers  of  the  roots  of  the  equation,  and  ex- 
tradb  the  biquadratic  root  of  that  fum«  it  will 
^fo  exceed  the  greatefl:  root  of  the  equation; 

^52.  If  you  find  a  mean  proportional  be- 
tween the  fum  of  the  fquares  of  any  two  roots^ 

h,  and  the  fum  of  their  biquadrates  +  i*h 
this  mean  proportional  will  be 

Va"  +       +  tf*^*  +  h\    And  the  fum  of  the 

N  3  cubes^ 
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cubes  is  +  b\  Now  fincc  a*  —  2ai  ^  is 
•    the  fquare  of  j  —    it  muft  be  always  poGttve ; 

and  if  you  muluply  it  by  the  produdb 

—  2a' b'^  +  a^b^  will  alio  be  pofitive  ;  and 
conlcquentiy^'*^"  +  a^l/*  will  be  always  greater 
than  la^P»  Add  +  and  we  have  + 
d^y  +  a*i^  +  greater  than  +  aa*^'  + 
and  extrading  the  rootv/^"*  +  a*h^  -\-  a*i?*  + 
greater  than  +  ^\  And  the  fame  may  be 
demonllrated  (>f  any  number  of  roots  what* 
ever. 

Now  if  you  add  the  fonn  of  all  the  cubes 

taken  ^i[ji'rmatrjely  to  their  fum  with  i\\(t\v  prcper 
figns^  they  will  give  double  the  fum  of  the 
cubes  of  the  affirmative  roots.  And  if  you 
fubtradt  the  fecond  .fum  from  the  firft,  there 
will  remain  double  the  fum  of  the  cubes  of  the 
negative  roots.  Whence  it  follows,  that  "  half 
the  fum  of  the  mean  proportional  betwixt  the 
fum  of  the  fquares  and  the  fum  of  the  biqua-^ 
dratesy  and  of  the  fum  of  the  cubes  of  the 
roots  with  their  proper  figns,  exceeds  the  fiim 
of  the  cubes  of  the  affirmative  roots  and 
"  half  their  difference  exceeds  the  fum  of  the 
cubes  of  the  negative  roots."  And  by  ex- 
trading  the  cube  root  of  that  fum  and  diffe- 
rertce,  you  will  obtain  limits  that  fliall  exceed 
ilu-  IuujS  of  the  affirmative  and  of  the  negative 
foots.   And  fiiiqe  it  is  eafy^  from  what  has 

been 
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been  already  explained,  to  diminifli  the  roots 
of  an  equation  fo  that  they  all  nnay  become  ne- 
gative but  one,  it  appears  how  by  this  means 
you  may  apprgxtnuice  very  near  to  that  root. 
But  this  does  not  ierve  when  there  are  impoflible 
roots. 

Several  other  Rules  like  thefe  might  be  given 
for  limiting  the  roots  of  equations.  We  diall 
give  one  not  mentioned  by  other  Authors. 

In  a  cubic. "v^ — px^  +  qx — r  =  o  find  —  2/;-, 
and  call  it    i  then  ihall  the  greatcft  root  of 

the  equation  always  be  greater  than  or 

yf  And, 

In  any  equation  4f"  — +  qx^'~^  —  rx^t 

+  £sf f .  =  d find y  ^  extrafting  the 

root  of  the,  fourth  power  out  of  that  quantity^ 
it  ihall  always  be  leis  than  the  greateft  root  of 
the  equation. 
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CHAP.  VI. 

a 

Op  the  resolution  of  EQIJATIONS,  Ati. 

WHOSE  ROO'i  S  ARE  COM AiLNS URATE. 

^53,  T  T  was  demonftratcd  in  Qhap.  2.  that 
JL  the  laft  term  of  any  equation  is  the 
produ£fc  of  its  roots ;  from  which  it  follows, 

that  the  roots  of  an  equation,  when  commenfu* 
.   rable  quantities,  will  be  found  among  the  di- 
viiors  ot  the  laft  terncu    And  hence  we  have  lor 
ihe  j;efolution  of  equations  this 

RULE.  • 

hring  all  the  terms  to  one  fide  of  the  equation^ 
find  all  the  divtfors  of  the  laft  terniy  and  Juh^ 
fiitute  them  Juccefftvily  for  the  tmknown  quan- 
tity in  the  equation.  So  pall  tkat  divifor 
wbscb,  fubjlituted  in  this  mannery  gives  the 
refult  o,  he  the  tuot  of  the  ^ropfed  ejua^ 
tion» 

For  exampl^^  fuppofe  this  equation  is  to  be 
refolvcd> 

2ax'  +  2a^x  — 2a*i 

where  the  Uil  term  i$  za^b^  whofe  fimple  lite* 

«1 

* 
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ral  divifors  ire  a,  2^,  ihy  each  of  which  may 
be  taken  either  poiitively  or  Jicgatively  :  but  as 
here  we  fuid  there  are  variations  of  figns  in  the 
equation,  we  need  only  take  them  pofitively. 

Suppofe  X  ^  a  the  tirft  of  the  divifors,  and  Tub- 
ftituting  aixx     the  equation  becomes 

^-'^'''-3-'^  ^^''-^^'^  ■ 

So  that,  the  whole  vanifhing,  it  follows  that  a 
is  one  of  the  roots  of  the  equation. 

After  the  fame  manner,  if  you  fubftitutc  b  in 
place  of     the  equation  is 


which  vanifliing  (hews  ^  to  be  another  root  of 
the  equation* 
Again,  if  you  fubftitute       (or     you  will 

find  all  rhe  terms  deftroy  one  another  lo  as  to 
make  the  ium     o.   For  it  will  then  be^ 

Whence  we  find  that  24  js  the  third  root  of 

the  equation.    Which,  after  the  firit  two  (  + 
+  ^)-had  been  found,  might  have  been  collected 
from  thisj  that  the  lait  term  being  the  produd: 
of  the  three  roots^  -i-  b  being  known^ 

%  th^ 
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the  third  mu(t  neccfiorily  be  equal  to  the  laib 
term  divided  by  the  produft  ai,  that  is,  = 

— 7-  = 

ab 

Let  the  roots  of  the  cubic  equation 
—  2a;*  —  33a;  +  90  =  o  be  required. 
And  firfl:  the  divifors  of  90  are  found  to  be^ 

2,  3,  5,  6,  9,  10,  15,  18,  30,  45,  90.  If  you 
fubftitute  I  for  you  will  tind  .v*  —  —  33;? 
-i-  90  =  56  ;  fo  that  I  is  not  a  root  of  the  equa- 
tion. '  If  you  fublticute  2  for  the  refulc  will 
be  24 :  but  putting  x  =  3»  you  have 

2y*—33A +  90=27-*  18— 99+902=117— ii7=:o. 
So  that  3  is  one  of  the  toots  of  the  propofed 
equation.  The  other  affirmative  root  is  +  55 
and  after  you  find  ic»  as  it  is  manifcft  irooi  the 
equation^  that  the  other  root  is  negative,  yo^i 
arc  not  to  try  any  more  divifors  taken  pofitively, 
but  to  fubilicutc  them,  negatively  taken,  fur  a  : 
and  thus  you  find  that  —  6  is  the  third  root. 
For  putting    =  —  6^  you  have 

2a:*— 33if  +  90  =  —  216  —  72+1 98  +  90=0. 

This  laft  root  might  have  been  found  by  di- 
viding die  lad  term  90,  having  its  fign  chanj^ed, 
by  15,  the  product  of  the  two  roots  already 
found. 

§  55*  When  one  of  the  roots  of  an  equation 
is  found,  in  order  to  find  the  reft  with  left  jrou- 

ble,  divide  the  propofed  equation. by  the  fimple 
equation  which  you  are  to  deduce  from  the  root 

already 


* 
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already  found»  and  the  quotient  ihall  give  an 
^   equation  of  a  degree  lower  than  the  propofed» 
whofe  roots  will  give  the  remaining  roots  re* 
quired. 

As  for  example,  the  root  -f  3,  firft  found, 
gave  x  =  3otx  —  3=0,  whence  dividing  thus» 
*  —  3)*'  —  ajp*—  33^  +  90(«*  +  *  — 30 
^  —  3**  . 

—  33^  +  90 

—  ^ox  +  90 

—  3CMf +  90 

o  o 

The  quotient  Ihall  give  a  quadratic  equadon 
+  *  —  30  =  o,  which  muft  be  the  produA  of 

/  the  other  iwo  fimple  equations  from  which  the 
cubic  is  generated^  and  whofe  roots  therefore 
mud  be  two  of  the  roots  of  that  cubic 
Now  the  roots  of  that  quadratic  equation  are 

cafily  found  by  Ci?tfp.  13.  Pari  I.  co  be  +  5  and 
—  6.  For, 

+  *  =  301 

add  +       —  =30  +  —  =  — t 


and  ±  i£  _  i.  —  +  ^  or  —  6. 
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§  A<ter  the  fiufie  manner,  if  the  biqua- 
dratic >r^*^  i4r*~  25**  -f  a6if    120  »  o  is  to 

be  refoived ;  by  fubftiniting  the  divjfors  of  120  • 
for  you  will  find  thai  +  3,  one  of  thofe  di- 
vtibrSf  is  one. of  the  roots;  the  fubftttution  of 
3  for  irgMritig  ti  —  54  —  425  +  78  +  lao  =s 
279  —^79  =  And  therefore  dividing  the  pro- 
pofed  equation  by  a:  —  3,  you  muft  enquire  for 
the  roots  of  the  cubic  4-  at*  —  2CW  — -  40  =  O, 
and  finding  that  5>  one  of  the  divifors  of  4®» 
is  one  of  the  roots,  you  divide  that  cubic  hy 
0?  5,  and  the  quotient  gives  the  quadratic 
iv*  -f-  6x'  -f  8  =  O,  whole  two  roots  arc  —  2,  —  4. 
So  that  the  four  roots  of  the  biquadratic  are 

+  3i  +  5>      2>  —  4* 
%  57,  This  Rule  fuppofts  that  you  can  find 

all  the  divifors  of  the  feft  term  j  which  you  may 

always  do  liius.  ] 

If  it  is  a  fimpk  quantily,  di\;ide  /V  by  its  leafi 
divi/or  that  exceeds  unity  and  the  quotient  again 
ty  its  kafi  divi/or y  proceeding  thus  till  you  have 
a  quotient  thai  is  mf  diviJikU  iy  arsy  numbtr 
greater  than  unit  J*  This  quotient,  with  thefe 
diviforSj  arc  the  fii  fl:  or  ftfnple  divifors  of  the 
.  quantity.  And  the  produds  of  the  multipli- 
cation of  any  2,  3,  4»  of  them  are  the 
compound  divifors. 

As,  to. find  the  divifors  of  60;  6rfl:  I  divide 
t>y  2^  and  the  quotient  30  again  by  2,  then  the 

next 
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next  quotient  15  by  3,  and  tlK  quotient  of  thii 
diviOoD  5  is  not  farther  divilibk  by  any  imcger 
iboTC  uiutj  fo  that 
The  fimfde  divifors  arc  9,  9«  3» 

The  produfts  of  two»  4,  6,  lo,  15, 

The  produce  of  three,  .  •  •  •  •  12»  20,  jou 
The  pxodu^  of  all  lour,  60 

The  divifors  of  90  art  found  after  the  fame 

manlier* 

Simple  divifors>  3>  3>  5* 

The  products  of  two,  •  •  *  «  6,  jr,  10,  15. 
The  products  of  three,-  .  .  .  •  18,  30,  45. 

The  pruducL  of  ail  four,  ••••••••  50, 

The  divifors  of  aiiii^ 

The  fimple  divifors,  J»  7* 

The  produds  of  two,  21,  3«,  3^,  7  j,  7^,  ^^, 
The  produAs  of  thiee^  21  tf,  21     zah^  ^hb^ 

74^,  ^hb^  abb. 
The  produds  of  four,  l\ah^  2M,  ^abb,  yabb^ 
The  produd  of  the  5,   aisbi. 

§  58.  But  as  the  lad  term  may  have  veqr 
many  divifors,  and  the  labour  may  be  very 
great  to  fubfticute  them  aH  for  the  tinknown 

quantity,  we  fliaii  now  Ihow  how  it  Tviay  be 
abridged,  by  limiting  10  a  fmall  number  the 
divifors  you  are  to  try.  And  firft  it  is  plain, 
from  §  4a,  that     any  divifor  that  exceeds  the 

g^reateft 
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greatefl:  negative  coefficient  by  unity  is  to  be 
neglected."  Thus  in  refolving  the  equation 
ir*  —  2«'  —  125;?*  +  26x  +  120  s=  Oj  as  25  is 
the  'greateft  negative  coefficient,  we  conclude 
that  the  divifors  of  120  chat  exceed  26  may  be 
be  ncgkcled. 

But  the  labour  inay  be  ftill  abridged,  if  we 
make  ufe  of  the  Rule  in  §  39  that  is,  tf  we  find 

the  number,  which  fubilitutcd  in  thcfe  following 
exprei&ons^ 

—  3**  —  254P  +  13, 
6**  —  6x  —  25, 
ax  —  I, 

will  give  in  them  all  a  pofitive  refultj  for  that 
number  will  be  greater  than  the  greateft  root, 
and  all  the  divifors  of  120  that  exceed  it  niay 
be  negleded* 

That  this  invefligation  may  be  eafier,  we 
oug^t  to  begin  always  with  ^  that  exprefTion, 
where  the  negative  roots  (eem  to  prevail  moft; 
as  here  in  the  quadratic  expreffion  —  —  25 ; 
where  finding  that  6  iubftitutcd  for  x  gives  that 
expre0ion  pofitive,  and  gives  all  the  other  ex- 
preflions  at  the  fame  time  pofitive,  I  conclude 
that  6  is  greater  than  any  qi  the  roots,  and  that 
all  the  divilbrs  o£  120  that  exceed  6  may  be 
negledted, 

•    —  If 


V 
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If  the  equation  +  iix*  +  lox  —  72  r=  c  is 
propofed,  the  Rule  of  §  42.  does  not  In  lp  ca 
abridge  the  operation  ^  the  laft  term  iticif  be* 
ing  the  greateft  negative  term*  fiutj  by  %  39b 
we  enquire  what  number  fubftituted  for  x  will 
give  all  thefe  exprelQons  podiive : 

+  ll^f*  +  10*—  72, 

3x*  4-  22.V  +  10, 
3*  +  iJ. 

Where  the  labour  is  very  (hort,  fincc  we  need 
only  attend  to  the  firfl:  exprcflionj  and  wc  Ice 
iiiunediately  that  4  fubitituted  for  x  gives  a  po- 
fitive  refult,  whence  all  the  divifors  of  72  diat 
exceed  4  are  to  be  rejed^ed  1  and  thus  by  z  few 
trials  we  find  that  +  2  is  the  pofitive  root  of 
the  equation.  Then  dividing  the  equation  by 
X  —2f  andreiolving  the  quadratic  equation  that 
is  the  quotient  of  the  divifion^  you  find  the  other 
two  roots  to  be  —  9,  and  —  4. 

§  59.  But  there  is  another  oicthod  that  re- 
duces the  diviibrs  of  the  lail  term^  that  can  be 
u6fiil>  ftill  to  more  narrow  Itmia. 

Suppofe  the  cubic  equation  —  px^  +  —  r 
=  o  is  pi  opofed  to  be  refolvcd.  Transform  it 
to  an  equation  whole  roots  Ihall  be  lefs  than 
the  values  oL  x  by  unity,  aifumingjr  r:  x  ~  i. 
And  the  laft  term  of  the  transformed  equation 
will  be  I  —p  -\-  q  —  r  5  which  is  found  by  fub- 
iliiuting  unit»  the  diScrcnce  of  x  and     for  x, 

in 
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in  the  propofed  equation  j  as  will  eafily  appear 
from  §  24.  where,  when^  =:x  —  the  Isll  term 
erf'  che  tnuisfbrmed  equation  was  €^  —  pi*  -f  f  — r. 

Trahs&rm  again  the  equation  — p^f^  -¥  fx 
»  r  =  o>  \yy  affuming  =:  ^  +  1,  into  an  eqna- 
tion  whofe  roots  fliall  exceed  the  values  of  x 
by  unit,  and  the  laft  tenii  of  the  transformed 
equation  will  be  —  1  —  ;  —  f  —  r,  the  iame 
that  arifes  by  fubftituting  —  ij  the  difference 
betwixt  X  and  for  x,  in  the  propofed  equa^ 
tion.  '  • 

Now  the  values  of  x  are  fome  of  the  divifors 
of  r,  which  is  the  term  left  when  you  flippofe 
X  =  Ol  and  the  values  of  the  ys  are  ibme  of  the 
divifors of-l- 1  — ^  +  ^— r,andof  —  i  — ^  — r, 
rcfpeaivcly.  And  thefe  values  are  in  antlime- 
tical^progreiHon  increafing  by  the  common  dif- 
ference unit  I  becaufc  x  —  j,x,  x  i,  are  in 
that  progre(n6n.  And  it  is  obvious  the  fame 
reafoning  may  be  extended  to  any  equation  of 
whatever  degree.  So  that  this  gives  a  general 
method  for  the  refolution  of  equations  whofe 
roots  are  commenftirabie. 

» 

RULE. 

Subftimte  in  place  of  the  unknown  quantity  JuC" 
c^vely  the  terms  of  the  fropreffiox  i,  o, 
I,  &^c.  and  find  all  the  divifors  of  the  fums 

thatrejult\  then  take  out  all  the  arithmetical^ 
progrejfions  you  can  find  among  thefe  divtforsy 

whofe 
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wboJe  common  difference  is  unit ;  and  the  values 
cfx  will  be  among  the  divifors  ^Ttfing  from  tbt 
JubftituHens  of  x  o  tbat  belong  to  tbefe  pro^ 
greffions**  The  vrfucs  of  x  will  be  affirmative 
when  the  arithmetical  progreffion  incrcalcs, 
burnegacive  when  ic  decreafes. 

EXAMPLE. 


§  6c.  Let  it  be  reqtiired  to  find  one  of  the 
roots  of  the  equation  —  je*  *—  lox  6  =  o. 
The  operation  j  s  thus : 


Suppojit.               Re/uit,                \Di'vi/9rs.Arith.  prog.  deer. 

XSZ  I' 

x=  o 
xs-l . 

 1-4 

1.2,3,6 

3giv«t«=:  — 3 

Where  the  fuppjofitions  of;f  =  jyX  =o,x  =z  —  i 
give  the  qtianti^  x^^x^-^^  idx  +>  6  equal  to  >-  4, 
6,  14}  among' whole  divifors  w^' find  only  one 
arithmetical  progreltion,  4,  3,  2  ;  the  term  of 
which  oppofite  to  the  fuppofition  of  ^  =  o,  be- 
ing  3,  and  the  feries  dcprcafing,  we  try  if  —  j 
fubftituted  for  x  makes  the  equation  vanifbi, 
which  fucceeding  one  of  its  roptf  muft  be  3. 
Then  dividing  the  clquation  by  *  +  3,  we  find 
the  roots  of  the  (quadratic)  quotient 

—  4X     ft  ss  o  are  2  ±  ^1/2. 

§  61.  If  it  is  required  to  find  the  roots  of  the 
equation  —  3^*  —  46;?  —  ^a  =  the  ope» 
ratloii  will  be  thus: 

O  Supjief. 


II  11  II 
I 

»M  O 


I  I  I 

9     »  O 

1^  M 


w 

Co 

w 
w 

ON 

o  »• 


»  I» 


On  qs 


O 


»9 


Co 


9 

^3 


On 
w 

o 

t 
Co 

o 


OS 

o 


O 


O  >0  CO 

Co  ^ 


Co 


b 
5 


•  Of  thefe  four  aruhmedcal  progreflions  haviAg 
their  common  difiaeoce  equal  to  imic^  the  iirft 

gives 
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jgivcs  X  =  9,  the  others  give  x  =  —  2,  .v  =  —  3, 
ii^ s  —  4 ;  all  which  fuccced  except  x^  —  ^i  Co 
chat  the  three  values  of  x  are        —    —  4. 

» .  —  »   


CHAP.  vn. 

,  0»  THB  RESOLUTIONS  op  EQUATIONS  bt 
FINDING  TUB  £Q!JATIONS  or  a  LOWER 
DEGREE  tvAT  A&x  thbiu  DIVISORS. 

%  62.^^0  find  the  roots  of  an  equation  \%  the 
X  fium  thii^  as  to  find  the Jmfle  equa* 
lions,  by  the  muhiplication  of  which  into  one 

another  it  is  produced,  or  to  find  the  fimple 
equations  that  divide  it  without  a  remainder*, 

If  luch  iimple  equations  cannot  be  found, 
yet  if  we  can  find  the  quadratk  equations  froni 
which  the  propofed  equation  is  produced,  we 

may  difcover  its  roots  afterwards  by  the  rcfolu- 
tion  of  thefe  quadratic  equations.  Or,  if  nei- 
ther thefe  fimple  equations  nor  theic  quadratic 
equations  can  be  found,  yet,  by  finding  a  oM^ 
or  iiquadFaiic  that  is  a  divifof  of  the  propolcd 
equation,  we  may  depreU  it  lower,  aaJ  make 
the  iblution  more  eaiy* 

m 

O  2  Now 
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N^w,  in  order  to  find  the  Rules  by  which 
thefe  divifors  may  be  dilcovcrcd,  we  fliaii  fup- 
pofe  that 

mx  1  rfimple 

mx*  ^  nx     r        >are  thc<  quadratic 

iwAf*  —  nx*  +  rAP  —  J  J  [cubic 
'    divifor's  of  the  prc|3o:id  equation  j  and  if  E  re- 
prefent  the  quotient  anfing  by  dividing  the  pnK 
pofed  equation  by  that  dtvifor,  thea 
E  X  mx  —  », 
E  X  mx^  —  nx  +  r, 

or,  jB  X  jfjr*  —  nx*    rx  ^     wSi  repeient  the 

propofcd  equation  itfelf.     Where  it  is  plain, 
that     fince  m  is  the  coefficient  of  the  higheit 
terni  of  the  divifors,  it  mufl:  be  a  divifor  of  the 
.   coefficient  of  the  bigheft  term  of  the  propofcd 

equation." 

§  63.  Next  we  arc  to  obfervc,  that,  fuppofing 
the  equation  has  a  fimpic  divifor  ms^i  —  ff,  if 

'  we  fubilituce  in  the  equation  E  ^  mx  ia 
place  of  any  quantity^  as  then  the  quan- 
tity that  will  refult  from  this  iubftitution  will ' 

neceflarily  have  ma  —  «  for  one  of  its  divifors; 
fince,  in  this  fubftitution,  mx  9  becooKS 
ma  —  «• 

If  we  fubftitute  fucceffively  &r  x  any  arith- 
metical progreflion^     a        a  ^  ae,  &c.  the 

quantities  that  will  rcfult  from  thefc  fubftitutions' 
will  have  among  their  divifors 

ms 
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ma     ame  —  xr,  ¥^hich  are  aUb  in  arithme* 

tical  progreflion,  having  their  common  difference 
equal  to  me. 

If,  for  exainple>  we  fubftitute  for  x  the  terms 
of  this  progreflion,  i,  o,  —  1,  the  quantities 
chat  refultvhave  among  their  diviibrs  the  arith- 
metical progrefTion  m  —  n,  —  ^  ff^  ^  ^  , 
or,  changing  the  figns,  «  —  »,  »,  «  +  m» 
Where  the  difference  of  the  terms  is  m,  and  the 
term  belonging  to  the  fuppofition  of  x  =  o 
is  n, 

§  64.  It  is  manifcft  therefore,  that  when  an 
equation  has  any  fimple  divifor>  if  you  'fubfti* 
tute  for  flf  the  progreffion  j,  o,  —  i,  there  will 
be  found  amongft  the  divifors  of  the  fums  that 
reluk  from  thefe  fubflitutior.R,  one  arithmetical 
progreffion  at  leaft,  whofe  common  difference 
will  be  unit  or  a  divifor  *m  of  the  coefficient  of 
the  higheft  term,  and  which  will  be  the  coefHci- 
cht  of  .V  in  the  fimple  divifor  required  j  and 
whofe  term,  fifing  from  the  fuppofition  of 
^  =:  o,  will  be  if  thp  other  member  of  the  fimple 

From  which  this  Rule  is  deduced  fqr  difco- 
vering  fuch  a  fimple  divifor, .  when  there  is 

Q3  RULE.. 


RULE. 

Suhftitutefar  x  in  the  preptfed  tquathn  Juc^. 

cefftvely  the  numbers  i,  o,  —  i.    Find  all  the. 
divifcrs  cf  the  fums  that  refult  from  this  fuh^ 
fiituUon^  and  take  out  all  the  arithmetical 
I    progreffims  you  can  find  amongft  them,  whefe , 
difference  is  unit,  or  'fome  divifor  of  the.  co^ 
efficient  of  the  higkefl  term  of  the  equation* 
'Then  fuppofe  n  equal  to  that  term  of  any  one 
progrcjjion  that  arifes.from  the  Juppofition  of, 
itf  s      and  m  ?  the  forefaid  divifor  cf  thje 
coefficient  of  the  highefi  term  of  the  equation^ . 
which  m  is  alfo  the  difference  of  the  terms  of 
this  progreffion ;  fo  fhall  you  have  ma  —  n 
for  the  divifor  required^'* 

You  may  find  arithmetical  progrefTions  giv- 
ing diviibrs  that  will  not  iuccced  i  but  if  there' 
is  any  divifor,  it  will  be  found  thus  by  means  of* 
thefe  arithmetical  progrellions. 

<§  65.   If  the  equation  propofed  has  the  cpef- 
ficientof  its  higheft  term  =  j,  then  it  will  l^e 

m  =  I,  and  the  divifor  uill  be  x  —  ny  and  the 
^  rule  will  coincidp  with  that  ^iven  in  the  end  of 
the  laft  chapter,  which  we  demonftrated  after  n, . 
diflferent  manner  ;  for  the  divifor  being  —  n, 
tbe  value  of  x  will  be  +  »,  the  la-iu  of  the 
progreflion  that  is  a  divifdr  of  the  fum  that 
^riles  from  fuppofing  x  =^  o.   Of  this  cafe  we 

gave. 
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gave  examples  in  the  laft  chapter ;  and  though 
it  is  eafy  to  reduce  an  equation  whole  highcft 
term  has  a  coefficient  different  from  unit,  to  one 
where  that  coefficient  (hall  be  unit,  by  §  30  ^ 
yet,  without  that  redudion»  the  equation  may  be 
relblved  by  this  rulej  as  in  the  following 


£XAMPL£. 

§  66.  Suppofe  ^x^  —  +  iix  +  ro  o, 
and  that  it  is  required  to  find  the  values  of  x  i 
the  operation  is  thus  i 


Suppof. 

RefiUts* 

Frogr, 

X=  I 

jcrtr  0 

A'=  -  I 

f  +  3 

SAf*— «6;i:*+IIJir-f  io=<  +10 

1-35 

1.3- 

1,2,5;, lO. 

3  3 
^  5 

'  7 

The  dIfFerence  of  the  terms  of  the  laft  aridi- 
metical  progreflion  is  2,  a  divilor  of  8,  the  co- 
efficient of  the  higheft  term  of  the  ec^uation, 
therefore  fuppofing  m  =  2»  ir  z=  5/  we  try  the 
diviibr  a^f  —  J  5  which  fiicceeding,  it  follows 
that  2x  —  5  =  o,  or  AT  = 

The  quotient  is  the  quadratic  ^x*  )x 
=;  o,  whote  roots  arc 


an^ 


fo  that  the  three  roots  of  the  propoled  equation 

The  other  aritli. 
O  ^  metical 


_.4 
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cnecical  progreflion  gives  a?  +  2  for  a.  divifor, 

but  it  does  not  fucceed. 

§  67.  If  the  propofed  equation  has  no  fimplc 
divifor,  then  we  are  to  enquire  if  it  has  notfomc 
quadratic  divifor  (if  itfclf  is  an  cqiiation  of  more 
than  three  dimenfions). 

An  equation  having  the  divifor  mx*  —mc^-  r 
may  be  cxpreiTcd  as  in  the  firft  article  of  this 
chapter  by  E  x  muc'^nx  +  n  and  if  wc  fub- 
ftitute  for  x  any  known  quantity  the  fum  thai; 
will  refuk  will  have  ma"-  —  na  +  r  for  one  of  its 
divifors  %  and,  if  wc  fubftitutc  fucceifirely  for 
*  the  progrcffion    «  —    ^  _  2^,  ^  ^ 

'  the  fums ,  that  arifc  from  this  fubiUtution  will 
have 

nta^  —  na  -i-  r, 

—  g)*  1—  «  X  a  —  e  +  r, 
m  X  a—2e\^  —  u  x  a  —  20  +  r, 

&c. 

"  .  amongft  their  diviibrs,  relpeftivcly. 

Thele  terms  are  not  now,  as  in  the  laft  pale, 
in  arithnicticai  progrcffion  j  but  if  you  fubtraft 
them  from'the  fquarcs  of  the  terms  dy  a  —  e, 

a  —  ae,  a  —  3^,  &c.  mukiplicd  by  m  a  divifor  ^ 
of  the  higheft  term  of  the  propofed^  equation, 
that  is  from  ' 


Digitized  by  Google 


Chap.  7.      ALGEBRA.  aoj 

m  X  a  —  e]  , 
m  X  a  —  2^1*, 

w  X  A  —  3^1  J  &c  die  rcmainderty 


n  X  a  —  g  —  r, 
n  X  41  —  2«  — 

w  X  —  3^  —  r,  &c.  (hall  be  ia  arithme- 
tical progrcinon,  having  cheir  common  di&» 
rence  equal  to  n  x  e. 

If,  for  example,  we  fuppofe  the  aflumed  pro- 
greiiioa  a,a  —  i,  a  —  2i,  a  —  3^,  &c.  to  be 
fl,  I9  o»     1>  the  diviiqn  will  be 


which;  f4^] 

.fubtraftedJ  ^  Jrefpcaivdy, 
^^""^    L  mi 


leave  a»  —  r, 

j»  — r,  an  arithmetical  progredlon^  whoie 
difference  is  4-  » 1  iind  whofe  term  ariliog  fiom 
the  Aibftitution  of  o  for  9  is  ~  A 

Prom  which  it  follows,  that  by  this  openU 

tion,  if  the  propofed  equation  has  a  quadratic 
divifor,  you  will  iind  an  arithmetical  progrcl^ 
4  fiott 
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fion  that  will  determine  to  you  n  and  r,  the  co- 
efficient mi  being  fuppofed  known;  fince  it  is 
vnit^  or  a  divifor  of  die  coeffident  of  the  higheft 
term  of  the  equation.  Only  you  are  to  obferve, 
that  if  the  firtl  term  mx^  of  the  quadratic  di- 
vifor is  negative,  then,  in  order  to  obtain  an 
arithmetical  progre0ion,  you  are  not  to  fub- 
tr9&,  but  add  the  divifors  '~  4»  —  2»  +  r, 
—       »  +  r,  +  r,  —  m  +  »  +  r,  to  the  terms 

m  w 

^68,  The  general  Rule  there&re,  deduced* 

from  what  we  have  faid,  iij, 

Sub^Uule*  in  the  propofed  equation  forxtbe 
terms  2,  i,  o,  — i,  6cc. /uccejhefy.  Find- 
all  the  dhifors  of  She  fums  that  rejult,  add-    ^  ' 

.  ing  and  jubiraLling  them  from  the  Jquarei  of 
theje  numbers^  2,  1,0,  —  i,  &c.  multiplied  by 
a  numerical  dii^or  of  the  higheft  term  pf  the 
propofed  equation^  and  take  cut  all  the  mitb^ 
metical  progrefftons  that  can  he  found  amongfh^ 
tbefe  JuYtiS  and  differences.  Let  r  he  that 
term  in  any  frogrejp.on  that  arijes  from  the 
fubflitutim  qfx^Oy  and  let  ip  n  be  the  differ' 
^  rente  arifing  frm  JuhtraSling  that  term  from 
the  preceding  tfhn  in  the  progrejton ;  lajlfy,  let 
m  he  the  aforejaid  divifor  of  the  highefl  term; 
then  fmll  mx"  dc  nx  —  r  be  the  divifor  that 
pught  to  ^e  tried.*'  And  one  or  other  of 
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the  divifors  found  in  this  manner  will  fuc- 
ceed,  if  the  propoled  equation  has  a  qua- 
dratic divifor.   .  ' 

^  69«  SuppoiC}  for  example^  the  biquadra- 
tic —  5*'  +  7Jir*  —  5iif  —  6  =  o  is  propofed, 
which  has  no  fimple  divifor  j  then  to  difcovcr 
if  it  has  any  (quadratic  divifor,  the  ope|ation  i$ 
thus( 
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The  firft  arithmetical  progrtflSon  gives  the 
divifor  x*  —  3^  —  2 ;  the  fecond  gives**  —  2x  +  3 : 
both  which  fucceed,  lo  cl>at  the  roots  of  the  two 
equations       3^1?— ^  =  o,  and    —  a*  4-3^0, 

viz.  ■   ^     and  i  ±     — 2,  arc  the  four  roots 
a 

of  the  propofed  equation^  the  two  laft  of  which 

are  impofTible.  The  divifors  which  the  other 
arithmetical  progreiHons  give,  do  not  fuc- 
ceed. 

§  70.  After  the  fame  manner  a  Rule  may  be 
dtfeovered  for  finding  the  cubic  divifors,  or 

thofe  of  higher  dimcnfions,  of  any  propofed 
equation. 

Suppofe  the  cubic  divifor  to  be  mx^  —  nx* 
^  rx  —  J,  and  by  fuppofing  x  equal  to  the  terms 
of  the  arithmetical  progreifion,  it  will  be  as 
follows : 


* 

Re/Mitt^ 

pro£r.xm 

1 1/  i^#r. 

^  - 

27« 

9« —  3''+ ' 

^« —  r 

2.7 

2 

bm  —  4'/  -f  2r— i 

jff — r 

2;/ 

xzz  1 

2M 

0rs8  0 

0 

«+  r+i 

Where  the  firft  difFcrences  arc  not  thcmfclves  in 

ariihrnctical  progrefllon,  as  in  the  lall:  caic,  but 
the  differences  of  its  terms,  or  the  fccond  dir- 
ftrences,  are  in  arithmeticaf  prpgrelTion,  the 

common 
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common  difierehce  being  291,  whence  n  is  known* 

The  quantity  r  is  found  in  the  column  of  the 
fccond  differences,  and  s  is  always  to  be  affumed 
ibme  diviibr  of  the  laft  term  of  the  propofcd 
equation,  as  i»  is  of  the  coefficient  of  the  firft 
term.  Whence  all  the  coefficients  of  a  divifbr 
fn^i^  —  vx*  +  rx  ^  Sy  with  which  trial  is  to  be 

made,  may  be  determined. 

If  it  is  a  divifbr  of  four  dimenfions  that  is  re«« 
quired,  by  proceeding  in  like  manner,  you  will 
obtain  a  feries  of  differences  whofe  fecond  dif- 
ferences are  in  arithmetical  progiefiion.  If  it 
is  a  divifor  of  five  dimenfions  that  is  required, 
you  will  obtain,  in  the  fame  manner,  a  pro- 
greffion  whofe  third  differences  will  be  in  arith- 
metical progrefTioh}  and  by  obferving  thefe 
progreffions,  you  may  difcover  rules  for  de-* 
termining  the  coefficients  of  the  divifor  rc«- 
quired. 

The  foundation  of  thefe  Rules  being,  that,  if 
an  arithmetical  progreffion  tf,  a  +  e,  a  ^  ae, 

^  +  3^}  ailumed,  the  firft  differences  of 

their  fquares  will  be  in  arithmetical  progref- 
fion ;  •  thofe  differences  being  toe  +  e%  oae  +  3^% 
^ae  +  &c*  whofe  common  difference  is  ae\ 
And  the  fecond  differences  of  their  cubes,  and 
the  third  differences  of  their  fourth  powers  are 
likewife  in  arithmetical  progreffion^  as  is  eaGl/ 
demonftrated. 

$7«» 
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§  71.  Hitherto  we  have  only  &ewn  how  to 
find  the  divifors  of  cqoations  that  involve  but 
€9fi  litter.   But  the  fame  rules  (erve  for  did 

covering  the  divifors  whbn  there  are  two  letters, 
if  all  the  terms  have  the  lame  di  men  lions  ;  for, 
h  I^ft^Mi  ^  letters  equal  to  unit, 
find  the  divifBT  by  tbipreading  Rules,  and  then  bf 
completing  the  dimenjions  of  the  divi/or^,  Juhftituting 
the  letter  again  for  umt^you  will  have  the  divi/or 
required" 

Suppoies  for  example,  you  are  to  find  the 

divifor.of  ^x^  —  iSax''  +  i  la^x  +  lod*  =  o,  by 
putting  a=^  I,  that  quantity  becomes  8;^^  —  tOx"^ 
«f  iix  +  10  =  0|  whofe  diviibr  was  found, 
§  66,  to  be  2x  —  5 1  now  multiply  the  term 
—  5  by  +  to  bring  it  to  the  Jamc  dimen- 
fions  as  the  other^  and  the  divifor  required  is 
ox  —  54« 

§  72.  Befidcs  die  method  hitherto  expkined 
for  finding  the  divifors  of  lower  dimenfions  that, 
may  divide  the  propofed  equation,  there  are  * 
others  that  deferve  to  be  confidered.  The  (oU 
lowing  is  applicable  to  equations  of  all  forts, 
though  we  give  it  only  for  thofe  of  four  dimen- 
fions. 

Let  the  biquadratic  ^~^fifi+qx* ^rx^s:siO^ 
be  the  equation  propofed;  and  let  us  fuppofe 

•  it  is  the  pioduil  of  thcfc  two  quadratic  cqua^ 
tions, 

t^ 


4 
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y  je*  • —  kx  +  /  =  O 


►.flf  +  i»  =  O, 


mj    +  «  ?•   —    J ' 


the  terms  of  which  mH  be  equal,  refpcftively, 
to  the  terms  of  the  propoftd  equation. 

In  this  equation,  /  and  a  being  diviiors  of 
the  laft  term  we  may  confider  one  of  them 
(viz.  as  known ;  and  in  order  to  find  m  ork, 
•wc  need  only  compare  the  terms  of  this  equation 
with  the  terms  of  the  propofed  equation  refpec- 
*  tiveiy,  which  gives» 

1%    *  +  »  sr^. 

a\  mk  +  /  +  »  =  jr. 

3^  ml  'i'  nk  r. 

Now  in  order  to  find  an  equation  diat  Ihall 
involve  only  k,  and  known  .terms,  take  the  two 

values  of  m  that  arifc  fit>m  the  firft  and  third 
equations,  and  you  will  find, 

m^f  —  i^=:— -  (becaufe  n  =      by  cqua-^ 


ks 

^"T  rl-ks 


don  the  fourth)  =  — j—  =  — -j^ —  5  whence 

ft^  —  kr-  =  n  —  ks,  and  k  =  y>  ^  ^  ;  aiid 
the  quadratic  ap*  —     +  /    O  becomes  s 

To 
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To  apply  this  to  prafticct  you  muft  (uhfti« 
luise  fiic€eflivdy  fiM*  /  aU  the  divifors  of  4,  tht 

laft  turn  of  the  propofed  equation,  till  you  find 

me  of  them  fuch,  that  ^  yrzTT  ^  *  +  ^  ^*** 
divide  the  propofed  equation  without  a  remain* 

EXAMPLE; 

§  73*  If  equation  X*  —  6^^  +  20Af*  —  341? 
'4  35  c  o  is  propqfed.  The  divifors  of  35  are 
<9  5>  7»  35 1  if  put  /  =  i>  the  quadratic 
that  arifes  will  not  fucceed.  But  if  you  fuppoie 
^  =  5,  then  the  equation  x  —  he  +  /,  that  is 

6)tai«i^3a)(5 
*  ^  '   as-S       +  5  =  o  =  ;f *  —  2ir  +  5, 

which  divides  the  propofed  equatibn  without  a 

remainderi  and  give*  the  quotient    ~  4Jif  +  7 

=:  O. 

^  In  this  opcratioa  It  is  unnoceiBuy  to  try 
aoy  diytfor    that  eiufsda  the  iquaf e  root  of 
the  laA  term  ef  the  propoled  equatioiw"  And, 

if  the  propofed  equation  is  literal,  you  need 
only  try  thole  divifors  of  the  lafi  term  that  are 
of  two  dimenfions." 

in  any  fuppofition  of  I,  the  value  of 

viz.  fi'^s*  ^^^^^ ^  fra&ion^  then  that  fup* 

pofition  is  to  be  rejedcd,  and  ancJther  value  of/ 
tQ  be  tried. 

P  .*74- 


Digitized  by  Google 


M        ^  T  R  B  A  T  I  $  B  0/    Part  11* 

§  74-  con^pariag  the  (econd  and  fourth  equa- 
tions of  the  lait  article,  you  may  obtain  another 

value  pf      For  »  =  ^  —  /  —  jw>e  =  y ,  fo  that 
(«  being  equal  to /> J  =      /—^^ -f 
and^*— .^i  +  jf  —  /  —  yso.  Which  gives 

i^ip  ±J%p"—q  'k-  ^  +  7«  So  diat  the 
quadratic  diviibr  required  becomes 

This  diviiur  aiull  be  tried  when  I  z=.  -j» 

at  the  ,iame  time  /  =     .the  former  exprellioa. 

not  ferving  in  that  cafe. 

By  this  formula,  divifbrs  may  be  found  whofc 
iiecond  terms  may  be  irrationaU 

Mow  the  diviibrs  of  higher  equations  maf  be 
found,  when  they  have  any,  may  be  underftood 
from  what  has  been  laid  of  ihofe  of  four  dimea« 

fi0ll8« 
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SUPPLEMENT  to  CHAP.  VII. 

» 

Or  THi  REDUCTION  ©r  EQUATIONS  bt 


'  A  ^  equation  of  four,  fix,  or  more  dlmcn- 
JljL  fionsy  although  it  may  admit  of  no  rational 
divtfor,  may  have  one  that  is  irmionaK  As 
abe  biquadratic  ✓  +  4  ^fx*  rj*  +  /  =  o, 
•which  we  fuppofc  to  be  irreducible  by  any 
rational  divilbr,  may  yet,  by  adding  a  fquare 
k^x^  +        +    muitiphed  into  Ibme  quantity 

be  completed  into  a  fquate     +  ^px  + 

In  which  cafe  we  fliall  have     +  \px  +  Sl^—  -/« 

X  kx  +  /,  and  X  is  found  by  the  rcTolucion  of 
aaafie^ed  (fuadratic  equation.  . 

To  reduce  a  Uquadiatic  equation  in  this  man- 

net,  we  have  the  following 


•  If  the  biquadratic  is^f*  +  fx^  ^^x*  4  4>  /  s:  o, 
where  r,  s,  reprcfcht  the  given  coeffici* 
cnts  under  theii-  piojjcr  figns,  put  q  —  Ip^  —  «, 
r  —  =z  0,  J  —  i  r:  C«  And  for  n  take 
Jmt  integer  common  divifor  of  $  and  2  f,  that 
4$  not  a /qmre  number y  and  ivbicb,  if  either  p 
frris  an  odd  number,  muft  he  odd,  and,  di" 


SURD  DIVISORS.  < 


RULE. 


vided 
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%'ldt:d  by  4,  leasue  the  remainder  unity^  fFrii0 

Ukiwife  for  k  /me  dtvijor  ef 't*  if  p  is  an 

€vm  number^  or  the  half  of  an  odd  Hvifor 

if  p  U  odd,  or  Q  if  ^  =:  o..  Suhtr^ik  4 

from  ipk,  and  let  the  remainder  he  /.  For 

^pui  ^T-s  and  try  .  if ^  eUviding  ^  —j 

w,  the  root  of  the  quotient  is  rational  and  equal- 
to  1 1  if  it  is'y  add  nk*x*  +  anilii  ^  nh  $a 
hotb  fides  of  the  equation^  and.  extracting 

root  you  fhall^  have  n*  +  j^px^  +  ^  — 

.  i     I  -I 

.    EXAMPLE  I. 

Let  the  equation  propofed  be  ^  4  17- 
s o>  and bccauie />  =  o,^so,rs  i2j/=«-  17^ 
ve  fliall  have  •  =  o,  ^  =  la,  (  17«  And  ^ 
and  a^,  that  is  12  and —  34,  having  only  a  for 

a  common  divifor,  it  muft  be  «  =  2.  Again, 

^  =  64  whofe  diyifors  i,  2,  3,  6,  are  to  Bcfiic- 

ceiTively  put  for     and—-  3^  —  — 
fyr  /  reipe&ively. 

But    "^"^^  that  is  k%  is  ecjual  to  ^  and 

V  — z —  =  /.  And  when  the  even  divifors  e 

ipd  6  arc  fubftitutcd  for  k,  ^becomes  4  and  36^ 

and 
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and  —  f  being  an  odd  niunber,  is  not  divi- 
fible  by  »  (  =  2).  Wherefore  2  and  6  are  to  be 
iet  afid(e.  But  when  i  and  3  are  written  for  k,  ^ 
is  I  or  9,  and  i^*  —  j  is  1 B  or  c^B  rcfpe^tively ; 
which  numbers  can  be  divided  by  2,  and  the 
roo(&  of  the  quotients  extraded»  being  ±  3  and 
±  7  s  bat  only  one  of  them,  viz*  —  3,  coincides 
^ith  /.  I  put  therefore  i  =  i>  /  =  —  3,  ^=  i,^ 
and  adding  to  both  fides  of  the  equation^ 
nhx^  +  2nklx  4.  nl\  that  is,  2x^  —  i^a;  +  18, 
thererefults  +  2«*  +  i  =:  2;?*  — 12;^  +  18,  and 
extrading  the  root  of  each,  i  =±  -/2  xx— 3. 
And  again,  extraAing  the  root  of  this  laft,  the 
four  values  of  /r,  according  to  the  varieties  in 
the  iigns>  are 

^VO.'^s/ -3v^2^~  iv'2-v^ -3vr2-.^, 

being  the  roots  of  +  li^p  ^  17  =p,  the  equa- 
tion at  firll  pr opofed. 

.EXAMPLE.  IL 

Let  the  equation  ^  6x*  —  58«*  114J1: 
1 1  r=  o>  and  writing     6/—  58,  —  1 14,  —  11 

for  p3  ^>  ^3      refpedivTly,  we  have  —  67  — r  «, 
315  z=  js,  and  ^  ix33i  =  (.    The  numbers 

and  2f,  that  is  —  31c  and  —         have  but 

i^omioa  divifor  3,  that  i&9  ss,  j.   And  the 

i?  3  .  divifors 


Digitized  by  Gbpgle 


2i6        ^Tjibatiss^  PaktII. 

divifors  of  -  105  =  -  are  3,^,  7,  15,  ai,  35,  ^ 

and  105.    Wherefore  1  firft  make  trial  with 

3  =     and  dividing  —  or  —  105  by  it,  gee 

the  quotient  —  35»  and  this  fubtraded  from 
J^fk      3  X  3>  leaves  26^  whoie  balf>  13,  ought  to 

equal  to  /,  But  — - — ,  or  ~ — that  is^ 

—  20,  is  equal  to  and  ^  —  J  5=  41 1,  whicK 
is  indeed  divifiblc  by  »  =  3 ;  but  the  root  of 
the  quotient  137  cannot  be  extracted.  There- 
fore 1  rejed  the  divifor  3»  and  try  with  5  =  i^, 

by  which  dividing  —  =:  —  105,  the  quotient  is 

—  21,  and  this  taken  from  l^pk  =  —  3x5,  leaves 
6  =  a/.   At  the  fame  time,  ^  (=  --y--}  =: 

^^^^  =  4.   And  ^  —  s,  or  16  +  n,  is 

divifible-by  n,  and  the  root  of  the  quotient  9^ 
that  is>  3»  coincides  with  /.  Whence  !  conclude 

that  putting  /  =  3,  /I:  =  5,  !^=z  4,  »  =  3,  rfding 

to  both  iides   of  the   equation  the  quantity 
vk'x''  +  inkix  +       that  is,  y^x^  +  jo.x  + 
and  e^tra(^ing  the  roocs^  ic  will  be 

X*  +  ipx  +  ^=3^*^«  X  Ax  +  4  or 

+  3^  +  4  =  =t  ^3  X  5^  +  3% 

EXAMPLE  IIU 

In  like  manner  in  the  equation  Jf*  —  9  ji?''  +' 
J  5^*  -  27A 9^saf  e  writing—  9,  + 1 5,  —  27,  +  9, 

4  '  ^  m 
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for  jp,    r,  J,  there  refulc*  =:  —  5i,  ^  =  —  50^, 

f  The  coniinon  divifoii»  of  ^  and  2?, 

-that  is,  of  ^  and       are  3,  5,  9,  ij,  27,  45* 

135;  but  9  is  a  fquare,  and  3,  15,  27,  135  di- 
vided 4  do  not  leave  unity  for  a  remainder, 
as  is  required  when  p  is  an  odd  number.  Set- 
ting thefc  afide  there  remain  only  5  and  43  to 
be  tried  /or      Firft  let  n  halves 

of  die  odd  diviiofs  of  —  s  —  -I.,  that  is,  — , 

•^*  T"»      "Tf       to  be  tried  for       U  k  ^  -^, 
2*  a  *  a'  a* 

the  quotient  —     of  -^divided  by    taken  from 

^fk  or        leaves  i a    2/;  and    (=  *  "'"^"^  ) 

=  —  2,  —  /  =s  —  5,  which  is  divifible  by  5^ 
but  the  root  of  the  quotient      1,  which  ihould 

be  /  r=  9,  is  imaginary.   Put  next  ^  ^  and 

the  quotient  of  —  divided  by     or  of  —  -g-  bjr 

is  —        This  fubtraded  from  '^pk  :=l  — 
,  leaves  nothing,  that  is  /  s  o.  Again, 

•^(='H^)         ««i  ^'-'sP.  and 

^  (~  n/ ^  r^'O  =5=  o.  From  which  coincidence 

I  infer  that  «  =^  5,  ^  r-  ~,  /  =  .0,  and  adding  * 

ir*V  +  ^ttlkx  +  »/s  th^t  is,  V**'to  both  fides  of 
the  equation,  I  (ind        4i*  H-  3  =  tJP. 

P  4^  UtiTMl 
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Literal  equations  may  be  treated  much  in 
the  fame  way.  And,  if  you  put  »  n  i,  the 
fame  Rule  will  give  you  the  rational  ^Viior  a[ 
a  biquadratic  equation,  if  it  admits  of  one.  Thus 
for  the  equations* —  5«**  +  lax-^  6  = 

putting  n  zz  I9  I  find  ifc  =      /  =  s(nd 

the  equation  is  reduced  to  the  two  quadratics 
a:*  —  jA?  +  3  =3  o,  and     +  ax  ^  a  a*  o. 

When  the  divifors  of  —  arc  lb  many  that  it ' 

iKfould  be  troubieibme  to  make  trial  with  them 
all  for  A>  their  number  may  be  reduced  by  find- 
ing all  the  divifors  of     —  {  r\   For  to  one  of 

thefe,  or  to  iLi)  half  when  odJ,  the  number  ^ 
muil  be  equal* 

The  ground  of-th!s  Rule  is  as  foliows. 

If  a  biquadratic  equation     +  px'^  +  qx'  + 
+  J  =^  o,  in  which  f,     r,    are  the  given  co- 
efficients widi  their  figns,  and  the  equation  is 
fuppoied  clear  of  fi-aAions  and  furds;  if  this 

equation  can  be  completed  into  a  Iquarc,  in 
the  manner  already  defcribedj  we  fliall  have 
X*  +  px^  +  +  +  J  +  nICx*  +  2nklx 
+  »/*  ==  X*  +  4:px  +  that  is,  + 
px'     q  ^  nK'  X  X*     r  +  %nkl  x  x  -i-  s  -i-  nl* 

^i^  -^px'  +  2^+  IP*  X      +         X  Af  + 

And  comparing  the  temiBj  we  gee  thele  tine' 
equations^ 

I.  J  +      =  4/L%. 
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'  3.       «r  =  ^*; 

in  which  there  being  four  unknown  quantities, 
diey  can  be  found  only  by  trial. 
The  values  of     taken  from  the  firft  and 

cond  equations  and  made  equal  to  each  other, 

give  n  =  ^-j^^f  (writing,  as  in  the  Rule, 

J  =  «,  and  =      =  j;^==^* 

Whence,  if  the  quantities  »,  i,  /,  ^  are  to  be 

found,  it  follows,  That  »  being  a  divifor 

of    giving  the  quote  k  x       —  a/,   will  be  a 

divifor  o(^y  giving  the  quote  ipk  —  a/i  and 

that  fubtra6ting  this  quote  from  ipk,  I  will  be 
equal  to  half  the  remainder.    (»••)  In  the  firft 

equation  we  had  ^ = "T^*  ^^^^  ^*^^*^^* 
i •  =  (3^)  Becaufc  i^L  =  i  •  + 


T,^*      r  2^  —  1  at* 


f  if  f  =  J  —  4»*)  =  =—  ,  that  is,  n 

divides  atby  /^'  x  •  +  4.»^!*—  2/*.   And  if  the  * 

feveral  values  of  the  quantities  k,l,  S^,  anfwcr 
to  thofe  conditions,  or  coincide,  it  is  a  proof 
that  they  have  been  rightly  aiiumed  i  and  that 
guiding  to  the  given  equation  the  quantity 
n  ^  kx  +  l\\  It  will  be  completed  into  the 
fcjuare    +  ifx  +  It 


Digitized  by  Godgle 


4 


i 


^         A  T&£ATJS£         Part  11« 

It  was  faid  that  ^will  always  be  fomcdivifbr 
of  OLS  —  ir*.  For  ol$  =  «.^*  —  aw/*,  and  taking 
from  both  \r  =  ip^^—f^^kl  +  iecing 

the  remainder  «     —  «  +      x  »A  ~  + 

has  J^in  every  t<;rmi  die  thing  is  manifeft. 

Ic  is  needlefs  to  be  particular  as  to  the  feveral 
limitations  in  the  Rule,  leeing  they  ^Uow  eafily 

from  the  algcbi\.ical  exprcflions  of  the  quan-» 
rities.  You  are  nor,  for  inftance,  if  you  feek 
a  furd  divifbr,  to  take  n  a  Iquare  number,  fojT 

if  n  is  a  (quare  number,  */n     kx     I  would  be 

rationaL    Or  if  ;/  is  a  multiple  of  a  fquare,  as 

»  X  Di^y  then,  at  lead:,  x  kx  +  /  would  fate* 
rational,  and  n  would  be  depreffed  to  ». 

Let  us  examine  one  cafe,  when  p  is  even  ami 
r  odd  %  and  by  the  Rule  n  muit  be  an  odd  num-t 
bcr,  a  multiple  of  4  more  unity* 

I.  Seeing  ^  =  r  —  A  a/),  or  B  +  ^ecp  z=  r,  of 
the  numbers  ^  and  .4  ooe  muit  be  even  and 
the  other  odd,  that  their  fum  r  may  be  odd.  If 
fi  is  odd,  its  divifor  »  muft  be  odd  likewife. 
Suppofe  S  to  be  even,  then  4*/>>  and  confe-. 
qucntiy  -^p  and  «  e  both  odd.  But  if «  is  odd, 
flt=  2j  — 4.«*  will  be  half  ^n  odd  nuoiber,  anc^ 
n  its  divifor  is  odd. 

In  this  cafe  is  half  an  odd  number.  Foe 
let  it  be  an  integer,  p^  will  be  an  even  num-^ 
|)er.   Byt  if  iP  is  an  ipceger ,  fo  maft  /,  bccauf^ 
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$  ^  nV"^  ^\  and  %fikl  muft  be  even.  Aii4 

r  +  2«/^/  (an  odd  number)  s^^an  evennum* 
ber,  which  is  abjurd» 

Let  i\r  reprefent  any  number  in  g^beral^ 
I  an  odd  number;  then  I  lay,     every  odd 

number  is  a  multiple  o^foury  more  or  Icfs  unity ^ 
that  is,  /  =  4iV^±  I.  The  fquare  of  an  odd 
luiaiber  i&  4iV  +  .1,"  (that  is  fome  multiple  4>f. 
Jf^  more  unity ;)  and  if  from  fuch  a  fquare 
there  be  taken  any  multiple  of  4»  the  remainder, 
\{  gri  atcr  than  unity,  will  be  4JV  +  i.'* 

Hence  it  follows  that  n  =  4iV-f  i.  For  fee- 
ing —  j  j  becaufe  /  and  ^arc  the  halves' 
^^f  odd  numbers^  we  have,  according  to  the  ^re- 

fent  notation,  — —  =  — 7— i  or  without  the 
common  d^ominator  «  x  =  p^^s,  that  is, 
n  X  4iV  +'»1  =  42V  +  I,  and  confequently, 
n  =  4iV+  I.  Fo^it i8not4iV—  I  but4iV  +  i 
that  can  give  the  produft  4  iV  +  i.  ♦ 

In- 

*  In  the  forner  Kditiopi,  theie  were  here  infefl|^w<i^ 
Kules  for  ihe  Cafe  of  ^  s  o :  whtcb»  tboagb  troe»  Mr.  Ti&oV 
nuu  Simf/M  'hflS»  in  his  M^el/aneout  Tra^s,  publfihcd 
1757,  (hewn  to  be  o^necei&iy.  )n  this,  tbeieforey  thcf 

arc  omitted. 

It  is  only  to  be  regfctted  that  Mr.  Simj>/oti 
through  inattention,  have  phced  this  inaccoracy/ not  to 
the  account  of  the  Edicofg  as  he  ought  to  havq  doi^  bat 
to  that  of  Mr.  Maclaurin,  The  whole  explanation 
of  Sir  Ijhac's  Method  of  Reducing  Equations  by  m^ans  of 
Surd  Divi/ort,  is  (pag.  213  )  profciii?dly  sl  SiipphmeKi as 
^  likcwifi;  th^  Addition  tu  Cka^.  i^.  Fart  1.  the 
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In  like  manner  the  other  limitations  ma^ 
be  determined :  and  what  has  been  laid  may 
lead  to  the  invention  >  or  dembhftratioh  of 
fi&nHaf  Rules  for  the  higher  equations  of 
even  xiimenfions,  if  any  one  plcafes  to  tski 
the  trouble. 


CHAP.  VIII, 

Of  the  resolution  of  EQUATIONS  ly 
CARDAN'S  RULE,  and  other*  of  t^ax 
KIND,  '         .  ' 


§75.  TXTE  i^ow  proceed  to  iTiew  how  an 
V  V  exprefTion  of  the  root  of  an  equa- 
tion can  be  obtained  that  ihall  involve^ only 
known  quantities*  In  Ckap.  11.  ParU  h  we 
ihewed  how  tO  refolve  Jtmpk  equations  9  and 
in  Chap.  13.  we  Ihewed  how  to  refolve  any 
quadratic  equation,  by  adding  to  the  fide  of  the 
equation  that  involves  the  unknown  quantity*, 
what  was  neceflary  to  maHe  it  a  complete  fquarej^ 
and  then  extrading  the  ^uare  root  on  both  (ides. 
In  §  27.  of  this  Patt^  we  gave  another  method 

Editor  thought  he  had,  iH  Fftfkce,  fiffideolty  lijt!initte(i 
that  a  ftw  fttch  mfetrbn^  bad  be^  made,  and  (lie  leafeii  wby : 
though  he  cannot  leeoUeA  any^  otbets  Worth  obciitidnib^ ;  il' 

Ic  is  not    123, 124«  of  P^lt*  . 

.     . .  .  k     »  «  ■ . 

of 


Digitized  by  Google 


of  refolving  quadratic  equations,  by  taking  away 
the  fccond  term:  where  it  appeared  thap 

^  7$.  Th§  £ecgnd  term  can  be  tal^^en  away,  out 
of  any  ckUc  equation,  by  §  a5  j  fo  that  they  aU 
may  be  r^uced  tp  thi$  form,    *  +     +  r  =;  Q» 

Letu$ fuppofe that x^a-^bi  and^'  +  +  r 
=L  -fc  3i»!i  4?  3«^*  ^1  -^  V^  t  r  =  a'  +.3^ 
X  ^Tfl  +  3'  +    +  r=^2^  +  jtf^A?  +         +  r 

But^s—^andi'rs—jlji,  and  confe«. 

•         ■  f 
Suppofe  a'  =  2,  and  you  have  «*  +  — 

which  is  a.qiiadiadc  v)ht&  rdtdution  inves 

ass— ir±V^+^  =  «%  *^ 

tnd  «  =  4/— ir  ±Vi'''+^i  ^"^- 

— .    ,    ^  :  in  which  ex* 

preffions  there  arc  only  known  quantities. 
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%  77*  The  values  of  x  may  be  found  a  little 
d^^rently^  thus : 

Since     =  — ,  ir  ±ijir'  +      it  followsr, 
that  a"     r  =z  -h  ir  ±J ^r)-^  ~,  and 

*/ 

^^^^^^^^^^^^^^^^^^^^^^^^^^^^^  ^^^^^^^■^^■^^•■^^••^^^^^^^^^^^^^ 

which  gives  but  one  value  of  a*,  becaufe  when, 

in  the  value  of  a,  the  furd  5^  is  po* 

fitive,  it  is  negative  in  the  value,  of  b,  and  there 
is  only  the  difference  of  this  fign  in  tlicir  values. 
So  that  we  may  conclude 

§78.  ♦The  values  of  .v  may  be  difcovC|cd 
without  exterminating  the  fecond  term. 

Any  cubic  equation  may  be  reduced  to  this 
form>  ,  ' 


+  3MJ 


r  vid.PhiLTranf.309. 

whicht 
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^  which,  by  fuppofii^  at  =  z  +  j),  will  be  reduced  ' 
.  to  a'  *  —^3qx  —  ar  =  o,  m  which  the  fccon^ 
term  is  wanting.   But  by  the  lafl:  article,  dim 

ifjt  —  ^qz  —  ar  c  o,  it  follows  that 

yjrjV^^7*  +  ^ r  —  y/r^—q'  (i( you 
fuppofc  that  the  cubic  root  of  the  binomial 

r  +  y/r^  —  '^sm  +  -/«^  =  «  +  v';/  +  m  —  */H 
s  2m,   And  fiacc    =  x  +  j>,  it  follows  that 

§  79.  But  as  the  fquare  root  of  any  quantity 
is  fwofM,  "  the  cube  root  is  tbreefold^**  and 
Can  be  exprefled  three  different  ways. 

Suppofe  the  cube  root  of  unit  is  required, 
and  iery  =  I,  or  j^'  —  I  =  o,  then  finee  unit 
itfelf  is  a  cube  root  of  i,.  one  of  the  values  of 
^  b  I,  ib  that  the  equation jr—  x  =  o  ihall  divide 
the  firft  equation  y^^  i  =:  o,  and  the  quotient 

/  +  J  +  1  =  o  relblvcd,  gives  ;p  = 

fo  that  the  tiiree  expreliions  of^i  are  i>  ^ 

and  ZllL^JZJi,  And,  in  general,  the  cube 
root  of  any  quantity  A'  may  be  J,  or 

^^f>^^>  X  A,  or  — X     lb  that  the. 
2  *  a   

cube  root  of  the  binomial  r  +  v^f*  -7  may  be 
.  »1  -f       as  we  fupgofcd  above,  or  ^ 
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xSTT^,  or  X  m  +y»^ir.  And 

iKOce  we  have  three  exprefilons  for    visi%  - 

^  5=         -  3111 

and  thcfe  give  thp  three  mts  of  the  propoficf 
cubic  eq[UAtion. 

EXAMPLE!. 

I  80*  Let  it  be  required  to  find  tb^  roota  of 
the  equapipn  — l  i  lu*  +  41*  —  4*  p. 

Comparing  the  coefficients  of  this  equ^UOii 
with  thofe  of  the  general  equation 

+  3fi  —  f\  «0,  you  find. 


l^  3^  =  12,  fo  that  •  ?  4» 

^""^  3i>*—  3?  (=  48  —  3^)  =  41  i .  • .  ^  = 

-3-^      3.43  _  V>(> 


and  coofequently,  r*  -^r,  ^ 

and  X  +  y/r"—<^  =q    4.  ^  Now  the 

cube  root  of  this  j^inofniaJ  is  found  to:  bo 


—  1 ^(s^+v^iirj*.  Whence, 

^2^  .V  - w  - y/ - 3^=4  + 1 - v^4= 5 - 2=3, 
3^  »  7=.t^m  +\/-3iiz3'5  +  a  =  7. 

*  Seaidtti^s*  Fart  I. 

So 
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So  that  the  three  roots  of  the  propofcd  equatioa 
are  2,  3,  7. 

You  may  find  other  two  cxprdSions  of  the  cube 
root  of  J  +  y—       befidcft  ^1  +  J^t, 

viz.  I  +7-  f,,  and/-  \  -sT^i  but 

thefe  fubftituted  tot  'm  •¥Vn  ^ve  die  (kmc  va^ 
lues  fer  f  ,  as  m  already  found. 

EXAMPLE  IL 

In  the  equation    +  15^?*+  '84^1^  —  too  m  o, 

you  find  f  »  -r  J»  ?  ==  ~  3>  ^  =5  '3J>  and 

rjf.^r^^t]^  =:  135  +      1^^252,  whofe  cube  root 
+Viai  fp  that  x(=/  + 21»)  =  -5  +  6=1. 

The  other  two  values  of viz.  ~  8  +  —3^ 

—  8  — y/  — 36,  are  impofTible,  ' 

After  the  fame  manoer,  you  will  Hnd  that  tho 
roots  of  the  equ^ion  x^+^*  —  id^x  +  660  s  ^ 
arc  — 15, 7  ±  vs*  The  Rule  by  which  wc  may 
difcover  if  any  of  the  roots  of  an  equation  are 
im^oJfibU^  iball  be  demonftratcd  afterwards. 

§  82«  The  roots  ofbiquadratic  equations  may 

be  found  by  reducing  them  to  cubes,  thus  : 

Let  the  fccond  term  be  taken  away  by  the 
Rule  giveii  ia.  3..  And  let  th&  equation 
that  rdiilts  be 

And  let  us  fuppofe  this  biquadratic  to  be  ths^ 
produft  of  thefe  two  quadratic  equations. 


2cA         Al[K%hii%t0f    Part  U. 

"  ex     g—  o  .  , 

Where  #  is  the  coefficient  of  «  in  both  cqicia* 
fioQSy  biK  aSefted  xvith  contrary  figns  i  becaufcr 
■when  the  fceond  term  is  wanting  in  an  equation, 
the  fum  of  the  affirmative  root^  mui^  be  c(jual  to 
the  fum  of  the  negative. 

Compare  now  the  propofed  equation  with  the 

above  produd:,  and  the  rcfpedlive  tenns  put 
equal  to  each  other  will  give/  •¥  g  —  =: 
ig^if  ^  r^fg^^      Whence  it  foliows»  that 

f-^g  -  2  +  ^dg—f  =  -j-i  and  ^fc- 
qticntly/+  «  =  }  -f  ^  +  7», 

and^  —  the  iarac  way,  you  wiU 

find,  by  fubtraflion,       /  =  npd 

•I  ^  ^ 

/  X  g(zz  sj        ^q*  +  2qs^  4.    —  and 

TOi^kiplying  by  4^',  and  ranging  the  terms,  you 
have  this  equation,    '  , 

Suppofe  and  it  becomes  y  +  aj/'  + 

■  ■  y- 
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y*  — 4J  X  ^'—r*=o,i  cubic  equation  whole  roots 
arc  to  be  difcovercd  by  the  preceding  articles. 
Then  the  values  oiy  being  found,  their  iquare ' 
roQIt  wiU  give  €  (Gacejr  s     1.  and  having 
you  will  lifid  f  mad  g  from  die  equautas 

/=  ,i:=  5p  .    Laftly,  ex- 
tracting the  roots  of  tlic  equations  ^i^  +    +  /=0^' 
X*  —  ex  -^-  g  ^  Of  you  will  find  the  four  roots  of 
the  biquadratic  x*^  ■{■gx^-^rx-^s  =;  o ;  for  either  . 
-i*  ±%/|#^-/,  or,  jfs  +  ^±v^|7trf/ 

"  §  83.  Or  if  you  want  to  find  the  roots  of 
the  biquadmtic  without  taking  mway  the  fecond 
tetln'i  fuppoieit'tobeof  this  Ibrm, 

«nd  the  values  of  will  be  - 

4i^ls  equal  to  the  root  of  the  cubic, 

The.demonfl:ratlon  is  deduced  from  the  laft 
artidcui    the  ySth  b  from  the  prcoeding. 


Qji  CHAP. 
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C  H  A  p.  IX. 

.Of  thk  .  methods  by  whicit  tov  mat 
.  .  JVPPROXIMATE  to  THi  ROOTS  0f  NU-  : 
]V1£RAL  EQUATIONS  bv  tbbir  UMITS. 

^84.  TT7HEN  any  equation  is  propofed  , 

VV  to  be  rcfolvcd,  firft  find  the  li- 
ihks  of  the  roocs  (by  Chop.  5,)  as  for  example, 
if  the  roots  of  the  e<juatk)n;p*  —  16«  +  55  =0 
are  required,  you  find  the  limits  are  o,  8,  and' 
17,  by  §  48  i  that  is,  the  leaft  root  is  between  , 

0  and    and. the  greatefl  between  S  and  yj^ 

In  order  to  find  th^  firft.  of  the  roots,  I  ooa«- 
'  (jderthatif  I  fiibftituteofor*in/ip*  — i6^p  +  55, 
tjie  refuk  is  pofui/c,  Wz.  -f  55,  and  confe- 
quently  any  number  betwixt  o  and  8  that  gives, 
a  pofitiTe  Mfiik  muft  be  kfs^an  the  leaft  root, 
and  any  mnnber  that  gives  a  nqgativ^  refolt* 
itti>ft  be  greater*  Sinee  o  and  8  afe  the  limits,  I 
try  4,  that  is,  the  mean  betwixt  them,  and  fup- 
poiing ^  —  4,    —  I 6a'  -f  55  =  x6  —  64  + -SS'^^u  . 
from  which  I  conclude  Uiac  the  root  is  greater 
than  4.   So  -thac  now  we^  have  the  root  limited 
between  4  and  8.   Therefore  I  next  try  6,  and 
lobflitutingit  for  xwe  find  .v*  —  \Gx  +  55  =  36 
—  96  +  55  =  —  5J  which  refult  being  negative," 

1  conclude  that  6  is  greater  than  the  root  re- 

qutredi  which  therefore  is  limited  now  between  4 

-    '  and 
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and  6.  And  fiibftikuting  5,  the  mean  betweeii 
them,  in  place  of  x,  I  find  jp*  —  i&c  +  J5 
c=  «5  — r  8q  -f  55  =s  0{  and <sonfeqi}ciiitly  5  b 

the  leaft  root  of  the  equation.  Aficr  the  fame 
manner  you  will  difcover  x  i  to  be  tije  greatefl: 
root  of  that  equation.  .  ' 

85«  Thus  hf  diminibing  the  greater,  or 
increafing  the  Icfler  limic»  you  may  difcover  the 

true  root  when  it  is  a  commcnfurable  quantity. 
•  But  by  proreedin^^;  after  this  manner,  when  you 
have  two  limits,  the  one  greater  than  the  root, 
the  other  le0er,  that  differ  from  one  another  buc 
l>y  unit,  then  you  may  .conehide'tbe  root  is 
incvmmenfurahk* 

We  may  however,  by  continuing  the  ope- 
ration in  fradions,  approximate  to  it.  As  if  the 
equation  propofed  is  — 6x  4. 7  =s  if  we  iiiip* 
pofe  «  8  2,  the  reiisit  is  4  —  12  -|-  7  =  i ^ 
which  being  negative,  and  the  itippotttion  of 
»  =  o  giving  a  poriuvc  rciuk,  it  follows  that 
the  root  is  betwixt  o  and  2.  Next  we  fuppofc  , 
sp  =  I  .  whence^*  — + 7  =  i— 6+7  =  42, 
vrhich  being  pofitive,  we  infer  the  root  is  be* 
twixt  t^and  1,  and  conlequ^ntly  incommenfu- 
rabic,  la  order  to  approximate  to  it,  we  fuppole 

» as  14,  and  find  ;c*  —  6«f  +  7    a^-  —  9  +  7 

and  this  refult  being  pofitive,  wc  infer  the  root 
f   muft  be  betwixt  2  and  %^  And  therefore  we 

Qj  try 


try  ij,  and  find  «»—  6«  +  7=:^-^  +  7 

=  3-iV  —  >OtV    7  * — wMch  is  negative  j 

fo  that  we  conclude  the  root  to  be  betwixt 
j^and  i-r*  And  therefore  we  try  next  ij-^ 
which  giving  aUb  a  negative  rcfuk,  we  conclude  ' 
the  root  is  betwixt  (or  i-J.)  and  We  try 
therefore  i^V*  ^nd  the  rduk  being  pofitive,  we 
conclude  that  the  root  muft  be  betwixt  and 
1  rl»  ^d  therefore  is  nearly  i^.  • 

§  86.    Or  you  may  approxiniate  more  eafily 
by  tranijforniing  the  cqnarion  propofcd  into  an- 
other^ whofe  roots  ihail     equal  to  lo,  too,  or 
sooo  times  the  roots  of  the  farmer  (by  §  29.) 
,  and  taking  the  Umits  greater  in  the  fame  po-^ 
portion.    This  transformation  is  eafy  j  for  you 
are  only  to  multiply  the  fecond  term  by  10,  100, 
or  lOOOj  the  third  term  by  their  fquares,  the 
fourth  by  their  cubes,  (Sc*    The  equation  of  the 
laft  example  is  thus  transformed  into    —  60099 
+  7C000  =  o,  whofe  roots  are  100  times  the 
root  of  the  propolcd  equation,  and  whofe  li- 
mits are  joq  and  200.    Proceeding  as  before, 
we  try  I  jo,  and  lind         6eox  +  70000  ss 
225CO  ~  90000  4*  70000  =  iitfoo,  fo  that  150 
is  left  than  the  root.    You  next  try  175,  which 
giving  a  negative  refulc  mult  be  greater  than 
the  root :  and  thus  proceeding  you  find  the 
root  to  be  betwixt,  i^'t  and  159:  from  which 
%  ,  ^  you 
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you  infer  that  the  ieaft  root  of  the  propofcd  equa- 
tion —  6^  4.  7=0  h  betwixt  i.58  and 
1.59»  being  the  hundredth  part  of  the  root  of 
4f*  —  600»  +  70000  =  0. 

§  87.  If  the  cubic  equation  - —  i  ^x^  +  63^ 
—  o  is  [U'opoied  to  be  rcfolved,  the  equa- 
tion of  the:  limits  iwill  be  (by  §  48.)  3^*  —  30» 

'4-  63  9  0|  or  — « lox  -^11=0,  whofe  roots  ^ 
are  3»  7 ;  and  by  ibbftttudng  o  ibr  ir  the  value 
of  —  1  ^x'^  +  63^  —  50  is  negative,  and  by 
fubilicuting  3  for  x,  tha^  quantity  bedomes  po- 
fidve,  ^  =  f  gives  it  negative,  and  x  2  gives 
St  pofitivei  {b  that  the  root  is  between  i  and  2» 
and  therefore  inoomnnenfurable.  You  may  pro- 
ceed as  in  the  foregoing  examples  to  approxiaiatc 
to  the  root.  But  there  are  other  mcrhods  bjr 
which  you  may  do  that  more  eafily  and  readily  1 
which  we  proceed  to  explain. 

^  80.  When  you  have  difcoveredthc  valu-eofthc 
Voot  to  be  greater  than  an  unit  (as  in  this  example, 
you  know  it  is  a  little  above  i)  fuppofe  the  difFe<- 
rence  betwixt  its  real  value  and  the  number  that 
you  have  found  nearly  equal  to  to  be  repre* 
Tented  by /5  as  in  this  example,  let  ^  =  i  «f  , 

;  Subfiitute  this  value  for    in  this  equation,  thu^ 

I  +,  3/^  .sr  +/' 

-  I5jf*=:  -  15  ^  30/-  15/* 

+  63;^  =?  ,  '63  +  63/, 

-  50     =r       50  ^ 

^15«*+ 63*  -  50= — I  +  36/—  I  a/*+/»=o. 

Qj.  Nour 
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Now  becaufe  /  is  fuppofed  Icfs  than^tinlt,  its 

powers /*,  may  be  nealt(^ed  in  this  appro- 
ximation I  fo  that  afTufirung  only  the  two  firft 

terms  wcliave  —  i  +  36/=  o, or,/ =^=.027; 

lb  that  X  will  be  nearly  x  ,<yvj. 

You  may  have  a  nearer  value  of  x  by  con- 
fidering,  that  feeing  —  i  +  3^—  12/*  +  =  o, 
it  follows  that 

f=2,i-J^^p         fubftituting  ^  for/^ 

I  1296  _ 

.   nearly  =.-r — ■     ■,    ■ .  ^  ,  =  -r—  =  .02803* 

§89.  But  the  value  of  /  may  be  corredlcd 
and  determined  more  accurately  by  fuppofing 
g  to  be  the  difference  betwixt  its  real  valucj  and 
that  which  we  laft  found  nearly  eqyat  to  it; 
Sothat/=.oa8o3 +if.  Then  by  fubiHtuting 
this  value  for/ in  the  equation 

—  i2/^*+^36/ —  1=0,  it  will  ftand  as  follows, 

»-12/**::;—  .00941816   —0.67171^  -^ltg^  f  

'    '        1    =-»1»  J 

Of  which  the  firft  two  ternn»,  negleding  the 
reft,  give  35.329637  x  ^  rs  0.000326 1374,  and 

■'^IsligSir"  "-*'***^^''^'^^.  -So  that 

/=0.02803923127  i  andA-m-f  /=1.02803923127} 

which  is  very  near  the  true  root  of  the  ecjuation 

that  was  propofed* ' 

If 
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If  ftill  a  greater  degree  of  exa£^nclk  is  rc- 
-qtiucdy  fuppofe^  h  equal  to  the  difference  be* 
twixt  the  true  value  of  g  and  that  we  have  aU 

ready  found,  and  proceeding  as  above  you  may 
€orre&  the  value  of  j«  - 

■ 

§  90«  For  another  example;  let  the  ec^uadon 
to  be  refolved  be     —  a^r  -i-  5  =:  0»  and  bf* 
ibme  of  the  preceding  methods  you  diicover  one 

of  the  roots  CO  be  between  2  and  3.  Therefore 
you  fuppofe  x  =z  2  +  f,  and  fubftkuang  this 
value  for  it,  yon  find 

Af^  =s     8  +  12/+ 6/* 

-s=-5     .  i 

=  -  1  +  10/+ 6/* 

from  which  we  find  that  10^  =  i  nearly,  of 
/  =  0.1.  »  Then  to  corredl  this  value,  wc  fup- 
pofe/ =  o«i  +     ^d  find 

/'  = '  0.00 1  +  0.03^  +  0.3^*  +  n 

6/  =    o*o6  +   1.2  ^  +        .  '  I 
lof  =    !•      +  10.  g  I 

ZJLzil:  •  ■  ^   i 

zi"  0.061  +  ii.23g  +  6.3f*  + 

^  ,  —0.061 

|othatr=   =  — 0.0054. 

11*2^ 

Then  by  fuppofing  |f  5=  —  .0054  +  b,  you 
tniy  corred  its  value,  and  you  will  find  tbat  the 
root  required  is  nearly  2.09455x47. 
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§  91.  It  is  not  only  one  root  of  an  equation 
th^t  qaa  t)t  obtained  by  this  mcttipd*  but,  by 
making  ufe  of  tbc.  other  limitB,  you  may  di& 
coyer  the  other  roots  in  the  (aoie  inann«r.  The 

equation  of  §  87,  Jf*  —  15;?*  +  63X  a«  50  s  o, 
has  for  its  limits  o,  3,  7,  50.  Wc  have  already 
found  the  kaft  root  to  be  nearly  i*028039«  If 
it  is  reqiiired  (ind  the  middle  rootj  you  pro* 
ceed  in  the  fame  manner  to  deoermine  its  neareft 
limits  to  be  6  and  7 ;  for  6  fubftituted  for  x 
gives  a  pofuive,  and  7  a  negative  refulr.  There- 
fore you  may  iuppoie  x  zl  6  und  by  fub- 
ftituting  this  valac  1^  #  in  that  equation,  you 

find/' +  3/*-?/ +  4=^0,  fothat/2=  ± 
nearly*   Or  finee  /  =  it  is  (by  fub- 

4 


ftituting -ifor/J/=: 


-r  =:  whence 


X  s  6  +  ~  nearly.    Which ,  value  may  ftill 

be  corrected  as  in  the  preceding  articles*  After 
the  fame  manner  you  (may  approsimate  to  the 

value  of  the  highell  root  of  the  equation. 

§  92.      In  all  thf ic  operations,  you  will  ap« 
proximate  fooner  to  the  value  of  the  root,  if  you 
take  the  three  !aft  terms  of  the  equation,  and 
extraA  the  root  of  the  quadratic  equation  cott^- 
fifting  of  tliefe  three  terms/*        -  • 

Thus,  in  ^  88,  intlead  of  the  two  laft  ternns 
of  the  cqtjation/*  —  la/*  +  36/  —  x  =  o,  if, 

you 
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yog  take  the  three  laft  and  extrad  the  root  of  the 
quadratic  it/*  ~  36/  +  i  =  o,  you  will  find 
«Pttojtj  which  U  much  nearer  the  true 
Value  than  what  you  difcofvtr  by  fuppofiog  36/ 

—  1  =  0. 

It  is  obvious  that  this  method  extends  to  all 
cquacioas. 

§  93.  By  afiuming  e(|uatlons  affeded  with 
general  coeffidenti»  you  may,  by  this  method, 
deduce  General  Rylea  or  ^9rms  fyr  approxi«. 

mating  to  the  roots  of  propolcd  equadons 
whatever  degree/* 

Jjup  —ff^'^'^f'^  r  =  o  rcprefent  the  equa- 
tion by  which'  the  fraAioft  /  is  to  be  deter* 
mined,  which  is  to  be  added  to  the  limit,  or 
fubtradcti  from  it,  in  order  to  have  the  near 

vslue  of  If.   Thcrt  j/—  r    o  will  ^ve/  = 

Butfmce/sjr^^rj^  by  fubftituting  ^  for 

/,  we  have  this  Theorem  for  finding  /  nearly, 
viz. 

q  q 

After  the  fame  manner,  if  it  is  a  biquadratic, 
by  which /is  to  be  determined,  as/*         +  ;/* 

—  1/  +  J  =  o,  then /being  very  Kttle,  we  (hall 

hmtf^^i  which  value  *is  corrected  by  con- 

fidering 
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iiig  -j^  for/;  =  whence  we  have  . 

•r  —  ~  +  L_  — , 

this  Theorem  for  all  biquadratic  equations, 



^  94.   Other  Theorems  may  be  ticduced  by 
«iTuming  three  terms  of  ,the  equatioti,  and 
■  extrafting  the  root  of  the  qqadratic  which  thry 
.  form.  "  y  . 

Thps,  to  find  the  value  of f  in  the  equation 
fi  ^ff*  +  j/*— >  =  o  where  f  is  fuppofcd  to 
be  very  Ktde,  we  neglc^  the  firft  term  and  cx- 
traft  the  root  of  the  cju^dratlc^/* j/  +  r  =  o, 

or  of  /*  ~  i  x  /  +  T  =     and  we  find 

■    \  r  r  _____ 

But  this  value  of  /may  be  correftcd  by  fup- 
pofing  it  equal  to  and  fubftimting  for/* 
jn  the  equation/^  —  ^Z''  +  —  r  =  which 
will  give4i»'  —fp  +  r  =3  o,  and//^— . 
f  /  +  r  —  D»*  =  o  J  the  relblution  of  which  qua- 
dratic equation  gives/ =  ^^^^^^^^  ^  ^Pj£., 

VCTJ  near  the  true  value  of/. 

After  the  fame  manner  you  may  find  like 
Theorems  for  the  roots  of  biquadratic  equa- 
tions, or  of  equations  of  any  dimcnfion  whatever. 
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§  95.  In  general,  kt +  fx^^  4-  juic«T-»  + 
rM>^  -f  ^  =:  o  repfcient  an  equ^on  of 

any  dimenfions  ft,  where  A  is  fuppo(ed  to  rqpre« 
fent  the  abfolute  known  term  of  the  equation* 

Let  k  reprefent  the  limit  next  iefs  than  any  of 
theroots^  and  fuppofing  x.=:  k  -\.  fubiiicute 
the  powers  of  +  /  inftcad  of  the  powers  of 
X,  and  there  will  anfe  k  +    Ji^p  x  k    /"~*  + 

q  X  k  +/""^  +  r  X  +/"""^  (^c.  +  Jzz  o,  or 
by  involution^  difpofmg  the  terms  according  to 
the  dioienfions  of/ .  ,  
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tMB^Aiog  all  the  powers  of/  after  die 
flrft  tvo  tenns^  you  find  ^ 
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whence  particidar  Theorems  for  extra&iiig  the 
torn  of  equadiont  xosBf  be  deduced* 

%  96.  "  By  thll  nwthfkl  you  may  difcovcr 
Theorems  for  app roximaciiig  to  the  roots  of 
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fur€fQwers  \*  as  to  find  the  n  root  of  any  num- 
itr  ^1  liippofe  ^  to  be  the  neareft  left  root  in 
intttgm,  ikl  thai  k  -^/i^Ait  true  roo^  tlieii 

and  aiTuming  only  the  (wo  Erll  leims,  » 
/ssjjpr^:  or,  iMre  nearly^  taking  the«,three 
firfttermsy 

(iputtxng  msiA-'k'')  =  ;;i:7"^»  which  h 

'  ft 

a  raiUnal  Theorem  &r  approxifxiatinj^  to  /. 
You  may  find  an  irratimial  Theorem  for  xt^ 

by  affuming  the  three  firft  terms  of  the  power 

'  of  *  +  /,  viz.    +  niT"/  +  »  X  ^ic-yir. ... 

For  w/fe-7  +  4»  X  ~i *^y*  =  ^^«"»11»» 
and  refolying  this  quadratic  equation,  you  find 

'"«-1""'^ «  X  If  -  iri"^*'  , 

In 
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In  the  application  of  thefe  Theorems,  when 
a  near  value  of  /  is  obtained,  then  adding  it 
to  t,  fubfUtute  the  aggn^te-in  the  place  of  ifc  ia 
the  formula^  and  you  iviU  by  a  new  operatioa 

'  obtain  a  more  correal  value  of  the  root  re- 
quired ;  and,  by  thus  proceeding,  you  may  ar- 
rive at  aoy  degree  of  exa^-oeis. 

Thus  to  obtain  the  cube  root  of  2,  fuppoTe 
.  i  =  I,  and/(i=      /^7^,    \  =  i  =  0.25. 

In  the  fccond  place,  fuppofe  k  =  1,25,  and  / 
will  be  found,  by  a  new  operatioo,  equal  to 
0.009921;  and  confequently,  I/2  =:  1.259921 
nearly.  By  the  irrational  Theorcnij  the  ijune 
value  is  difcovcrcd  for  Y^* 
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'  C  ii  A  P.  X. 

Of  thk  method  of  SERIES  by  which  you 

MAY  APPROXIMATE   TO   THE  ROO  i  S  OF  LI- 
TERAL EQUATiOKS. 

» 

§  97.  TF  there  be  only  two  letters,  x  and  a,  in 
,  X  the  propofed  equatioHj  Aippofe  a  equal 
to  unit)  and  find  the  root  of  the  numeral  equa- 
tion that  arilcs  from  the  fubflimtion,  by  the  rules 
of  the  laft  chapter.  Multiply  thefe  roots  by 
and  the  produAs  wilt  give  the  roots  of  the  pro* 
pofed  equatipn» 

Thus  die  roots  of  the  equadon  ^  t6x 
55  =:  O  are  found,  in  §  84,  to  be  5  and  iim 
And  therefore  the  roots  of  the  equation 
X*  —  164VC  +  55«*  =  o,  wiU  be 
The  roots  of  the  equation  x*  +  4i>  2^3' s  o 
are  &und  by  enquiring  what  arfe  the  roots  of  the 
numeral  equation  ,vV+^  —  2  ~  o,  and  fmce 
one  of  thefe  is  i,  it  follows  that  one  of  the  roots 
of  the  propofcd  equation  is  i  the  other,  are 
maghary, 

§  98,  If  the  equation  to  be  refblved  invoke* 

Uiore  than  two  Icttcis,  as  a^x  —  20^  +  ay.x 
'  —  y  =  0,  then  the  value  of  may  be  exhibited 
,  in  a  fcrics  having  its  terms  compofed  of  the 

ipowers  of  a  and  7  with  their  refpe^ive  coef- 

K.  ficiencsj ' 

.4 


$44         A  T  Kz  AT  I  ^i^,  of    Fart  IU  , 

fickncs;  vthkh  will  "  converge  the fooner  the  lefs 
y  is  in  refpe^  of  ifjbe  terms  are  continually 
multiplied  by  the  pmers  of  yi  and  divided  by 
thoje  of  a**   Or,  "  will  converge  the  fooner  the 

•  greater  y  is  in  reJpcB  of  a,  if  the  terms  he  con*  • 
tin II ally  multiplied  by  the  powers  of  a^  and  divided 
hy  tbofi  of  y'* ,  Since  v(hen  y  is  very  lictle  in 

y*      y"^  , 

reipecl  of  ay  the  terms  y^  — ,  — ,  &c. 

decreafe  very  quickly.    If  y  vanifli  in  reipeA 

of      the  kcoiid  terra  will  vanifh  iti  reipcvlL  of 

the  firft,  fince  —  : j  :i  y  x  a^   And  after  the  , 

fame  manner  ^  vauifnes  in  relped  of  the  term 

immediately  preceding  It. 

But  when  y  is  vaftly  great  in  refpeft  of  a,- 

then  a  is  vaftly  great  inrelpeft  of 


— ,  and  —  m 

y  y 


rclpeft  of  -Tj  fo  that  the  terms  a^  — ,  — ,  -3, 

— ,  &c.  in  this  cafe  decreafe  very  fwifcly.  In 
y    .  '  /' 

cither  cafe,  the  ferics-cqnvei^'fwiftly  that  con* 

iuL  of  fuch  terms  5  and  a  fe>v  of  the  firft  terais- 
will  give  a  near  value  of  the  root  required. 

§  99/  If  a  ferics  for  »is  required  from  the 

propoicd  equation  that  ihall  converge  the  Iboner, 
the  lefs  J.  is  in  rcfpe^fl  of  a ;  to  find  the  firll 
term  of  this  feries,  we  ihall  fuppofe  y  to  va- 
nifh; and  extra^ing  the  foot  of  the  equation^ 
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X*  +  a*x  —  la^  =  o,  confifting  of  the  remaining 
parts  of  the  equation  that  da  not  vanifh  wLthjr^ 
fiod;  by  §  97>  that  ir  =  i  which  is  the  tnift 
Yalue  of  X  when   yanUlKs,  but  Is  only  near  its 

value  y/hcn  y  does  not  vanilli,  but  only  is  very 
little.  To  get  a  value  ftiil  nearer  the  true  value 
of  Juppofe  the  di{fecence  of  a  frOfn  the  true 
value  to  be  or  that  x  ^  a  -i-  p.  And  fub-> 
ftituting  a  pin  the  given  equation  for  x,  you 
wUWind, 

•  * 

x^         -i-  Sa'-p  +  +  p' 

+  a^x  =  '  . 


py  ^y^ 


But  fince,  by  fuppofition,  y  and  p  are  very 
little  in  refpe^  of  it  follows  that  the  tetms 
AfO^f^  d'yy  where  y  and  p  are  ieparately  of  the 

Uaji  dimenfions,  are  valtly  great  in  iclpect  of 
the  reft;  fo  that,  in  dcterminirtg  .a  n-'ar  value 
of  p^^  the  relt  may  be  negledcd :  and  fj  om  ' 
44*^  -I;  i^j  =  o,  we  find  p  =  —         So  that 

=     -f  ^  =    —  \yy  nearly* 

Then  to  find  a  nearer  value  of  and  cbn« 
fequently  of  a*,  fuppofe  />  =  —  +  and  fub-» 
itituting  this  value  for  it  in  the  laft  equation^ 
ypu  will  find, 
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And  fince,  by  the  fuppofition,  q  is  vei  y  lictlc 
in  rcfpedl  of  which  is  nearly  =  —  ^y,  there- 
fore 7  will  be  very*little  in  ttfyt^  o(fi  and 
confequefidjr  all  the  terms  df  the  laft  equation 
wUl  be  very  little  in  refpedb  of  thefe  two,  viz. 

—  TT^y»  +  4<'*f>  where  y  and  q  are  of  lead 
dimenfions  feparatcly :  particularly  the  term 

—  ^ayq  is  little  in  refpeft  of  ^A^q^  becaufe  y  is 
very  little  in  rcfpe6b  of  a\  and  it  Is  little  in 
refped  of  —  T^aj  ,  becaufe  £  is. little  in  rclpcft 
of>  •  ' 

,  Negkd  therefore  the  other  ternos^  and  fup- 

poling.—  iV^y  +  4**^  =  o»  you  will  have 

I       y*  I  -  V* 

=:  r"  ^  ^1     that*  =  a  —  ly  +  jr  x 

And  by  proceeding  in  the  fanae  manner  you  will 

find  *       —  ^  +  64«      51^*  16384«^ 
&c. 

§  100.  When  it  is  required  to  find  a  feries 
ibi  x-tbat  Ihall^onverge  fooner^  the  greater  y  \i 

.     .         .      '  ia 
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in  rcfped  of  any  quantity     you  need  only  fup- 
pofe  ^  to  be  very  little  in  icfpc{):  ofj^*  .and  pro- 
cecd  by  the'firinie  reafoning  as  in  the  laft  example 

on  the  fappoficion  oiy  being  very  little. 

Thus,  to  find  a  value  for  x  in  the  equation 
—A^x  4  4^96  '^y^  =  o  that  fhall  converge  the 
fooner  die  greater  >  is  in  rcfpcd  of  fuppofe 
^  .to  vaniih,  am!  the  remaining  terms  will,  give' 
j^  —y^  =  o,  x>r  x  =  jr.  So  that  when  jr  is  vaftly 
great,  it  appears  that  *  =;  jr  nearly.  .  ' 

But  to  have  the  value  of  x  more  accurately,, 
put   «?   +  t%  then 

^      s  -r»,  <)r  ^ 

•  y  =  -r  - 

where  the  terms  +  <?y*  become  vaftly  greater 
than  the  reft,  y  being  vaftly  greater  than  a  or  p\ 
and  oonfequcntly  p  =  —  4.«  nearly. 

*  Again,  by  fupp60ng^  =  — .  4.^  +  f^yoii  will 
transform  the  hft  equation  into 

„        —  ayq  —  /a     /  - 

where  the  two  terms qy^  —  4>  muft  be  vaftly 

greater  than  any  of  the  reft,  a  being  vaftly  iefs 
■•        '  R  3.  than 
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than^'j  and  q  va&iy  kfs  tlran     by  the  fuppo* 

fuion ;  fo  that  Jf  jf*  —  a*y  2=  o,  and,  f  ==  — 

nearly*  By  ^oc^cding  ifi  this  «UDner,  you  tviay 
correA  the  value  of    and  Bad.  that 

which  fcries  converges  the  fooner  the  grc^tc^r  j  U 
fuppofcd  to  be  ta||^enii>re^ped.o^^•  ^  , 

I  101«  In  the  foiution  6f  the  firft  Example^ 
thofe  term^  ^ere  always  compared  in.  order  to 
decermuie  f,  r,  &c.  in  l^^hich  y  and  thofe 
quantities  p,  f ,  r,  were  feparately  of  frwcft 
dimenfions.  But  In  the  fecond  Example^  thofe 
terms  were  compared  in.  which  and  the<^uan» 
tides  ,  r,  &c.  were  of  Icaft  dimeniioos  Jfc- 
parately^  .Aiadtbefe  alway»^^use4)i«  proper- terms 
to  be  cpnripafxfd  together,  hecawfe-tfey  become 
vaftly  greater  than  the  reft,  in  the  reipefliive 
hypothefes. 

In  general  I  to  determine, .the  firft;,  .  of^  any, 
term  in  the  feries,  Juch  iermi  of  tb'e  ^udilon  are 
tQ  he  ajfumed  together  only,  as  tiili  found  to  he- 
come  ''cafily  greater  than  the  other  terms  \  that  is, 
which  give  a  value  of  a,  which  fubftituted  for  it 
in  all  the, terms  of  the  equs^ion  ihail  raile  the 
dimenfions  of  the  other  terms  all  «bovrr-or  all 
below,  the  4imen(ions  of  the.  iifiVimed  terms, 
according  as^  is  fuppofcd  to  be  vaftly  littl^  W 
vaftly  great,  in  reipedt  of  tf* 

Thut 
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Thus  to  decermine  the  firft  term  of  a  con* 
verging  feriesezpreffing  the  value  ofx  in  the  laft 
equation  x^^a^x  4*  ayx  — y  =  o,  the  terms 

ajx  and  —y  are  not  to  be  compared  together, 

for  thejr  would  give  x  =  which  fubilituted  , 
for  ATj  the  equation  becomes 

p  — +y  —   =  o, 

where  the  firft  term  is  of  more  diaicnGons  than 
the  afTumed  terms  ayx,  —  ;  and  the  fecond  of 
fewer :  fo  that  the  two  firft  terms  cannot  be  ncg- 
\e€tcd  in  reipeA  of  the  two  laft,  neither  when 
y  is  very  great  nor  very  litde,  compared' with 
Nor  are  the  terms  x^,  ayx,  fit  to  be  compared 
together  in  order  to  obtain  the  firft  term  of  a 
fcries  for  x,  for  the  like  reafon. 

But  x^  may  be  compared  with  ai^x,  as  aUb 
—  tf**  with --j^' for  that  end,  Thefe  two  give 
the  firft  term  of  a  feries  that  converges  the 
fooaer  the  lefs  isj  as  z^y  gives  the  firft 
term  of  a  feries  that  converges  the  fooner  the 
greater  jr  is.  The  laft  feries  was  given  in  the 
preceding  article.  The  comparing  x^  wixh  —  a*x 
gives  thefe  two  iciies. 
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And  thefe  fcries  give  three  values  of  flf  when 
y  is  very  little;  the  laft  of  which  is  itfclf  alfo 
very  iicde  in  that  ca(e,  as  it  appears  indeed  froix\ 
the  equation,  that  when  jr  vaniihcs»  the  three 
values  of  x  become  a,  a,  and  o>  becaufe 
%  when  y  vanifhes,  the  equation  becomes  ^  —  a*x 
=  O,  whole  roots  are      —  a,  o, 

I 

I  1 02.  It  appears  fuSicicntly  from  what  we 
have  faidy  that  when  an  equatipn  is  propofed  in- 
volving  X  and  y^  and  the  value  of  X4$  required 

in  a  converging  feries,  the  difficulty  of  Bnding 
the  firfl  term  of  the  ■  feries  is  reduced  to  this; 
*'  to  find  what  terms  affumed  in  order  to  deter- 
mine a  value  of  fc  expreiTed  in  fome  dimenfiops 
of^  and  Vi  will  give  fuch  a  value  of  *  it,  as  fub-» 
ftituted  for  it  in  the  other  terms  will  make  them 
all  ot  inure  dimcnlions  of  or  all  ofkib  dimcn- 
iions  oty^  than  thofe  aiTumed  terms/*  ,       \  ■ 

To  determine  ihi$j  draw  BA  and  AC  at  right . 
angles  to  each  other,  complete  the  parailclo- 
gi  arn  ABCD  and  divide  it  into  equal  fquares, 
as  in  the  figure.  In  thele  fquares  place  the 
povvtrs  of  X  from  A  towards  C,  and  the  powers 
oiy  from.  A  towards  B,  and  in  any  other  fquare 
place  that  power  of  x  that  is  directly  below  it  ia 
the  line  AC,  and  that  power  of  jf  that  is  in  a 
parallel  with  it  in  the  line  A6 ;  fo  that  the  in- 
dex of  X  in  any  fquare  may  exprcls  its  dillancc 
£x)m  the  line  AB,  and  the  index  of  j  in  any 

.  '      .  fijuarc 
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iquare  may  expiefs  its  diftuice  from  the  Uae 
AC*  Of  diis  fiiuane  we  are  ta  oblenre»  . 

B     N?  *  J> 


j 

I 

k 

••. 

\ 

a 

7  .X* 

H 

fur  >i 

* 

y.x 

• 
• 

C  7 

• 

r 

Li      .  \ 

a?2 

5 

'  I*  Tb^C  the  terms  are  not  onVy  in  geome«- 
trical  progrefljon  in  the  vertical  column  A  B,  or 
the  horizontal  AC*  and  their  parallels  i  but  aU 
.ib  in  the  terms  taken  in  any  oblique  ftraighc 
line  whatever ;  for  in  any  fuch  ternn  it  is  ma* 
nifcil  that  the  indices  ofy  and  x  will  be  in  arich* 
metical  progreffion.  The  indices  of  becaufe 
rhole  ternis  wHl  remove  equally  from  the  line 
AC,*or  approach  c(jually  to  it,  and  the  indices 

2  of 
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t3€  y.  in  any  fuch  tefrms  are  as  their  diftaifioei 
fiom  that  line  AC;   The  indices  of  x  will  aUb 

■be  in  arithmetical  progrefllon,  becaufe  thefe tcrais 
equally  remove  tronij  or  approach  to  the  line 
Afi.  Thus  for  example^  in  the  terms  y\y% 
jfV,  yx\  the  *  indices  of  y  decreafing  by  the 
common  difference  2,  while  the  indices  of  x  in^ 
creafc  in  the  progrellion  of  the  ,  natural  num- 
bers, thexommon  ratio  of  the  terms  is        It ' 

a.  From  th^  laft  obfervation»  that  ^Mfany 
two  terms  be  fuppoied  equal,  then  all  the  term 

in  the  lame  ftraight  line  with  thefe  terms  will  be 
'equaH'*  becaufe  by  fuppofing  thefe  two  terms 
equal,  the  common  ratio  is  fuppofed  to  be  a  ra- 
tio of  equality ;  and  from  this  it  follows,  that 
if  you  fubftitute  every  where  for  x  the  value 
that  arilcs  for  it  by  fuppofing  any  two  terms 
equal,  txpreffed  in  the  powers  of  r,  the  dimcn- 
fions  of  J  in  all  the  terms  that  are  found  in  the 
fame  ftraight  line  will  be  equal  but  ^<  the  di-* 
menfions  of  y  in  the  temis  aiope  that  line  will 
ht  greater  than  in  thofe  in  that  line;**  -arid 
"  the  dimcnfions  ofy  in  the  terms  i/elow  the  laid 
line  will  be  le/s  than  its  dimcnfions  in  that  line.*' 
Thus,  by  fuppofing  y  =  yx^,  we  find  —  y% 
or  X  ^  y*i  and  fubftituting  this  value  for  x 
in  aH  the  fquares,  the  dimenfions  of  y  iij  'the 
unmf^y^x,        yx\  which  are  ail  found  ii 

the 
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the  lame  ftraight  line,  wiU  be  7,  but  the  ditnen- 
fions  in  all  the  terms  abow  that  lUie  wiH  be  more 
dian  7»  and  iti  all  the  lesms.bclojv  ,dwt  li^t-^iU 

be  lets  than  7, 

§  loj.  From  thcfe  two  obfervations  we  may. 
tafily  fiad  a-  method  for  (iircoveriog  whjiCrtcrtns 
ought  to  be  afiumed  &6m.  an  equation  in.  )frj^ 
to  give  a  value  for  x  which,  ihall  nnake1i;he  oiImt 
terms  -dil     bibber ^  01  all  of  lows^  dimcnfjoes  of 
'     than  the  a^^umed  terms;  viz.  "  .aft<?r,all  .the 
•  terms  of  the  equation  are  ranged  in  their  proper 
fquares.  (by  the  laitartick)  fv^  terms  ac^to^ 
affiimed  as  lie  lA  a  Braight  line^  fo  that'^otba* 
terms  either  he  all  above  tji^  llrj^ight  Jide>vor 
fall  all  below  it,*'  ij.y 
•  For  exaxnple»  fuppofe  ^be  equa^n^prdpolbd^  is 
f  -r  ay^x  +  y*x'  +  a*jiX^  —  <Mf*    ok>  thjjn  markn 
ing  with  an  afteriflc  the  fquares  in^  the^faift  aistkle 
vvlucii  cuiitain  the  fame  dimcnfions  of  x  and  v  as 
the  terms  in  the  equation,  imagine  a  ruler  ZE 
to  revolve  about  the  firft  Iquare  marked  at  y\ 
and  as  it  mOv^s  from  A  towards  C«  it  will  firft 
.  meet  the  term  ity*x,  aAd  Vhile  the  ruler  joins 
thcfc  two  tiirms,  all  the  other  terms  lie  above  it: 
from  which  you  infer,  that  by  fuppofing  theie 
terms  equal,  you  Iball  obtain  a  value  of  x,  which 
.   fubftituted  for  it,  will  give  all  ihe  other  terms  of 
higher  ilimenfions  of  y,  than  thofe  terms:  and 
hence  we  conclude  that  the  value  of  x  deduced 

'from  fuppoGng  thele  terms  equal,  viz.  is 

the 

» 

1  ' 
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the  firfl  term  of  a  fcries  that  will  converge  the 
Ibofier  the  k&;^  is  imipcdt  of  tf* 

^  If  the  ruler  be  made  to  revolve  about  the  fame 
fquare  the  contrary  way  from  D  towards  C,  it 
iwiU  lirft  meet  the  term  y^9^^  and  by  fuppofing 
y  '¥ff^  =  wcfindjp  s  whidi  gives  the 
flfft  term  of  a  (erics*  for  ^>  disc  converges  the 
Iboner  the  greater  that^  is.  And  this  is  the  ce- 
lebrated Rule  invented  by  Sir  Ifaac  Newton  for 
diispurpofe. 

f  104.  This  Ride  may  be  extended'  to  equa* 

tions  having  terms  that  involve  powers  of  x  and 
y  with  fraSiional  or  Jurd  indices  j  by  taking 
diftances  from  A  in  the  lines  AC  and  AB  pro- 
portional to  {thefe  fractions  and  furds»"  and 
thence  determining  die  fituation  of  the  terms 
of  the  propofcd  equation  in  the  parallelogram 
ABCD. 

It  is  to  be  obferved  alfo,  that  when  the  line 

joining  any  two  terms  has  all  the  other  terms 
-  on  one  fide  of  it,  by  them  you  may  find  the  firft 

term  of  a  converging  fenes  for      and,  thus 
various  fuch  ferics  can  be  deduced  from,  die ' 

lanae  ci^uation*"  As,  in  the  lail  Example,  the^ 
,  line  joining  jr^x  and  yxl*  has  all  the  terms  above 

it  I  and  dicfefoie  fuppofmg  —  t^^x  -i-  a'yx^  o^. 

wciind     =      and  *  =  -7,  which  is  the  firft 

tenn 
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term  of  anothex  converging  fenes  for  x.  Again» 
the  ftraight  line  joinii^  yx^  and  ^  has  all  the 
other  terms  above  it,  and  thereibte,  fuppofing 

—  dMf*  =  o,  we  find  ay  =  «*, aod;c  ss  *j  , 
the  firft  term  of  another  feries  for  conTef]ging 
alio  the  iboner  the  kfs  y  is.  There  are  two. 

feries  converging  the  fooncr  the  greater^  is,  to 
be  deduced  from  fuppofing  ^  =  —  or 
yjf'  =  ax^.  And  to  find  ail  thde  Icrics,  "*'  dc- 
fcribe  a  polygon  Zabed  haring  a  term  of  the 
€qiiatton  in  each  of  its'^ingles,  and  including  all 
the  odier  terms  within  it,  then  a  leries  majr  be 
found  for  by  fuppofing  any  two  terms  equal 
that  are  placed  in  any  two  adjacent  angles  of  the 
/  polygon. 


%  105«  If  the  ruler  Z£  be  made  to  move 
parallel  to  itfeli^  all  the  terms  which  it  will 
touch  at  onee  will  be  of  the  fame  dimcnfions  of 
y:  for  they  will  bear  the  fame  proportion  to  one 
another  as  the  terms  in  the  line  Z£  thcmfclves. 
The  terms  which  the  Ruler  will  touch  firft  will 
have  fewer  dimenfipnsof  j»  than  thpfe  it  touches 
afterwards  in  the  progrefi  of  its  motion,  if  it 
moves  towards  D ;  but  more  dimcnfions  than 
they,  if  it  moves  towards  A.  The  terms  in^thc 
ftraight  line.ZE»  fcrvc  to  determine  tht  Hrft 
vetta  of  the  converging  ieries  required*  Thcfe 
with 'the  terms  it  touches  afterwards  lerve  xo 
dctciaiiae  the  fuccceding  terms  of  the  convcrg- 
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ing  Me^  i  ftll  th<$  r^ft  vaniibiiig  compared  with 

thtfe,  whtrn  y  is  very  little  and  the  ruler  moves 
from  A  cowards  D,  or  when  7  is  vaftly  great  axtd 
the  ruler  moves  from  EX  towards  A» 

^  io6.  The  fame  Author  gives  another  me* 
thod  for  difcovering '  the  firft  term  of  a  fcries 
that  fliall  converge  the  fooner  the  lefs  y  is. 

Suppofc  the  term  where  y  is  fcparateiy  of. 
fewcll  dimenfions  to  be  DyU  compare  it  fucce(^ 
fively  with  the  other  terms,  as  mdi  Eyx',  aiu( 

obfcrve  where        ■  is  found  greatejl  i  and  put- 

i  ^  fig 

ting   ■   ■ '  ='     J)f*  will  be  the  firft  term  of  t 

feries  that  (hall  converge  the  fooner  the  lefs^  is  :** 
for  in  that  cafe  i^'  and  Eyx*  will  be  infinitely 
greater  than  toy  other  terms  of  the  propofed 
equation,    Suppofe  Fy'x^  is  any  other  term  of 

the  eqpattouj  and^by  thefuppofitioii»  ^-j- 

isgreater  than  — J-,  and  coniequiently,  .multi* 

plv'ng  by     you  find  vk  greater  than  /  —  and 
xk  +  f  greater  than  l-,  now  if  for  a?  you  fubftitutc 
Ay,  then  Fyx^  =  Fjfy^U  which  therefore  will 
vanifti  cofnpared  with  Dy^  (fincc nk  •¥  eh  greater 
than  I  J  when  y  is  infinitely  litde.    Thus  there-  . 
fore  all  the  terms  wiii  vanilh  compared  with  . 
I^>'^and  Ey-^x'  which  arc  fuppofed  equal;,  and  . 
confequemly  Aey  will  give  the  firft  term  of  a 
feries  that  will  converge  the  ibpner  the  lefi  y  is. 

§  107. 

t 

■ 

« 
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4  107»  If  you  obferve  "  when  — —  is  found 

kafl  of  all,  and  fuppofe  it  equal  to  »,  then  will' 
Ay  be  the  fifft  term  of  a  fcries  that  will  con- 
verge the  fooner  the  greater  y  is."    For  in  that 
cafe  'Dyi  and  Ef^x*  will  be  infinitely,  greater  than 

jQf jip*,  becayfe         (=  n)  being  lefs  than  ^^^^ 

it  follows  that  nk  is  lefs  than  / . —    and  nk  +  e  left' 
than      and  confequently  T^'^f*  ( =  FA^y^  + 
vailly  lefs  than  Dy^^  when  j  is  very  great,  * 

After  the  fame  manner,  if  you  compare  any: 
term  Dy^Xby  where  both  «  and  y  are  ibund» 
with  all  the'  other  terms,  and  obierve  where. 

■  { 

j-^-j  is  found  greateft  or  kaji,  and  luppofc 

J— ^  c  then  may  ^  be  the  iirft  term  of  a' 
converging  ieries.  For  fuppofing  that  Ffi^  \i 
any  otha  term  of  the  equation^  ifj^r^  (=  J^) 


is  greater  than  jz^  ^^^^ 


nb  bp. 


greater  than  /  —  ^ ,  and     +  ^  greater  than  /  +  fik* 

But  nk  •¥  e  are  the  dimenfions  of y  in  Fyx^  when  ' 
'S9  =  -^y",  and  /  +  nh  are  the  dimenfions  of  j  in 
Ef^xi^t  therefore  Fyx^  is  of  more  dimenfions  of ^ 
than.JEy"xS  and  therefore  Vanifhes  compared  td 
it  when  y  is  fqppofed  infinitely  little.   In  the 

i  ^  tit  I  ^  i 

lame  inanner,  if  j-;;^^  is.  kfs  than  then 

will 
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"  miW  Ey^x"  be  iatiaicely  greater  than  Ffx^,  mbea 
jf  is  infinite.  •  ' 

$  io8.  When  the  firft  term  (Jy" )  of  the  fe* 
ries  is  found  by  the  preceding  metliod,  then  by  ^ 
fuppofing  X  =  j4y"  +  and  iubftituring  this  bi- 
nomial and  its  powers  for  x  and  its  powers^ 
there  will  arife  an  equation  for  decermining  p. 
the  fecond  term  of  the'ierics.   This  new  equa^ 

' '  lion  may  be  treated  in  the  fame  manner  as  the 
equation  of     and  by  the  Rule  of  §  103,  the 
terms  that  are  to  be  compared  in  order  to  ob-  /  - 
$ain  a  near  value  of    may  be  difcovered  j  by 
means  of  which  terms  p  may  be  found :  which 

»  fuppofe  equal  to  then  by  fuppofing 

P  •zzBy'^'^^  +  the  equation  may  be  trans- 
formed into  one  for  deternvining  q  the  third 

"  term  of  the  feries,  and  by  proceeding  in  the  lame , 
manner  you  may  determine  as  many  terms  of  the 
-Iferjes  as  you  pleafej  finding  x  =  Ay"  +  By"**^  ' 
-f  0?«  +  »''  +  i>;«  +  3''  &c.  uficre  the  dimen- 

'  lions  of  y  afccnd  or  dclcend  according  as  r 
is  pofitivc  or  negative  ;  and  always,  "  in  arith- 
medcal  jprogrelTiop,  that  this  value  of  x  being 
ibbftituted  for  it  in  the  propofed  equation^  the 
ternns  invoiviiigj  aiiu  iLs  powers  may  fall  in  with 
one  another,  fo  that  nnoi  c  than  one  may  always , 

-  invoJve  the  fame  dimenfion  of  which  may  mu- 
tually deftroy  each  other  jand  make  the  whole 
equation  vanUh^  as  it  ought  to  do«*' 

.  It. 
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It  is  obvious  that  as  the  dihienfions  of  y  iA 
jfy'  +  By'^^  +  Cf-^^  +  Dy +n  &c.  arc  in  aii 

arithmetical  progreflion  whok  difference  is  r, 
the  iquare,  cube,  or  an/  power  s  of  jdy'  + 
(5" + + +  £s?r.  will  confift  o^ 
terms  wherein  the  dimenfions  ofy  will  conftitutc 

.  an  arithmetical  progreflion  having  tlie  fa'me  Gom- 
ixion  difference  r ;  for  thefe  dimenfions  will  be 
jir,  sn  +  r,  i»  +  ar,  s»  +  jr,  &c.  Therefore, 
if  in  any  term  Ef^^  you  fubftitute  for  x  the 
fcries^^*  +  i;^""*""  +.0'  +  *'  +  D^^'+n  &c. 
the  terms  of  the  feries  exprelfing  Ey'^x'  will 

^  confift  of  thefe  dimenfions  of  jr,  tr/z.  1»  sn, 
m  +  sn  -^Ty  m  +  sn  +  2r,  m  ■¥  sn  -\-  jr,  &c.  and 
by  a  like  fubditution  in  any  other  term  as  Fy  '^^^g. 
the  dtmen&ons  of^  will  be  e  +  nk,  e  +  nk  + 
i  +  nk  +  ar,  /  +  +  jr,  &c  The  former  fe- 
ries of  indices  muft  coincide  with  the  latter  feries; 
that  the  terms  in  which  ihey  are  found  may  be 
compared  together,  and  be  found  equal  with 
oppofite  figns  fo  as  to  dedroy  one  another,  and, 
in^  the  whole  equation  yaniih. 

The  firft  feries  confif^s  of  terms  anfing  by  ^ 
adding  Ibme  multiple  of  r  to  iv  +  sn,  the  latter 
ter  adding  fome  multiple  of  r  to  ^  +  nk-,  apd  that 
thefe  may  coincide,  *  fome  multiple  of  r  added* 
to  m sn  mntk  be  equal  to  fome  other  multiple 
of  r  added  to  <?  +  nk.    From  which  it  appears ' 
that  Che  di&rence  of  m  -f  sn  aod  ^-hnk  is  alwaya 
*    ,  S    ^  amol* 


p 


^  multiple  of  r ;  and  conlequeatly  that  r  is  a 
^v^or  o£  t^e  difference  of  dimenfions  of  jr  in 
the  tcnns  EjT^  and  i^jr»^p*,  fuppoling  x  zzAy'. 
It  follows  therefore    that  r  is  a  common  divifor 

of  the  differences  of  the  dimenfions  of  y  in  the 
terms  of  the  equation,  when  you  have  lubfti- 

tuted  jfy-  for  ie,  in  all  the  terms."  And  if  r  be 
^ffumed  equal  to  the  greateft  common  divifor 

(excepting  fome  cafes  afterward  to  be  mentioned) 
you  will  have  the  true  form  of  a  feries  for  at.  . 

•  And  noyir  the  dimenfions  Jf',,     +  + 

^•  +  3'-  Jrc»  being  known,  there  remains  only,  ' 
by  calculation,  to  determine  th€  general  co- 
efficients Ay       Cy  By  &c,  in  order  to  find  * 

♦  the  feries      +  +  qf^^  +  Df^^' 

§  top.  This  leads  us  to  Sir  Tfaac  Newtrnfi  ' 

Jecond  general  method  of  feries  i  which  confiftg 
in  affuming  a  feries  with  undetermined  coeffici- 
<Hits  expreffing  as  yfy"  +  By  '**''  +  (y  *^  + 
&:c*  where  Ay  &:c«  are  foppofed  as  yet 

unknown,  butfi  and  r  arc  difcovered  by  what  we 
have  already  demonilrated^  and  fubflituting  this 
every  where  for  you  muft  fuppole,  m  th«. 
i^w  equation  that  arifes,  the  fum  of  all  the/, 
terms  diat  involve  die  fame  dimenfions^  of  J  to, 
i^nifo,  by  which  means  you  will  obtain  particu- 
lar  equations,  the  Jirft  of  which  will  give  A, 
th^Jsmd.     the        C,  &c,  md  thcfe  values 

being 
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being  fubftituted  in  the  affumed  feries  for 
£,  C,  jUc.  the  feries  for  fc  will  be  obtained  as 
fir    you  pleafe. 

1    Let  lit  8pply>  for  example*  this  method  to 

the  equation  (of  §  98,)  x'  -f  a*x  —  1^»'  +  ayx 
=  o.  Suppofe  it  is  required  to  HirI  a  leries  con- 
verging the  fooncr  the  leis  y  is ;  its  hril  term 
(by  §  99  or  X02.}  is  feond  to  be     ib  thstt  n  * 

a  Sttbftttuce  a  for  x  in  the  equation,  Ml 
the  terms  become  +  —  la^  +  < —  and 
the  differences  of  the  indices  are  o,  i>  2,  3  ; 
whole  greateft  common  mcafure  is  i,  fo  that  r 
cs  I.  Aifume  therefore  x  -  A  By  +  C/ 
-f  JDjK^r&c.  and  fiibftitute  this  feries  for  x  in  the 
equation.  Then 

=      +  ZA'By  +  3^^^     +  + 

+  J/f^O*  +  3^  + 

-  y  =  X  A 

Now  fince  +  a'x  +  /tj^  -  la"  =:  o,  it 
follows  that  the  fum  of  thefe  feries  irtvoWng  y  ' 
muft  vanifli.  But  that  cannot  be  if  the  coef- 
ficient of  every  particular  term  does  not  vanifh. 
For  every  term  where  ^  is  infinircly  little,  is  in- 
finitely greater  l^i^nihe  following  icrms,  fo  that 

S  a  if 
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if  every  term  does^not  vanifli  of  itfelf^  the  ad-* 

dition  Of  fubtradion  of  the  following  term9 
which  are  infinirely  lefs  than  it,  or  of  the  pre- 
ceding terms  which  are  infinitely  greater,  caoh, 
not  deftrof  iti  and  therefore  the  whole  omnot 
vaniih.  It  appears -therefore  that  if  4*  a^A 
ILO^  zz  o,  is  an  equation  for  determining  /f,  and 
gives  A  1=1  a. 

In  order  to  determine  J,  you  mull;,  fuppoie 
the  fum  of  the  coefficients  afi^ding  jf  to  yanilhj 
viz.  3A^B  +  a*sB  +  aA  x    s=  o,  or,  fmcc  A 

ss  »9  4«*5>  +  ay  =,0,  and  a  =  -  -^-^ 

4 

To  determine  C,  in  the  fame  manner  fuppofe 
SAB^y*  +  sA'Cy*  +  a*Cy*  +  a  By*  5=  b,  or, 
fubftituting  for  if  and  £  their  values  already 

found,        +  4<^*0*  —  "7  =  0»  ^nd  conft- 

qucntly  C  =  gj^.  And,  by  proceeding  in  the. 
,fame  manner,  D  ='77~^>  ^      *  =    -  Jjr 

+  7 — y*  +  — ^ij^  &c.  as  we- found  before 
in  §  99.' 

§  1  lo*  By  this  method  you  may  transfer  ieries 

from  one  undetermined  quanMty  to  another,  and 
obtain  Theorems  for  the  reverfmi  of  feries. 
.    Suppofe  that  ;f  =  ^t^  +      +      4;  1^*  +  f*?^, 
audit  is  required  to  exprefs    by  a  feries  con* 
lifting  of  the  powers  of      It  is  obWous  that 

when 
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when  X  is  very  little,  y  is  alio  very  little,  and 
that  in  order  to  determine  the  firft  term  of  the 
fetks,  you  need  only  affume  x  ss  ay^  And  there* 

fore    =;  —  I  fo  that  »  ±:  i.    By  fubftitu^ng 

for  J',  youlind  thedirnenfionsof  win  the  terms 

.    will  be  1,  2,  3,  4,  i^c.  To  that  r  =  i  alfo. 
You  may  iheiefore  aflbme  y  =^  Ax  -\-  Bx*  + 
Cxi  4.  i>jc«  -I-         And  by  the  fubllitutipD  of  ^ 
this  value  of  jr  you  will  find 

d(y  =  4^  +  aB^C  +  +  C^^* 

But  the  firft  term  being  already  found  to  be 
— ,  you  have       -  j  and:^fificc  aB  +  bA*-  =  O;^  . 

it  follows  that  J  =  -  -y.    After  the  fame 


manner  you  will  find  C 


2**  —  Oi 

x'  +  €tff . 


Whenqe 


III,  Suppofe  again  you  have  ax     Ifx"^  + 
+  i/x^  +  to'tf.  =^jr  +  i&/  +  iy'  +      ^c.  to 
find    in  terms  of  jr.   You  will  xafily  fee,  by 
§  103,  diat  the  firft  term  of  the  feries  for  ^f- 

is^,  that  «  =  I,  r  =  1.   Therefore  afl&me 

^     Ay  ^  By  -i-  Cy         and  by  /ubllkuting 

S  3    /     .  thi$ 
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this  value  for  x  an4  bringing  all  the  terms  to  0119 
iidej  you  will  have 

=         hJtf  +  a*^5y^  +  ^c. 

r-iy'  iy\ 

From  wheijcc      fee,  firft,  that  a  A  ss  f  ,  and 

=  i.    Ql\  That       +        -    =  o,  and 

Srsi-^f-  3\Thattf(:+ + 

=  0,  apd  therefore ;C  ;=  ■  " i^^^ ^ ^ 

thus  the  three  firft  terms  pf  the  (erics  4^  + 
4.  Q'^  csff.  are  known"^. 

§  112.  Before  we  conclude  icj'emains  to  clear 
a  difficulty  in  this  method  that  has  embarrailed 
ibme  late  ingen'fous  writers,  concerning  **  the 

value  of  r  to  be  uffumtd  when  tivo  or  more  of 
the  values  of  the  fiift  term  of  a  Iciies  for  ex» 
preffing  x  arc  found  equals"  a  coffccuon  of 
the  preceding  Rule  being  neceflary  in  that  cale. 
And  the  author  of  that  corredion  having  qply 
collected-  it  from  experience,  and  given  it 

t  See  Mf.  Ih  Moivre^  in  (hil,  Troftf,  140. 

wi^houc 
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without  proof,  it  is  the  more  aeceilary  to  de- 
mbnftratie  it  here* 

Icis tobeobfenredthcn» tfaatin  orderthatthe 

ferics      +  Sr"*''  +  Cy-^^  -I-  Df^^  +  6?^. 

may  exprefs  x,  it  is  not  only  neceffary  that  when 
it  is  fubftituted  for  x  in  the  piopoled  equation 
Uhfi  +  Ey^x"  +  Fyx^  =  or  the  indices + 
11»  +  ff^  4-  191  +  j»  +  2f,  &c.  Ihould  fall  ia  < 
with  the  indices  e-^niyf-^nk-^r,^  nk-^ar, 
ic£.  in  order  that  the  terms  may  be-  compared 
together  to  determine  the  coefficients  A,  B,  C, 
ice.  but  it  is  alfo  necefiary,  that  in  the  particular  » 
equations,  for  determining  any  of  thofe  coeffi- 
cients^  as  B  for  example»  thofe  terms  that  in« 
volve  B  fbould  not  deftroy  each  other*  Thus 
the  equation  ^A\B  —  2^'^  —  aA  ^  o  can  never 
determine  5,  becaufe  ^^'^  —  3^'^  —  and 
thus  B  exterminates  iUeif  out  of  the  equation i 
bcfides  the  contradi^ion  arifing  from  ^Azzo^ 
«  when  A  perhaps  has  been  determined  already  to 

•  .    be  equal  to  fome  real  quantity. 

In  order  to  know  how  to  evite  this  abfurdity, 
let  us  fuppofe  that  the  firil  order  of  terms  in  the 
fropofed  equation  are,  as  before,  Dy,  Ey^x^^ 
and  if  is  found  to  be  the  firft  term  of  a 
fcrics-for  then  the  dimcnfions  of  y  in  the  firft 
order  of  terms,  ai  ifir.g  by  fublVuuting  in  them 
Ay''  for  X,  will  be  m  -f  nsy  and  the  dimenfions 
of^  arifing  by  fubftituting  Jy"     Byf"  -k- 

S4  Cy 
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Q,«  +  af        for  X  will  be  m     ns,  m  +  ns  -f 
I»  +  «j  +  2r,  &c.    Soppofe  that  is  the 

next  order  of  terms^  and^  by  the  fame  fubfticu- 
tipn,  the  dimcnfions.ofjr  arifing  from  h  will  be 

(becaufe  Ffx^^Fy  x      +  J5y"+ ''+  Cv«'+*''+ 

9'^nk  +  r^e  +  ni-^  ir.  Sec*  Now  it  is  plaui» 
that  e  +  nk  muft  coincide  with  foftie  of  the  di« 

a 

menfions  m  +  ns,  m     ns  +  r,  «  +  w  +  ar, 

&c.  that  the  terms  involving  thtm  may  be  com- 
pared together.  And  therefore,  as  we  obfcrved 
'  in  §  io8,  r  muft  be  the  difference  of  ^  4-  f^k  and 
m  +  ns,  or  ibme  divifor  of  that  difference*  In 
general,  r  muft  be  aflbmcd  fuch  a  divilbr  of  that 
difference  as  may  allow  not  only  e  +  nk  to 
coincide  with  fome  one  of  the  feries  m  +  ns^ 
m  ns  +  r^m  »i  +  ar,  &:c.  but  as  may  make 
all  the  indices  of  the  other  orders  beftdes  e-h  nk 
iikewife  to  coincide  with  one  of  that  feries: 
that  is,  if  Gyfx^  is  aiiocher  term  in  the  equa-l 
tion,  r  muft  be  fo  afTumed  that  the  feries  /  -f  fib, 
f  h  nh  +  r,  f  -k-  nh  +  2?-,  &c.  ai  iling  by  fub- 
ilituting  in  it  +  + '  +  Q^'  +  &c,  for  jr,  - 
may  coincide  ibmewhcfre  with  the  firfl:  feries 
m  +  ns,  m  -¥  ns  r,  m  +  »J  +  2r,  &c.  And 
therefore  we  faid,  in  §  108,  "  that  r  muft  be  af- 
lumcd  lo  as  to  be  equal  to  fome  common  divifor 
'  of  the  diff*erences  of  the  indices  m  ns,  e  -k-  nk, 
f  -i-  nb,  which  arife  in  the  propofed  equation 

.  bjr 
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hy  fubftituting  in  it  for  x  the  6ril  cerm  akeadf 
Jcaown  Ay'»**  For  by  afTucxiiogr  equal  to  a  coi|i<* 
moa  divifor  of  thefe  difitrences^  the  diicc  feric^ 

r  +  ^  +  +  r,  ^  +  +  2r,  ^  +  +  3r,  &c. 
f+nktf-^nb  +  r,/+  itir  -f-  ar,/+     +  jr,  &c. 

will  coincide  with  one  another^  fmce  ibme  mul- 
tiptes  of  r  added  to  »  -f  j»  iNfiU  give  e  +  nk  and 
that  fellow  it  in  the  fecond  feries,  and  fbme 

multiples  of  r  added  to  m  f  ns  will  alio  give 
/+  nh  and  all  that  follow  it  in  the  fbird  {cries. 
It  is  alfo  obvious,  that,  if  no  particular  reafon 
-hinder  it,  r  ought  to  be  affiuned  equal  to  the 
greateft  connmon  meafure  of  thefe  difierenccs. 
For  example,  if  the  indices  m      ns,  e  +  ak, 
'         nby  happen  to  be  in  arithmetical  progreffion, 
then  r  ought  to  be  alfumcd  equal  to  the  com> 
ttpn  difierence  of  thetcnns,  and  the  (irft  of 
the  ftcond  ierxes  will  coincide  with  the  fecond  of 
the  firft,  and  the  firft  of  the  third  fcries  will  coin- ' 
cidc  with  the  fecond  of  the  fecond  fcries,  and 
with  the  third  of  the  iirlt,  and  io  on. 

§  113.  Thefe  things  being  well  undcrlluod, 
we  are  next  to  obferve  that  after  yo.u  have  fub- 
ftituted  ^«  +'  By»'^''  +  C>«+*'  &c.  for  x  in  xh^, 
firft  order  of  terms  in  the  equadon,  the  terais 
that  involve  tu,  +  tis  dimeniions  of  jr  will  deftroy 
one  another  ^  Ibr  ^  —  Ay  muft  be  a  divifor  of 
'       > '  I  •  the 
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the « aggregate  of  tbcfe  terms,  fmce  thcf  gi«t 
i^*asonei^eof;r.*  IctJp  —  ^  xPreprefem: 
that  aggregate,  an  J,  fubilitu  ting  for  x  its  value 
4ji'  -ir  By-^r  Cy-^^'-  &c.  that  aggregate  be- 
comes  ^y"  +  By^'^  4-  Cy^^  —  jff  x  P 
=  By"'*"'  +  Cy''+»''  &c,  x  P.  Now  the  lowed 
dimenfion  in  ;c  —  j^y"  x  P  was  fuppofcd  to  be 
m  •¥  nSi  >^hence  tlie  dimenfion  of  P,  in  due  £une 
terms,  i^ill  be  m  +  and  the  loweft  dtmen^ 
fion  in  +  Cy+^'^  +       x  P  will^be»  + 

-^m^ns'~n'=m-\-ns-^  r,  Suppofe  again  that 
two  values  of  X,  determined  from  the  firft  older 
of  terms,  are  equal,  and  thtn  x  —  Jy'f  will  ht 
a  divifor  of  that  aggregate  of  the  firft  order  of 

terms.  S  uppole  that  aggregate  now  A—yfy^)  *  x  P^ 
which  by  fubftitution  of     -\- By"'^'' -\- Cy-^tr 

for  will  become  Bf^'^  +  6)«+»»'  +  £«fr.|*  x  P, 
in  which  the  lowell  term  will  now  be  of  »i  +  ns 
dimenfions,  fmce  in  x  ^  j^A"  x  P  the  loweft 
term  is  fuppofed  of  m  4-  ns  dimenfions$  and 
conlequcntly,  in  theie  terms,  the  dimenfion  of 
P  idcif  is  »  +  w  —  2«. 

r  f 

In  general,  if  the  number  of  vaUjcs  of.v  fup- 
pofed equal  to  Jy"  be  p,  then  muftjv  —  /syf  be 
a  divifor  of  the  aggregate  of  the  terms  of  the  firft 
order.  ■  And  that  aggregate  being  exprefled  by 

-f  Jy'i^  X  P,  ii)  lia;  ioweft  terms,  the  dimen- 
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Rons  of  y  in  P  will  be  iw  +  «j  —  that  in 
X  —  Jf\^  they  may  be  m  -f  9^  as  we  always  fup^ 

pofe,  Subftirurc  in  x  —  Ay"]^  X  P  for  x  —  Ay* 
its  value  5^"+''  4-  C^+^'^  +        and  in  the 

wfuk  JSty»-»*''  +  C>''+*'  +  &fr.|^  x  P  the  loweft 

dimcnfions  ofy  will  ht  pn  -^-        m     ns  ^ 
=  »  +  »i  +  jpr.^ 

$  1 14.  From  what  has  been  faid  we  conclude 

that  when  you  have  liibftituted  for  x  in  the  firfl: 
order  of  terms  of  the  equation  propoicd  the 
fcrics  Ay"  +  B^«+''  +  Cy»+*''  +  Uc.  the  firft 
term  of  which  jfy^  is  ki^own,  and  the  values  of 
^  whole  number  is  p  are  found  'Cqual^  then  the 
terms  arifing  that  involve  m  +  m  4-  ).s  -f 
j»  +  «j  +  &c.  till  you  come  to  »1  +  ris  +  fr, 
wiU  deftroy  each  other  and  vanifh ;  fo  that  the 
firft  term  with  which  tbe  terms  of  the  fecoad  im*- 
der  ^  +  nh  can  be  compared  mufl:  be  that  which' 
involves //I  +  ns  +  fr^  and  therclorc  luppofing 

e    nk=^m +  9S fr, orr  ,  the 

higheft  value  you  can  giirer  muftbe  the  difference 
of  e  +  nk  and  m    ns  divided  by  p  the  number  of 

equal  valuis  of  tlie  firfl:  term  of  the  (cries.** 
If  this  value  of  r  is  a  comnnon  rr^eafurc  of  all 
the  differences  of  the  indices,  then  isitajuft 
value  of  rs  but  if  it  is  not>  fuch  a  value  ofr 
mulj:  be  aiTumed;  as  may*  meaiisre  this  and  all 
fh^  (jiffprenccs  j  that  is,  "  fuch  a  value  as  may 

I 
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be  the  greaceit  common  meafure  of  the  leaft  dif- 

/•  f   '     t  nk 

ference  divided  by  f  \yiz.  — ■    ^  — 

if  the  common  mcafore  of  all  the  differences." 
For  thus  the  indices  m  +  ns^m     ns  +  r,  m  -^- 
+'  or,  &c.  will  coincide  with  e    nky  e    nk  + 
^  -f.  jyA  +  iTi  &c.  and  whh/+  nh,/  +  nb  4 
f-^  nb'¥     &c«  and  youfliall  always  have  terms 
to  be  compared  together  fufficient  to  determine 
B,  C,  D,  &:c.  the  gctieral  cocfiicients .  of  the 
ieries  aiTumcd  for 

§115.  To  all  this  it  may  be  added,  that  if 
X—  be  a  divifor  of  the  aggregate  of  the 
terms  of  the Jecond  order  Fyx^^  8f  c.  then,  by  fub- 
ftituring  for  x  the  feries  +  By^""  +  Cf^^ 
•I-  W€.  there  vanilb  not  only  as  many  terms  of  the 
(cries  involving  «I  +  +  »^  +  r,»i  +  »j  +  ar 
&c.  as  there  are  equal  values  of  the  firft  term 
Ay  \  but  the  terms  involving  e  -k-  nk  dimenfions 
of  ^  vanifh  alfo ;  and  therefore  it  is  then  only  ne- » 
ceffary  that  t'^nk-^-r  coincide  witH  m  +  ^  -I-  /r,. 
f6  that,  in  that  cafe,  you  need  only  take 

— •   And  if  x  ^  Ay\     be  a 


r  = 


divifor  of  the  aggregate  of  the  fecond  order 
of  terms,  then  the  teriins  (after  fubftituting  for 
X  the  feries  -^"  +        +  which  in- 

'  velvet  +^j»*,^  +  »)t  +  r, ^  +       2r, &K:«willva- 

nilh  to  the  term    +     +    -r  i  ^  r  j  (o  thatj^ 
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fuppofing  *  +     +  p  —  I  X  r  =    -f  Hi  4.  pr, 
yoir  have  rs^  +  ii^««iRi^9x»  that  is,  to  che' 
/k^  difierence  of  the  indices  m  +  ns^i  ^  ni^ 

f  4-  nh^  &c.  provided  diat  difference  be  a  mea» 
fure  of  the  other  differences ;  although  there 
may  be  as  many  values  of  the  firft  term  of  the 
icries  equal  as  there  are  units  in/.   Or,  if  that 

.  does  not  happen,  r  muft  be  taken,  as  ibrmeriy, 
equal  to  the  greateft  common  meafurt  of  the  dif-» 
fcrences. 

%  116.  SuppoI<;  that  the  orders  of  terms  of 
the  equation  can  be  expreiled  the  Jirjl  by 

ig.->y^"K  X  P,  xhtfecend  by  x  -  Ay\^  x  ^  the 
third  by  X  —  Ay\^  x  Z,  &c.  and  fuppofe  that 
Ef*x*  is  one  of  the  firft,  Ff^i^  one  of  the  fecond, 

Gf/«^oneof  the' third,  and  fo  on:  then- it  is 
plain  that,  fubftituting  for  x  the  ferxes  Ay*  + 
gyB^r  +  Cf^%cc.  the  loweft  term  that  will 

remain  in  the  firft  will  be  /»  +  »J  +  dinpenfions 
of^,  the  lowcft  term  that  will  remain  in  the  fe- 
tond  will  be  of  e  +  4  yr,  and  the  loweft  term 
remttning  in' the  third  of  /  -f  lub  +  /r  dimenfions 
of  jf.  For  by  the  fame  reaibning  as  we  u(ed,  in 
^  113,  to  dcmonfl:; a;e  :hac_,  in  the  Fii-ft  Oidcr  of 

terms  x  —  /iy*f  x  jp,  the  loweft  dimenfioas  of 
jr  art  as  +  iri  +  /r,  we  (hall  find  that,  in  the  fub-  • 
iequent  orders,  the  loweft  dimenfions  of  in  the 

terms  7-^^  ^  ^=  »-  +  €f^*'  &c.l^  x  ^ 
t   : '  .        '  '  mult 
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mud  bc^  +  nk  ^  ^  -t  -ir  qr  :^  e  nk  qr, 
and  ib  of  the  other  wtns  x  —  j^V  x  £  the 
loweft  dimeiilions  muft  be  ^  Ir.  The 

indicci  thLidore  of  the  terms  that  do  f.ut  va- 
niih  being 

♦     m     ns  fr, 

4c^*4e  e     nk  qr, 

******  /  ^  nh  -¥  Ir^ 

if  r  be  taken  equal  to^^—p^^^,  then  will  m 

'  ns  -^-  pr  and  e  nk  -^-  qr  coincide :  and  if  at 
dte  fame  time  r  be  a  diviforof/  +  in^  —  ai  —  ju, 
and  be  found  m  it  a-  number  of  times  greater 

thanp  —  /,  or  if  r  beklsthaD^^i^~^^,tfaeii 

r  will  bcrighUy  afiiimcd.    In^eMeraly  "  take  ali 

the  quotients   ^--^  j — ,  and 

either  the  leaft  of  theie^  or  a  number  ,  whofe 
denominator,  exceeding  p  —  q  by  an  integer, 

nrjcafures  it  ai  d  .1!  differences  f  nb  ~ 
m  —  nsy  gives  r  fiippofing  and  i  inte- 
gers.  But  if  fi  q,  and  /  are  fradions,  you  are  to 

take  r  fb  that  it  be  equal  to  ^^p^^^j^"^ 
^i^^  ^^^^  j9y  ■i^^'  Jiff 

integers."   Suppofe>  for  examplei  »  +  »  = 

?  = 
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=  f;  *  +  j,j  =  |i/+ Ji*  =  2,  and 
/  =2  i:  then  f utting^  —  —  —  —  —  (r  s) 

V^i  wjiencc  i(  is  ea&iy  feea  that  5 

and  1 1  arc  the  Icaft  integers  that  can  be  affumed 

^  JC  and  AT.  And  that  r  =:  ~^  =  g ;  and 

diereforc  »  +  »f       =       +     +    =  and 

y  +  «i?  +  /r  =        That  is,  the  terms  of  the  firfc 

feries  whole  dimenfions  are     +  »j  +  p  +  K  x 
«1+  «X  +  p  4-  M  X  r  fall  in  with  the  firft  tenns 
the  fecond  and  third  fcries  refpedively^  *• 

/ 

^  See  on  till*  fobieA,  Cajfav,  BpSft.  in  AniauKhr.  D. 
JH^fMl  Metb.  Incr.   Siirimg,  Lb.  iiU  Otd.  * 

^jGrave/andc  Append»  Blem*  AlgebfU«  SttwMH  on  tto 
Q^adfitMC  of  Camit 
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CHAP.  XL 

Of  the  rules  for  FINDING  the  NUM- 
BER OF  iMFQSSlBLI:*  HOO^S  lu  am  EQyA- 

HON. 

J  1 17. '  I  *HE  number  of  imfcjjlhk  roots  in 
X    an  equackm  may,  for  oioft  part*. 

be  found  by  this 

*  • 

RULE. 

PFritc  down  a  fates  ef  fraSions  vihoje  denomU 
'    nators  are  the  numbers  in  this  progrejjion  i, 
2«  3,  4,  5,  bcc.  continued  to  the  number  which 
ixfreffis  the  Smenfion  «f  the  e^mukm»  Di^ 
fHdi  every  fraQion  in  $he  /tries  iy  thai  whief 
'  freeeies  it^  emd  plate  the  quoiienis  in  erder  0ver 
the  mMIe  terms  of  the  equation.    And  if  the 
fquare  of  any  term  multiplied  into  the  fra^ion 
that  flands  ever  it  gives  a  froduQ  greater 
■  than  tA  re&angle  of  the  tm  adjacent  terms, 
write  under  the  term  the  fign  +,  but  ifthatpre^ 
du.n  is  not  greater  than  the  reclangle^  write  —  i 
mid  'the  figns  under  the  extreme  terms  bein^  -f , 
there  will  be  as  many  imaginary  roots  as  there 
are  changes  of  the  Jigns  firm  +  to  — ,  and  from 
^to^r  .  . 

Thus. 


Digitized  by  Google 


Chap.  ii.     ALGEBRA.  275 

Thus,  the  given  equAcio;!  being     +  p**  + 
^p-fc  ^  q  =z  o,  1  divide  the  fecond  fradtion  of 

the  fcrics  by  tjie  fiift,  and  the  third 

I  I 

by  the  fecond,  and  place  the  quotients  -  and  - 

over  the  middle  terms  in  this  manner  i 

t  t 

T  T 

+      -       +  + 
Then  becaufe  the  fquare  of  the  fccond  term 
multiplied  into  the  hsu&ion  that  ftanjds  over  itf 

that  is«  -  X  f^x*9  as  leia  than  ^p^x*  the  re^a^gle 

under  the  firft:  and  third  terms,  I  place  under 
the  fecond  term  the  fign  — :  but «  ^  x  gp^x* 

jp*;>f*)  the  fquare  of  the.  third  term  multi- 
plied into  its  fradtion  is  greater  than  fwtbini,  and 
confcquently  much  greater  than  —  pqx*  the  ne- 
gative* produLT:  of  che  adjoining  terms,  I  vvnic 
tinder  che  third  term  the  fign  -f  •  I  write  4- 
likewifc  under  and  —  g  the  firft  and  iail: 
t  termsi  and  finding  in  the  (igns  thus  marked  two 
changes,  one  from  to  and  another  from  — 
to  + ,  1  conclude  the  equation  has  two  impofll'» 

ble  roo^s. 

In  like  manner  the  equation    ^  ^x*  4X 
6  =  o  has  two  impoflible  roots  $ 

T  T 

a""  —  4a'  -f  4;^  —  6      0  i 

•f       +       -       +        -  ' 

T  .  and 


Digitized  by  Google 


p 

"  I 

T]6  A  Trcatisc  «f     Part  II. 

and  the  equation    *  —  (>x^  —  jAf  —  2  =  o  the 

fame  number  ' 

t      '       ■  .  ■ 

S  4.  3 

T  T  y 

*  —  6;ff*  —  JJC  —  i  =:,0. 
+  +      +       —  + 

For  the  feries  of  fradions      |,       ^  yields, 

by  dividing  them  as  the  Kuk  dire^,  the  &ac- 

tions  g,-,  g  to  be  placed  over  ihe  terms.  Then 

tbc  fi)uare  of  the  fecond  term,  which  is  mibiag, 
multiplied  l)y  the  fradion  over  it  being  ftill 

nothings  and  yet  greater  than  —  6x  the  negative 
produd  of  the  adjacent  terms,  I  wrfte  under  (*) 
the  term  that  is  wanting,  theiign  -f,  and  pro*, 
ceeding  as  in  the  former  examples,  I  conclude, 
from  the  two  changes  that  happen  in  the  feries  ,  ' 
+  +  +  —  that  the  equation  has  two  of  its 
roots  impofriblc. 

The  fame  way  we  difcover  two  impoiiibic, 
roots  in  the  equation 

i  i  i 

+      +      -++  + 

When  two  or  more  terms .  are  wanting  in  the 
equation,  under  the  firft  of  fuch  terms  place  the 

fign  — ,  under  the  iecond  +,  under  the  third 
— ,  and  fo  on  alternately ;  only  when  the  two 
'    '    terms  to  the  right  and  k^  of  the  deficient  terms 

have 

^ 
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iiave  conirary  iigns,  you  are  always  to  write  the 
fign  +  under  the  laft  deficient  vteim, 
.  As  ID  the  equatioiis 

If'  +  IM?*  *  4c  *  +  41*  =  o 

+     +  -  +  -  + 

a'  +  tfX*  4e  *  *  —  4»'  55  O 
+        +    -  +  +  + 

the  6xA  of  yrhich  imfour  impoffible  roots»  and 
the  other  tw^.    Thos  likewife  the  eqaadon 

f  *  t  *•    5  1 

T  V  T        T    T  r 

•f      -      +      -  +  + 

has/itf  impofliUe  roots* 

Hence  too  we  may  difcover  if  the  imagiiiarjr  . 
roots  lie  hid  among  the  afBona^ive,  or  among  ' 
the  negative  roots.    For  the  figns  of  the  terms 

v/hich  Hand  over  the  figns  below  that  change 
from  -t  10  —  and  —  to  +,  fhew,  by  the  nuai- 
ber  of  their  variations,  how  many  ot  the  impof- 
fible roots  are  to  be  reckoned  affirmative  1  and 
that  there  are  as  many  negative  imaginary  roots 
as  there  are  repetitions  of  the  fame  (ign.  As  in 
the  equation  '  . 

i 

—      +  4jf''  —  o.x'^  —  5^ —  4  =  0 
+      +       -       +       +  -+ 

the  figns  ( —  +  —  )  of  the  terms  —  ^x^  +  - 
.~  2*'  which  ftand  over  the  iigns  +  —  +  point-' 

T  2  ing 
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iag  Oi;».  tv. o  aihrn-.ative  rcx)ts*,  wc  infer  that 
tv/o  impoii.bk  rooci  iic  ainong  the  aftrmativc ; 
and  the  three  changes  of  the  figns  in  the  equa*« 
tion  ( -I-  —  +  — — — )  giving  three  affirmative 
roots  and  two  negative,  the  Bve  roots  will  be 
one  real  affirm^ive,  two. negative,  and  two  ima- 
ginary aiHrmatives.   If  the  equation  had  been 

—  4Jf*  —      —  — .  5A-  —  4  =  o, 

+       +      -       -       +  + 

ft 

the  terms  —  ^x*^  —      that  ftand  over  the  firft 
*  variation  +       (hew,  by  the  repetition  of  the 
fign  — ^  that  one  ifnaginary  root  is  to-  be  reek- 

oncd'negative,  and  the  terms  —      —  jjr  that' 

iland  over  t'lc  lail  \'aria:ion  —  +,  give,  for  the 
fame  reafon,  another  negative  impoffibie  root 

io  that  the  iigos  of  the  equation  ( -I-  ) 

giving  one  affirmative  root,  we  conclude  that  of 
chefbur  negative  roots,  two  are  imaginary. 

**  This  always  hoi  is  good,  unlcfs,  which  fome- 
tinnes  m-iy  happen,  there  are  more  imf^oflible 
roots  in  the  equation  than  are  dilcoverabie  by 

thcRAjle.',:  ^ 

* 

7 bis  Ruk  bath  been  j^vejligaud  by  fever al  em-^ 
nent  Matbematsdans  in  various  ways  %  and  others^ 
•  Jimihr  to  fV,  invented  and  publijbed  f.  -  But  the 

♦  Sce§  19. 

f  See  Stirling's  LInea  Sj«  Ord.  Nuiea.  p.  59.  PHI. 
frtfMft  N*.  394,  404,  408. 

mpnal 
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original  RuU  beings  m  account  of  Its  fimpUciiy 
andeafy  applicaticjt^  if  not  preferable  to  ail  others^' 
4/  kafi  tb€  Jattji  for  this  flace^  U  is  /efficient 
Mre&  iht'  Reader  where  he  may  find  the  fubjecl 
more  fully  treated ;  and  to  add  the  deracnfi ration 
our  Author  has  given  of  it  towards  the  end  cf  his 
Letter  ii^ Mr.  Folkes,  Phil.  Tranf.  ^c3,  as 
it  depends  mly  on  what  has  been  dem^nfirated  in 
Chap.  5.  cMcerningthe  UmiU  of  therms  of  egtia^- 
thons^ 

%  I  |S«  Let  ax^  ±.p.^:tq  =  o  be  any  adfedled 
quadratic  equation ;  and,      §  8S>  Part  I.  its 

roots  will  be  ;i-  X     ?  ±       =F      *  whenccit 

is  pLiia  that,  the  fign  of  q  in  the  given  equatioa 

being  the  roots  will  be  impoffible  as  uit  as 
I  4aq  is  greater  than  p\  or  ip'  kls  than  a  x  q» 

'  §119.  It  was  (hewn>  ih  general  (§  45  •  •  •  •  5<^) 
^that  the  roots  of  the  equation      ~         «  4- 

j5  v«— *  —        3  &c.  =  o,  ariihe  limits  of  the 

TjQots  of  the  equation  »  —  »  —  1  x  -^a?»— *  + 
n  —  %  ^Bx'^i  &c*  znOf  Ori^any  equation  that 

is  deduced  from  it  by  multiply  ing  its-  terms  by  any 
arithnietical  prcgrejfion  I  zr:  d,  I  id,  I  zf  ^d^ 
Sec.  a?id  ccnverfely  the  roots  of  this  new  equation 
will  be  the  limits  ^e/  the  roots  of  tbefropofed  equa* 
tion  X*  —  ^jf»-* .  +  ^       &c.  so. 

And  that  if  any  roots  of  the  equation  of  the 
'  limits  are  impoffible^  there  muft  be  fome  roots  of  the 
^  propofed  tqufiiion  impffible.  , 

T  3  '  §  lao. 


oSo         A  T  It  E  A  T  J  s  f  »/    Part  IL 

I  120.  Let  —  ^x*  +  —  C  =  o  be  a 
cubic  equadon»  and  the  equathn  of  limits 
2Pc*  —  aAx  4^  =  0.  If  the  two  roots  of  this 
laft  arc  imaginary,  there  arc  two  imaginary  roots 

of  the  given  equation  .v^  —  Ax^  -ir  Bx  —  C  =  o, 
by  the  iaft  ^r/.  But,  by  the  preceding  y^ri. 
this  happens  as  oft  as  -J-  ^  is  iefs  than  B ;  and, 
in  that  caic«  the  given  equauon  has  two  imagi* 
nary  roots.  ^ 

Again,  multiplying  the  terms  of  the  equation- 
by  the  terms  of  the  progrefiion,  o,  —  i,  —  2, 
~  3>  get  another  equation  of  the  limits  Ax* 
~  2Bx  +  3C  =  a;  whofe  two  roots^  anB  con- 

fequently  two  roots  of  the  given  equation,  are 
imaginary  when  ^  5'  is  lefs  than  A  x  C. 

{fence  likewife  the  biquadratics*  -^  Ax^  +  n 

Bx*  —  Of  +  D  =  o,  will  have  two  imaginary 
roots,  if  two  roots  of  the  equation  4^^^  —  2-'^^'^ 
+  o.Bx  —  C  =:  o  be  imaginary ;  or  if  two  roots 
of  the  equation  Ax^  —  2Bx^  +  3CA  —  4D  =  o 
be  imaginary,  fint  two  roots  of  the  equation 
4*p'  —  3  Ax*'  +  aBx—  C  =  o  muft  be  imagi* 
nary,  when  two  routs  of  the  quadratic  6x'' 
jAx  -j-  B  =  c,  or  of  the  quadratic  3^^*  —  4^.^ 
■I-  3C  =  o,  are  imaginary,  becaufe  the  roots  of 
theie  quadi^atic  equations  are  the  iimiis  of  the 
roots  of  that,  cubic  ;  and  for  the  fame  reaibn 
two  roots- of  tiie  cubic  equation  Ax^  —  ^Bx*  + 
^Cx  —  4D  =  o  mufl:  be  imaginary,  when  the 
roots  of  the  quadratic  3-4**  — •  4^^;  +  3C  =  o, 

.  or 
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or  of  the  quadratic  Bx*  —  v^Cx  +  6D  o  are 
impofiibie.  Therefore  two  roots  of  the  biqua- 
dratic ^  -  +  i8;ip*  —  C«  +  jD  =  o  muft  be 
imaginaiy  when  the  roots  of  any  one  of  thefe 
three  quadratic  equations  6x*  —  ^Ax  A-  B  o, 
2Ax^  —  ^Bx  +  3C  zz  o,  -  3Ca'  +  6D  -  o 
become  imaginary;  that  is,  when  \  A"^  is  lefs  ^ 
f^a     ^B^  lefs  than  ^C,  or>C'  lefs  than  BD. 

%  121.  By  proceeding  in  the  fame  manner, 
you  may  deduce  from  any  equation  sfi  —  Ai^'''^ 
+  —  C*«-3  &c.         as  many  quadratic 

equations  as  there  are  terms  excepting  the  firft 
and  laft,  whofe  roots  mud  be  all  real  quantities, 
if  the  propofed  equation  has  no  imaginary  roots. 
The  quadratic  deduced  from  the  three  Brd  terms 
—  »  +  Jy*-"*  will  mahifeftly  have  this 
form,  n  x  n  ^  i  x«_2X»  —  3  &c.  x  — 

»-.1  X«--2X»  —  3X»—  4  &C,  X  -f 

9  —  a  X  »  —  3  X  «—4  X  n  ^  5  &c  x  £  = 

continuing  the  fadors  in  each  till  you  have  as 
many  as  there  are  units  in  n  —  1,  Then  divid- 
ing the  equation  by  ail  the  fadors  »  2,  »  —  j, 
II V-  4»  &c.  which  are  foumi  in  each  coefficient, 
the  equation  will  become  n  x  w  —  i  x  «p*  — 
»  —  I  x  2Ax  -faxix^sQ,  whofe  roots  will 
be  imaginary,  by  §  1  iS,  when  irxir»^ix2X 
45  exceeds  »      li  *  x  4-^',  or  when  jB  exceeds 

^***  propofed  equation  muft 

T  4  '  have 
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have  fome  imaginaiy  roots  when  B  exceeds 

— — ■■^*>  The  quadratic  equation  deduced  in  the 

fame  manner  from  the  three  firft:  terms  of  the 
equation  Ax'—'^  —  iBx''^^  +  juV-J  &c,  =  o, 
will  havle^this  farm,  »  —  i  x  ».—  2  x  n  —3  &€• 
X  y/v*  -  ;/ — 2  X  n  —  :\  X  n —  4  &c.  x  s^.v  + 
7/  —  3  X  n  —  4  X  n  —  5  X  3C  o,  which 
dividing  by  the  f  '/>oi  common  to  ail  ti  c  n  ms, 
is  reduced  to  * —  1  x  » 2  x  jix^  —  »  —  2  x 
4J5a'  4-  6C  =  o,  vvliuk  roots  mud  be  imaginary 

when  -  X  '^^^  x  -8*  is  iefs'than  AC%  and  there* 

3         K  -  I 

fore  in  that  cafe  fome  roots  of  tHe  propofed 
equation  muft  be  imaginary.  ' 

§  122.  In  general,  let  —  4. 

Fx'-*'""'  be  any  three  terms  of  the  cqiiacion, 
X"  —  y^v*-'  4-  Bx'*—^  &c.  =  that  immediately 
&ilow  one  another  i  multiply  the  terms  of  this 
equation  fird  by  the  progreflion  xr>  —  1,  »  —  2, 
&c.  then  by  the  progreffion  »— 1,»  —  2, «— 3» 
&c,  then  by  «  -p-  2,^»  3,  «  — ;  4,  till  you 
have  multiplied  by  as  many  progrt-flions  as  there 
nn'  units  in  »  —  r  —  1  :  then  multij^ly  the  terms 
of  the  equation  that  arifes»  as  often  by  the  pro-> 
0re01on         2,  as  there  are,  vnits  in 

r  T«  and  you  will  at  length  *  arrive  at  a  qua* 
dratic  of  this  form  j 

H  — r4.  I  X  — r  X  w  —  r —  1  x  r — 2&c.' 
X  r—i  X  r  —  %  X      J  xr**«4&c,  x  P^f* 
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X  r  X  r  —  I  X  r  —  2  X  r  r-  7  &c.  x  'Ey  ■j* 

«— r— I  x»  —  r  —  2X«  —  r— 3X«  — —  4 
&c.  X  r  +  i  X  r  X  r  —  i  x  r  —  2  &c.  x  i^'  s:  o : 
and  dividing  by  the  fedors  »  —  r  —  r  —  2, 
and  r  —  f ,  r  &ir.  which  are  found  in 
each  coefficient,  this  equation  will  be  reduced  to 

7;  — r  4-  I  X  «— r  X  2  X  1  X  Dx^  —  n  —  r  x  2  x  r 
X  a£^f'-f  2X1  xr+     rF=o,whofe roots muft 

'  '  be  imaginary,  by  ^  118,  when jj^^  x  — j  x  iE* 

(    is  lelli  than  Z)F.    From  which  it  ismaniteft,  that 

if  you  divide  each  term  of  this  kries  of  fradions 
H    It  —  I    »  —  2    «  ^  3  V.    »  —  r  +  I    g  — r 

?  ""T^'  ?    *  7+1* 

,  by  that  which  precedes  it^  and  place  the  qup- 
tieuts  above  the  terms  of  the  equation  ^c*— • 
Ax^"^  +  Bx'^^'^  CV«— 3  &c.=o,  beginning  with 
the  fecond  :  then  if  '^he  fquare  of  any  term  mul* 
tiplied  by  the  fradion  over  it  be  found  lefs  than 
the  produd  of  the  adjacent  terms,  Ibme  of  the 
roots  ofthat  equation  muft  be  imaginary  quanw 
titics.  ' 

.1       §  123.  An  equation  may  have  impoflible  roots  . 
although  none  are  dilcovered  by  the  Rule  :  be- 
cauie,     though  wl  roots  in  the  given  equation 
always  gtve  real  roots  in  the  equation  ef  limits  i 
yet  it  docs  not  follow,  cowverfely^  that  when  the 

*  100 of  the  eq^uation  of  limits  ate  real,  thofe 

'  of 
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of  the  equation  from  which  it  is  produced  muft 
be  fuch  iikfiwife.   Thus  the  cubic 


I 


+  «  J 

has  two  of  its  roots  imaginary,  m  +  y^— ir, 
m—%/—M,  the  third  being  +  f :  and  yet  in 
the  equation  of  limits  3«*  —  4»?  +  2^  x  a:  + 
jji*  +  a^rw  +  =  o>  if  m  — q\*  exceeds  3»,  the 
roots  of  the  equAUon  of  limits  will  be  real,  '  Or 

if  the  othtT  equacion  of  limits  im      q  ^  ^ 

X      +  iqm  +  »xa;  +  3j  X|»*  +  »=:o 
is  found  by  multiplying  by  the  progreffion 
—  1,  —  2,  —  3  5  it  will  have  its^  roots  real  as  oft 

exceeds  im  +  y  x  3^  x  f»*  +  ;f. 
And  the  like  may  be  Ihewn  of  higher  equa- 
tions, 

§  124.  The  reafon  why  this  Rule>  and  per* 
liaps  every  other  that  depends  on  the  compari* 

fon  of  the  fquare  of  a  term  with  the  redlangles 
of  the  terms  on  either  fide  of  it,  muft  fome- 
times  fail  to  difcover  the  impoflTible  roots,  may 
appear  Ukewife  from  this  conOderation :  that  the 
number  of  fuch  «romparifons  being  always  lefs 
by  unit  tha;i  the  auiriber  of  the  quaiuicics  q.^ 
m,  }7,  &c.  in  the  general  equation ;  they  cannot 
include  and  fix  the  relations  of  theie  quantities» 

1  'on 
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00  which  the  ratio  q{ greater  or  leffer  inequality 
of  the  fquares  and  recftangles  depends  ;  no  more 
than  equations  fewer  in  number  than  the  quan* 
tides  fought  can  furailh  a  determinate  fohitioii 
of  a  proUera.  ' 


CHAP.  XIL 

Containing  a  GENERAL  DEMONSTRA* 
nON  OF  Sir  ISAAC  NEWTON's  RULE 

FOR  FINDING  THE  SUMS   OF    THE  POWERS 

oE  THE  ROOTS  OF  AN  EQUATION  *. 


£T  the  equation  he  x  —  a  x  x  —  t  x 


T 


X  —  c  X  X  —  d  X        =  O,  or, 
ii^^Ax^"'"  +  —  Cx'^"^  •  •  •  1  _ 

It  is  known  that  vf  =  if+^  +  f  +  //  +  &c. 
B  ^  ab  •¥  ac  ad  be  ^  bd  cd  -¥  &c. 
C  ^  abc  abd  +  bed  +  &;c.  D  =  abed  Sec. 
the  farts  or  teitns  of  th*  coefficients  Ay  B,  C, 
J),  &jc.  being  of  i,  2,  3,  4,  dtmex/iw^ 
that  is,  containing  as  many  roots  or  favors  as 
there  are  terms  of  the  equation  preceding  them, 
rcrpedivcly, 

*  See  Jrifb,  Umveif.  fmg*  157.  Ao4  Ciiap»  II.  i  IS-?»?» 
«f  this  i'nr/. 

C  A^E 


Digitized  by  Google 


sS6         A  Trsatisb  cf    Paat IL 

C  A  S  E  *L 
Let  r  be  an  index  equal  to  »,  or  greater  than 
ir»  thco»  muhiplying  -tfaie  equauoa  by  4^^"*%  and 
fubftituting  fucccfiively  a,  6cc.  for  4^; 

you  obtain 

e—Ad^^  +  5/-*  —      . . . 

&c.  ' 
Whencr,  by .  tranfpofition  and  addition,  this 

'Theorem  refults,  that,  in  this  cafe,  "  the  fum 
of  the  powers  of  the  roots,  of  the  exponent  r, 
is  equal  to  the  fum  of  their  powers  of  the  ex- 
ponent r  ~  I  multiplied  by  minus  the  dim 
of  their  powers  of  the  eitponent  r  —  2  mtilti-* 
piled  by  5,  +  the  fum  of  thofe  of  the  exponent 
r  —  3  muhiplied  by  C  and  fo  on." 

It  remains  to  find  the  fums  of  the  powers  of 
the  roots,  when  the  exponents  are  lefi  than  n  the 
exponent  of  the  equation^         *  - 

C  A  S  E  II. 
If  r  is  lels  than  «,  and  H  be  the  coefficient 
in  the  equation,  of  the  dimenjimfir\x  that  is,  if 
//be  taken  fb  that  the  number  of  terms  preced-  * 

ia^  it  in  the  equation  be  equal  to  r,  or  ihe  num*' 

ber 
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bcr  i;d favors  in  its  parts  abcdefgby  abcdefgi^ 
&c.  equal  to  r,  then  the  Theorem  may  be  eat* 
preflbd  in  the  following  maimer. 

a'  ^  b'     c  +  dr  6cc. 


+  dec. 


—  r  X  H. 

The  cafe  when  r  =  «  —  i  is  eafily  dcmon- 

ftratcd  i  fur,  dividing  the  equation  by  x,  we 
have       '   ,  '  . 

V^*  —  ifAT"*  +  5^"'  —  i  -f  r;-  =  a 


+  6rc.         —  &c. 


Whence 


M 


—  Alt-'-  +  5*"^' ....  —  L  +  7  =  o; 


&c.      ,  &c. 

and  (bccaufeL  ==^+x  +  T**"7  '**  .^^'^ 

we  £haH  have*^"-^  +  i""*  +  d""'  ^  ^c.   '  . 


[•+■«"-'] 

1     _  ■ 

1  + 

[       •>  Sec.  J 

+  &c.  J 

When 


11 
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Whcnr=/i-2,  the  acmonftrauon  ts 

fiwcd  from  bcno^  chat  + 
=  -4*  —       t.^^.  141.)  as  follcms. 

By  ^  32.  tTamform  the  given  cquarion,  iwz, 
—  yf«"-*  +  ^AT^—*  —  Cjc— ' . . .  .?  . 
— i*r'  +  i^;^^  — +ilf  ti'T^"^ 
die  cqiution 

^  ^  .  ^      -       X  ^  t  1 

the  roots  y,  I,  &c.  of  which  new  equa- 
upa  ihail  be  refpectiirdy  equal  to  the  recipro- 
cals J,  2*  ^c.  of  the  roues  of  lh« 
o^nal  equation. 

.  Divide  now  the  original  equation  by  x%  and 
in  the  quotient  fubftituce  for  x  the  roots  K 
df  &c.  fiicceflively,  fo  iball  you  havie 

a  ^  ^  J 

Add  all  thefe  equations  togeiher,  and  for 
n  —  2  lubllitute  its  value  r,  and  it  will  be 

d 
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4.&C.— 'Sec.  ^ 


1+&C.  J 


I— &cj    •  -  _ 

But  by  the  principle  adduced  from  pag'  »42» 

+  r  +  y*  +  to.  =  ^  -  wherefore, 

multiplication  aod  mn^ofition,  U  will  fol- 
low Uiat 


1+  &cj 


Which  equation  being,  fubtraded  from  the  pre- 
ceding* there  reoiains 


~*    lx/  +  r  X  Jfso;  Which 


to  be  pi  ovcd. 

Em  to  Ihew  it  miver/alfy,  we  may  ufe  the  fol< 

lov^ing  LemiMa  : 


Thac 
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"  That  if  A  is  the  coefficient  of  one  dimen- 
iioo^  or  the  coeiiicienc  of  the  fecond  tenn^  ia 
an^equation>  G  any  other  coefficient,  //  the  co- 
efficient next  after  )ti  the  difference  of  the  di« 
meniions  of  G  and  A  being  r  —  2  :  if  likewife 
A'  X  G'  rcprcftnc  the  fum  of  all  thofe  terms  of 
the  produd  A  >^  G  in  which  the  fquare  of  any 
root)  a$  a\  or  or  c%  &c,  is  found  i  then  will 
'  A  xG-  AG—  rW 
»  This  is  a  particular  cafe  o(Prop,  VI.  concern- 
ing the  impojftble  roots  in  PbiL  Iranf,  N**  408 ; 
whichj  by  continuing  the  Table  of  Equations  in 
f&g*  140»  and  obferVing  how  the  coefficients  are 
fdrnned,  may  be  ihtis  denrioniHrated. 

Let  the  coefficient  of  a  term  of  the  equation, 
as  D  (  —  abed  +  ahce  +  dbcf  &c.  +  hcde  +  hcdf 
&c.} be multipiiedl)]^  A{j=,a'\rh ^  c^d 
'  andy  in  the  produ£b  ^  x  JD^  fetting  afide  all  the 
terms,  A  X  D',  in  which  ^%  c^^  Sec,  are 
found,  any  one  of  the  remaining  ternns  will 
arife  as  often  as  there  are  faclors  in  the  terms  of 
the  following  coefficient  E.  Thus  the  term 
ah^  will  ariie  five  times ;  becaufe  it  is  made  up. 
of  any  one  of  the  five  roots  (or  terms  o{  AJ 
fj  d^  <f,  multiplied  Into  the  other  four  that 
rpake  a  term  of  B  :  the  like  is  true  of  e\^ery 
other  term,  as  ahcdf^  hcdef^  &c.  each  of  which 
will  arife  five  times  in  the  produd  A  ^  And 
the  fum  of  thefe  terms  ahcde  +  ahcdf  . 
naaking  up  the  coefacicac       it  follows  that 

\4  X , 
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*f  X  P  -  yf  X  D'  =  sEy  or  A  x  D:^JD- sjB, 
Apd  the  fame  holds  of  any  two  coefficients 
G,  H,  whofe  dhn^nlions  are  r  >^  i  and  r  re« 

ipedivcly. 

To  apply  this  to  the  prcfcnt  purpofe,  it  is  to 
be  obfcrved,  that,  in  each  of  the  coefficients 
A,  D,  d(c.«  except  the  laft  M,  which  is 

the  produ4  of  atl  die  roots'  a,  d,  &c.  we< 
may  diftinguifli  two  feveral  portions  or  mem- 
bers, in  one  of  which  any  particular  root,  as  a, 
is  coi^tainedy  but  in  the  whole  remaining  por- 
tion of  the  fame  coefficient,  that  particular 
root  (a)  is  wholly  abfent.  Now  if,  for  bre- 
vity's fake,  we  denote  that  portion  of  any  co- 
efficient whercia  any  root,  as  a,  is  contained, 
by  annexing  the  fymbol  of  the  fald  root  with 
the  fign  +  in  an  uihus  to  the  fymbol,  as  G,  of 

the  CQciiicicnt  (thus  G  ,)  and  If  we  denote 
the  remaining  portion  of  the  fame  cocfHcicnr, 
from  which  the  fame^  root  a  is  totally  ableht, 
by  annexing  the  fymbol  of  thefaid  root  with  the 
fign  —  in  an  unciu  to  thc.fyaibol  G  ot  the  iaaie 

coefficient  (thus  .  )  it  will  appear  that  (if 
G  I  c  any  coefficient  and  H  the  following  co« 

eihcient) 

G  ^  G^^'  +  G^-"  and  h'*"  =  a(^", 

C-=  g(  +  *  +  g(-'  and -^G^-*. 
&c.  "  &c. 

U  Divide 
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Divide  now  the  cc^p^atioa  pi^opoled  bji^"', 

and  it  vill  become 

f^^jU^'  -h  Af —   1 

which  fubflitutiag     i>     &c.  fucccffivdy 


s^"^— —  a-'  \ 

+  J        +        1^-::^  J 

•  •  •  •  I" 

;  My 


£ut»  by  the  notaciioa  kere  ufed^  and  expUioed  m 


U 

I 


+  -  -      -  .      +ii  +- 


jr.  J 


■if""*  rf""* 


Wbence 
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And  the  fum  of  .thcfc  =  flG^'^''+  Wr^"*^^  + 

cG^  +  &fr.  =t  (by  this  notatipn)  -4'  x  <?'  = 
(by  the  the  lemma) 


Compare  thk-lad  concluGon  witk-thi^  which 
followed  from  dividing  tht  pn^ied  cqUlBtioA 

by  x"^,  3ftd  fubflhuting  for  ;if  the  roots  a,  I, 
r>  &€•  and  you  will  have 


which  wfts  to  be  demonfiiaud* 


From  thcfc  two  Theorems  Sir  J(aac  ^iwtom 
Ruk  maoifiBfiiy  follows^ 

But,  to  illuftiace  the  reafoning  here  ufcd  by 
feme  examples :  foppofe  r  =  3,  theo  we  are 
to  take  C  (or  Ht  becaufe,  tkree  temis  otilf  pie. 

cede  C  in  the  equation  9^  -  Jf^'  +  Bi^*  — 
Of^^  +  (^c.  =  Oi  and  we  are  to  prove  ihac 


»  -I  ,  a" 


+  arc 


'  That  this  may  appear/  obferve  that 

41  +    +    +    +  ef^,  =<  +    +    +  4»^^. 

-  i^*  X  aT7Tc+ £#tf.— fif?f.=(becaufe  -^'iB'  = 

A  X  ofTacTTd  4  y  <f .  +  ^  X  /i^  +     +     +  Csf^". 
+  ^  X     +     +  dc  +  6ff  +  </  X  /z^  +  + 
+  fcff.)  =    4-     4-    4>"^  4-  6fc>  X  A'-ABf 
(by  the  Lemma)  =      +     +     +  + 


In  like  manner,      +     +     +  ^  +  ^^*.  =2 
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+  £?r.  +  G?^.  =  +  -f  +  ^3  +  6f f .  X  ^ 
^  <t"  +  +  -f  +  ^<r.  X  jS  +  ^  r  = 
ii* .+    +    +jM^^r^    -  +  + 


£iri/  ^/ii^  Second  Part. 


,  A  TREA- 
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A  L  G  E  B  R  A. 


I  > 


PART  III. 


Qf  tbi  Application  of  jUgebra  and  Gecmetfy 

to  eacB  other. 


CHAR.  I. 


Of  thb  relation  bbtwesn  thb  EQUA- 
TIONS OF  CURVE  LINES  and  the  FIGURE 

OF  THOSE  CURVES,  IN  GENERAL. 

§  I.  TN  tRe  two  firft  parts  wc  confidcrcd  Alge- 
jL  bra  a?i  independent  of  Geometry ;  and 
demonftrated  its  operations  fioai  its  own  princi- 
ples.   It  remains  that  we  now  ei[plain  the  uie  of 

Algebra  in  the  relblution  of  geometrkal  problems ; 

'  ■   N  or 


4 
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or  reaionlng  about  geometrical  figures ;  and 
the  u(c  of  geomeirical  lines  and  figures  in  the 
reiblmion  of  cqiHttions.  Th^  mutual,  iacer- 
"  courle  of  thefe  fciences  ius  produced  m^nf  tt^ 
tenfive  and  beamHbl  Theori^,  the  chief  of 

which  we  (hall  endeavour  to  explain,  beginning  * 
with  the  relauofi  betwixt  curve  lines  aad  their 
equations* 

§  2,  We  are  now  to  confider  quantitiea  as 

reprcfcntcd  by  lines a  known  quantity  by  a  * 
given  line^  and  an  unknown  by  aa  undetimmfd 
lioe. 

But  as  it  is  fufficient  that  it  be  indetrraiiaed 
on  oflc.fidej  we  may  fuppofeaneextremttjr  to  b<^ 
known. 

^  ^    -  4 — Jt-5L4 

Thus  die  line  AB,  whofe  extremities  A  and 

B^reboth  determined,  may  reprefent  a  givea  « 
quantity :  while  AP>  whofe  cxcrecnity  P  is  un- 
.determined^  may  reprefccit  an  undetermined 
quantity.  A  leffiar  undetermined  quantity  may 
be  repidenced  by  AP>  taking  P  nearer  to  A ; 
and,  if  you  iuppofc  P  to  move  towards  A,  then 
V9i\l  AP,  fucctlTivdy,  reprefcnc  all  <^uantities 
k&  than  the  fiiib  AP  i  and  after  P  has  coin* 
Cfded  witb  A»  if  it  proceed  in  the  fiune  direct 
don  to  t!ie  place  pi  then  will  A^  reprefcnc  a  nt* 
gative  quantity,  if  AP  was  fuppofcd  pofitive. 

U4  .  If 
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If  AP  repreftnt     and  Ap  ^  AF,  then  will 

Ap  reprefent  —  x ;  and  fur  the  fame  rcalbn,  if 
i\B  iTprefcnt  (+  a,)  then  wili.A^  AB)  re<» 
prcfcnt  (—  a). 

§  3«  After  the  fame  manner,  if  FM  repre-»^ 
feat  +     and  you  ukt  Pm,  die  continuatiQii 


of  PM  on  the  other  fide,  equal  to  PM,  then 
will  Fjw  reprefent  —  y :  for  by  fuppofing  M  tp 
move  eowarids  P,  the  line  FM  decreafes;  when 
M  comes  to  P,  then  PM  vaniihes^s  and  after  M 

has  paflcd  P,  towards  w,  it  becomes  negative,  * 
^  4.  In  Algebra^  the  root  of  an  equatpn, 
.  when  it  is  an  impoi&ble  quantity,  has  its  ex^  ' 
preifioni  but  in  G^metiy,  it  has  none.   In  .  , 
-    Algebra  you  obtain  a  general  relblution,  and  ^ 
there  is  an  expreflion,  in  all  cafes,  of  the  thing 
required  j  only,  w  ithin  certain  bounds,  that  ex- 
preffion  reprefents  an  imaginary  quantity,  or 
rather,     is  the  Jymhl  of  an  opiratioH  which, 
in  fhai'  cafe,  cmmot  h  fcfforme4sf**  and  lerves 

.      ,  only 
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only  to  ftiew  the  genefis  of  the  quantity,  and  the 
Iwdts  within  which  ic  is  pofiible. 

In  thie  geometrical  refolution  of  a  queftioi]» 

the  thing  required,  is  exhibited  only  in  thoie 
cafes  when  the  queftion  admits  of  a  real  folu- 
tioii  >  and>  beyond  thofe  limits,  no  folution  ap- 
pears. So  in  finding  the  interfedions  of  a  given 
cirde  and  a  ilraight  Itne^  if  you  determine  tbetn 
by  an  equation,  you  will  find  two  general  ex- 
predions  for  the  diftances  of  the  points  of  inter- 
fe(5lion  from  the  perpendicular  drawn  from  the 
centre  on  the  given  line,  ^ut,  geometrically^ 
thofe  ioterfedions  will  be  exhibited  only  when 
the  diftance  *of  the  ftraight  line  from  the  centra 
is  leis  than  the  radius  of  the  given  circle. 

§  5.  "  When  in  an  equation  there  are  two 
undetermined  quantities,  x  and^,  then  for  each 
particular  value  of  there  may  be  as  many 
values  of  y  as  \t  has  dimenfions  in  that  equai* 


'Mj 

\ 

1 
/ 

> 

> 

1  » 

? 

E 

So, 


So  that,  if  AP  (a  part  of  the  indefkitc  line 
AE)  repreicflt  ^nd  tlic  perpenoicuiars  PM 
repnpfent  the  corre^XNsdiog  vahies  of  then 
there  will  be  as  Rumjr  points  (M,)  the  extremi- 
ties of  thefe  perpendicitlsrs  or  ^rdirnUs,  as  there 
arc  dimi^aiions  oi  y  in  the  equation.  And  the 
values  of  PM  will  be  the  roots  of  the  equation 
arlfing  by  fubftitutiog  for  x  Us  particular  value 
AP  in  any  cafe*  .  / 

From  which  it  appears^  hdw,  when  ah  cqi1a«- 
tion  is  given,  you  may  determine  as  many  of 
the  points'  M  as  you  pleafe,  and  draw  the  line. 

that  fliali  pafs  through  all  thefe  points  ^  which 
'  is  called  the  luus  of  the  equation," 

f 

§  6.  When  any  equation  involving,  two  un» 
known  quantities  (x  and  y)  is  propofedj  then 
iubftituting  for  x  any  particular  value  A    if  the 

equation  that  anfes  has  all  its  roots  pofitive,  the 
points  M  will  lie  on  one  fide  of  AE  :  but  if  any 
of  them  are  found  negadve,  then  thefe  are  to  be 
fet  off'-on  the  other  fide  of  A£  towardji  j». 

If,  for  X,  which  is  fuppofed  undetermined, 
you  fubftitute  a  negative  qgandty,  as  Ap,  then 

you  will  find  the  points  M,  fft,  as  before:  and 
the  kcus  is  not  complete  till  all  the  points  M,  fw, 
arc  takf  11  in>  that  it  may  fhew  ail  the  values  of 
cOrreiponding  to  all  the  poflibie  values  of  x. 

"  Ifi  in  any  cafe,  one  of  the  values  of  y 

vaoiiht 


<6»iiv.iu    algebra;  in 

Vftnifo^  ChcHthe  point  M  coingidcs  with  P,  md 
tbc  iocMJ  Eneets  wich  A£  in  thzt  point.'*  ^ 

If  «ne.af  the  values  of  ^  Iwoc^es  in&ute; 
tlMn  k  Am  dnt  the^our^  bats  an  0ifim$i  m: 
and,  in  that  caic,  die  line  PM  becomca  an 
cfymfMe  to  the  curve,  or  touches  it  at  aa  in- 
take diftance,"  if  AP  is  icfelf  finite.  - 

If,  whpn  «  is  fuppoied  infyikx^y  greai^  * 
tnlue  of  p  «anifli»  Aen  the  cnnre  apprpachet  c» 
A£  produced  as  an  afymptofie.'* 

"If  any  values  of  y  become  imfoJJihU^  then 
fp  many  points  M  vanilh." 

^  7.  from  what  has  been  faid  it  appears^  that 
when  an  eqiiadon  is  propofed  involving  two  un- 
ii^tmm^  quantities  (mmAy)  thm  maybe 
as  many  intiErfeftions  of  the  curve  that  is  the 
€US  of  the  equation,  and  of  the  line  FM  as  there 
are  dimendons  of^in  the  equation  ;  and  as  many 
interferons  of  tiie  curve  and  the  line  AE  aa 
ibjere  are  dioieofions  of  « in  the  equa^oo*'^ 

jf  ^ott  draw  ap/  odier  line  LM  njeeting  the 


4^ 


$fm  iwve  in      and  th^  line  A£  in  the  given 
'  "     \  angle 


3^%        A  T  KEATist  0f    Part  III. 

<inglc  ALM.  Suppofe  LM  =  u,  and  AL  =  2r;  ,  ' 
**  then  the  eqitatiun  involving  u  and  z  (hall  not 
riie  to  more  dimcniiom  than  jy  and    had  in  the 
propoied  equation^  or,  than  the  fuqi  of  their  dt*  * 
"  menfions  in  any  of  its  terms/' 

For,  fiiKfc  the  angles  PLM,  MPL,  PML, 
.  arc  given,  it  follows  diat,  the  fines  of  thefc 
angles  being  iuppofed  to  one  another  as  i,  m,  n, 

PM  :  ML  (y  :uj  :i  I        and  coniequentif 

/it  * 
J  =  —  :  and  that  PL  :  ML  ti  n  i  m-,  {q  that,' 

.  ,PL  =  -,and«=AP(=AL-PL)=a-~. 

Subftitute,  for  J  and  x",  in  the  propoied  equatioa 

thefe  values  ^  and  z  —      and  it  is  obvious 

(fince  u  and  z  are  of  one  dimendon  only  in  the  ^ 
values  of  y  and  x)  that  in  the  equation  which 
will  arife}  xwd  u  will  not  .  (isive  more  dinien- 
fions  than  the  higheft  dimenOon  of  x  and  y  m 
•  ^  the  propofed  equation,  or  the  higheft  fum  of 
their  dimeniions  taken  together  in  the  terms 
where  they  are  both  found :  and  confequently, 
LM  drawn  any  where  in  the  plane  of  the . 
curve  will  not^meet  it  in  more  points  than 
'  there  are  units  in  the  higheft  dimenfion  of  x  oiy, 
or  in  the  higheft  fum  of  their  dimenfions,  in  ^hc 
terms  wher^  both  are.foqnd."  Now  the  dimen- 
fion of  the  equadon  or  curve  being  denominatec} 
from  the  higheft  dimenfion  of  x  or  y  m  it,  or 
frotp  the  fum  of  tl^eir  din^eafiofis  where  they  are 
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moil ;  we  conclude,  that  "  the  number  of  points 
io  which  the  curve  can  meet  with  any  ibaight 
line>  U  ^qual  to  the  number  that  expreffes  tbe 
«Umenfion  of  the  curve,'' 

It  appears  al fo  from  this  article,  how,  when 
an  equation  of  a  curve  is  fiiven  exprefling  the 
rdatton  of  the  ordinate  FM  and  abfciife  AP^ 
you  may  transform  it>  fo  as  to  exprels  the  rela- 
tion  between  any  other  ordinate  ML  and  the 
abkiiic  AL,  by  fubilituting  for      its  value 

and  m  x  its  value  z  . 

M  -       .  •  m 

Or,  if  you  would  have  the  abfcilQe  begin  at 

any  other  point  B,  fuppofing  j^B  :=  e,  iubiUtuLC 

for  xvg^z  ,  but «  —  —  +  f . 

« 

§  8«  Thofe  curve  lines  that  can  bedefcribed 
by  the  refolution  of  equations,  the  relation  of 
ivhofe  ordinates  PM  and  abfcifles  A  P  can  be 

r 

expreffled  by  an  equation  involving  nothing  but 

determined  quantities  befides  thcfc  orduiares  and 
abfcifles,  are  called  "  geomeirical  or  algebraic 
curve?."  ,       .  , 

They  are  divided  into  orders  according  to  the« 

dimenfions  of  their  equations,  or  number  of 
points  in  which  they  can  interfcd:  a  ftraight  line. 

The  ftrmgbt  linfs  themfelveis  .^pnftitute  the 
firft  order  of  lines  ;  and  when  the  equation  ex- 
prefling the  relation  of  x  and  7  is  of  one  dimen« 

fioa 
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lion  only,  die  points  M  muft  be  all  found  id: 
a  ftradght  Itnd  cooftitutiog  giveai  ang^witb 
Afi.  • 

Suppoic>  ibr  example,  thatthe  equation  giwnp 

ia  ay  —  i/A.'  —  cW.=;  aiid  ihai  the  ioms  is  re* 
ijuired. 

•  Since  ^  =r  »  itfolloM»,  that,  APMT)C4r 

iog  ai  right  angle,  if  you  draw  AN  making  thV 


angle  NAP  fuch  that  its  cofine  be  to  it&liae 
as^  to  b\  and  drawing  AD  pnallal  to  thr  or* 

dinatesPM^  and  equal  to      through  D  yoa 

draw  DF  paralkl  to  AN>  DF  will  be  the  locus 
required.  Where  yoii  are  to  take  AD  on  the 
fame  fide  of  the  line  AE,  with  PN,  if  and 
€d  have  the  fame  lign,  but  on  the  contrary  fide 
of  AE  if  they  have  contrary  figns.       '  - 


§  9.    Thofe  curves  whofe  equations  are  of 
two  dimenfions  conftitute  the  fecond  order  of 
,linc$>  and  tlK^rfi  kind  <>[  curves.    Thar  in* 

terfeAiooa 
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tcrfedions  with  a»  i)(r«ig}if  line  can,  neyer,  ea^ce^ci 
-tvo,bfi7v 

The  curves  whofe  equations  are  of  tbref  di- 
menfions  form  the  third  order  of  iines^  or Jecond^ 
kind  of  curvis:  and  their  interfedioos' with  a 
ftraigbt  line  c^a  neirer  exceed^ -Three.  And, 
after  the  fame  oianner»  the  curves  are  deter« 
mined  that  belong  to  the  higher  orders,  to  in- 
tinity.  .  " 

Some  curves,  if  they  were  completely  dc- 
fcribed,  could  cut  a  ftraight  line  in  an  infinite 
number  of  points  i  but  theie  belong  to  none 
of  the  eiders  ive  have  wneioned)  they  are  not 
geometrical  or  algebraic  curves^  for  the  rela- 
tion betwixt  their  ordi  nates  and  abici0es  cannot 
be  expreflcd  by  a  finite  equation  involving  only 
ordioaces  and  abfciiTes  with  determined  quanti* 
tics.  ,  .  , 

§  id  As  the  roots  of  an  equadoo  become 
impoiBble  always  in  pairs,  To  the  interfedions 

of  the  curve  and  its  ordinateTM  muli  vanilli  in 

-  ■  * 

pairs,"  if  any  of  them  vaniih. 

Let  PM  cut  the  curve  ia  thq  points  M  and 
m,  and  by  moving  parallel  to  itfelf  come  ro 
tpuch  It  in  the  point  N ;  then  the  two  points 
of  imerfeAion>  Ml  and  m,  go  into,  one  point, 
of  cptta/St  N.   If  PM  ftill  move  on  pardlel  to , 
itfelf^  the  points  of  interfedtion  will>  beyond 


30« 


A   tKlATtit  if  PAKtttti 


become  imaginary  ^  as  the  two  roots  of 


an  equadoa  tiiil  become  equal  and  then  inaa-» 
ginary. 

§  II.  The  curves  of  the  3d,  5th,  7th  or- 
«ders,  and  all  whofe  dimenfiofis  aije  odd  numbers^ 
muft  have,  ac  leaft,  two  infinite  arcs;  fince 

equations  whofe  dimcnfions  are  odd  numbers 
have  always  one  real  root  at  le^Jl ;  and  confe- 
quentJy,  for  every  value  of  Xy  the  equation  by 
which  is  deternaincd  muft,  at  leaft,  have  one 
real  root :  fo  that  bb  x  (or  AP)  may  be  increafed 
in  infinitum  on  -  both  (ides,  it  follows  that  M 
muft  go  oflf  in  injiniium  ua  both  fides,  without 
limit. 

Whereas,  in  the  <;urves  whofe  dimenfions  are 
even  numbers,  as  the  roots  of  their  equations 

*  may  become  all  impoffible,  it  follows  that  thd 
figure  of  the  curve  may  be  like  a  circle  or  oval 


A 


4 


that 
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that  is  limited  within  cerMsJa  bounds,  beyond 
which  it  cahnac  extend. 

§  12*  When  turo  rdots*  of  the  equation  by 
which    is  «fermincd  become  equals  cither  "  the 

ordinate  PM  touches  the  curve,"  two  points 
of  interfedion,  in  that  cafe,  going  into  a  point 
of  contact;  OTf  the  point  M  is  a  punHum  du* 
flex  in  the  curve/*  two  of  its  arcs  interiedbing 
each  other  there  y  or,  ibme  oval  that  belongs 
to  that  kind  of  curve  becoming  infinitely  little 
V  in  M,  it  vaniQies  into  what  is  called  a  j^untlum 
.  €onjugatum** 

If.  in  the  equation,  y  be  fuppofed  »  o,  then 
the  roots  of  the  equation  by  which  x  is  deter« 
mined,  will  give  the  diftances  of  the  points 
where  the  curve  meets  AE  from  A.'*  And, 
if  two  of  thoie  roo,ts  be  found  equal,  then  either 
"  the  curve  ioucbes  the  line  AE  5*'  or,  "  AE 
pafles  through  a  puH&um  duplex  \n  the  curve/' 
Wheii  y\%  luppofed  =  o,  if  one  of  the  values 
of  .V  vanifh,  the  curve,  in  that  cafe,  pafTes 
through  A."  If  two  vanifh,  then  cither  "  AE  - 
touches  the  curve  in  A/'  or,    A  is  ^pun&um 

As  a  pun5!um  duplex  is  determined  from  the 
equality  of  tzvo  roots,  fo  is  ^punrnwi  triplex  dc- 
ternained  from  the  equality  oi three  roqt$/' 

I  13.  A  few  examples  will  make  thefe  obfer^i^ 
vattons  very  plain.    Suppofc  it  is  required  to 
dpfcribe  the  line  that  is  the  locus  of  tliis  equa- 
*  .  ;  X      '  tign> 
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lioDa^*  =      +  ah^  or    —     —     =  o.  Sinc^" 
jf  =  ±.y/ ax  -^-  ahy  and  fince    and  ^  are  given  ifi 
▼ariable  quantities,  if  you  ailFume  AP  (s  ^)t)fa 

known  value,  it  will  be  eaiy  to  find  \/ ax  abi 

andffeedng  off  PM  on  eiiefide  equal  to  s/ax-^  ab^ 
and  Pm  on  the  other  equal  to  PM^  tbe  points 
M  and  m  will  belong  to  the  locus  required. 

And  for  every  pofitive  value  of  AP  you  will 
thus  obtain  a  point  of  the  locus  on  each  iide.^ 
The  greater  A  P  (:=     is  caken^^  the  greater  does 

the  \/ ax  ■\- (lb  b iconic,  and  confequcntly  PM 
and  Vm  become  the  greater. 

*  If  AP  be  fuppofcd  infinitely  great,  PM  and 
¥m  will  alfo  become  infinitely  great  i  and  con«> 
iequently       locus  has  two  infinite  arcs  that 
.    go  off  to  an  infinite  diilance  from  AE  and  irom 

AD.  If  you  fuppofe  x  to  vanilh,^  =  ±  v^^/)  4 
ib  thatjr  does  not  vantih  in  that  cafe  but  paQes 

through  D  and  dj  taking  AD  and  Ad  =  \/ 
a  mean  proportional  betwixt  n  and  h. 

If  you  now  fuppofe  that  the  point  P  moves  ^ 
to  the  other  fide  of  A,  then  you  muft,  in  the 
equation,  fuppofe  x  to  become  negative,  and 

y  =  ab  —a»;  Co  thzty  will  have  two. values 
as  before,  while  x  is  lefs  than  But  if  AB  =  b, 
and  you  fuppofe  the  point  P  to'  come  to  B,  theA, 

dl^  zz  ^"^i  and_>'  —  ±  ^al7  —  r^x  =  o.  That  is, 
PM  and  Pm  vanilh  ;  and  the  curve  there  meets 
the  line  A£.   If  you  fuppolc  P  to  move  from 

A 
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A  beyond  B,  tfien  9C  l)ecomes  greater  than 

aad  ax  greater  than  ab,  lo  ihaL  i^Z*  —  ax  being 

-  •  -  * 


F 

M 

771 

A 

p 

• 

negative*  y/ab—ax  becomes  im^^nary,  and 
the  two  vValues  of  jr  become  imaginary ;  that 
is,  beyond  B  there  are  no  ordinates  that  meet 
the  curve,  and  confequently,  on  that  fide,  the  - 
curve  is  iimicod  in  B. 

•* 

.  All  this  agrees  very  well  with  what  is  known  * 
by  other  methods,  that  the  curve  whoie  equa-* 
tionr  \%f'  ax  -^-  ai^t&z  parabola  whole  vertex 
is  B)  axis  BE,  and  parameter  equal  to  For  % 
fmce  BP  =  ^  ±  a;,  and  PM  =  if  BF  be  equal 
'  tOi3i  then  the  rectangle  BN  {-^  ab  ±.  ax)  will 
be  equal  to  PM^>(=yi)  which  is  the  known 
property  of  the.  parahla.  And  it  is  obvious^ 
that  the  figure  of  the  parabola  is  fuch  as  we 

'  X  2  .  have 
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have  determined  this  locus  to  be  from  the  coo- 
iideradon  of  its  equation* 

§  14.  Let  it  be  required  to  defcribe  the  line 

that  is  the  locus  uf  this  equationj         ay  ^  (j 

=  ^tf  +  ffx,  or  y  =  — — --• 

Here>  it  is  plain,  the  ordinate  FM  can  meet 

die  curve  in  one  point  only,  there  being  but 

one  value  of  ^  cmelpondbig  to  each  value  of  jr. 

*  he 
When    r=  o,  then  y  =  -4->  fo  that  the  curve 

docs  not  pafs  through  A.  If  be  fuppofed  to 
inaeaie,  then  jr  will  increafe,  but  >¥ill  never  be- 

come  equal  to     fince  ^  =  ^  x  and 

+  c  +  flf  is  always  greater  than  e  +  Ifx 

be  fuppofed  inftnite,  then  the  terms  a  and  c  va- 
niih  compared  widi      apd  confequently^  =  i 

X  *  t=  ^ ;  from  which  it  appear that  taking 

AD  and  drawing  GD  parallel  to  AE,  it 
will  be  an  afymptoti^  and  touch  jthe  curve  at  an 
;nHnite  diftance.  , 

If  .V  be  now  fuppofed  negative,  and  AP 
be  taken  on .  the  other  fide  o^f  A>  then  ihall 

y      ^  X       I     I  and  if  x  be  taken,  on  that 

4ide,  =1    then  fhall jf     ^.x       3;  o;.  fo  that 

the  curve  muft  pais  through  B,  if  AB  =  r. 

If  A'  be  fuppofed  greater  than  c,  then  wiil  c  -^x 
become  negative,'  and  the  ordinate  will  become 

negative 
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MMiTt  and  lie  on  the  other  fide  of  AE,  till  x 
becomes  equal  to  a       and  then   zi  ^  ^ 


4 .    '  y 


,s       .......  r  < 


or  tBafciiTAK  be  tsJcch  i  i  the 

ordinate  KL  will  be  an^jJ'W/^/c/f  to  the  curve. 

Jf  ;ibe  taken  greater  than  a  +  or  AP  greater 
tha^  AK,  then  both  (  -.pf.a,ad>»  +  c become 

negative}  and  confec^uently  y  {r^^  ^  ^a^c) 

h^xktM  ti6flitiV6i  'ihfl'  finec'       if  always 

'      X  J  •  greater 
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greaiar  than     ^    «-    it  follows  that   will  be 

always  greater  tiiaa  b  or  KG,  and  confequenrly 
the  reft  of  the  curve'  lies  in  the  angle  FGH, 
And»  as  x  iocreafes,  fince  chip  l-^pio  of  ^  c  to 
AT  —  —  f  ai^roaches  (Ull  nearer  to  a  ratio  of 
equality,  it  follows  that  PM  approaches  to  an 
equality  with  PN,  and  the  curve  to  its  afymptote 
GH  on  that  fide  alfo. 

This  curve  is  the  common  hyperbola i  for 

liiicc  h  X  c  ^  X  zzyxg^c-^fx^  by  adding  a& 

to  both  fides    X  a    c  +  X  ^ y  X  a  -i-  c  ^  X  -{  i^:!/ ; 

and  /?-y  x  oTTTx  =  alf^  thftt  is,  NM  >f  GH. 
r:  GC  X  BC>  whicb  is  the  property  of  the  jcom- 
mon  hyperbola*  "And  it  Is  ea(y  to  fee  ioW  ihq 

figure  of  tiie  ioluj  we  hare  been  conri4ering 
agrees  with  the  figure  of  the.  hyperbola.   . .  "  ^ 
§  1 5,  Let  it  be  required  tp  defcribe  the  locus 
of  the  equation     -x        i^tf'l  +  fa*.  Where 

finccy  =  and jr  =  a? y  -71:7-,  it  fol- 
lows that  PM  and  Fm  muft  be?  taken  equal,  on 

both  fides,  to  J  — —  •         i       when  a:  .  is^ 

taken  equal,to    if  AB  is    and  BK  be  perpen- 
dicular to  AB,  then  EK  muft  be  an  afynipiou 
to  the  curve.    If  ^  be  fuppofed  greater  than  r,  ' 
or  AP  greater  than  AB,  then  f being  nega- 

tivcj  the  fi;a(3:ian  r — r-^  wiil^becotne  nega^ye»^ 

and  its  fquare  rp9t  impoflibl^.   So  ^aj;  t\p  part . 


Di 


C«AP.  K  '     A  t-  <5  E  8  it  Ai  3^3 

of  the  locHS  can  be  found  beyond  B.  If  x  he 
fqpppfed  negiUive,  01  T  taken  gn  the  other  fidp 


of 


A,  then;'  r:  :^^/^^^^, 


the  fign  of 


ape}  ;y  }b^g.cjii4Pged^  but  Dpi:  di^^  fign  of^x*$ 
becaufethe  fqiiare  of  a  negative  is  the  fame  as 

the  fquare  of  a  pofiuvc,  but  its  cube  is  negative  i 
while  X  *is  lefs  than  i^,  the  values  of  y  will  be 
real  and  equals  but  if  ;c  =  then  the  values 
of  JF  vaniflit  becaufc,  in  that  cafe> 

fequently,  if  AD  be  taken  =  by  the  curve 
will  pais  through  f),  and  there  touch  the  ordi* 
nate.  ^ 

If  X  be  takeik  greater  than  h  then  ±^^—  ^  ^  ^ 


will  become  imaginary ^  fo  that  ^no  part  of  the 
curve  is  found  beyond  D. 

Jf  yort  ftppofei  =  o,  then  wS[l    +     ^  o 


X4 


be 
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be  an  equation  v^holc  roots  are  —  by  o,  o,  from 
which  it  appears  that  the  curve  palTcs  twice 
through  til  -  point  A,  and  has,  in  A,  a  fiinffmf^ 
duplex.  This  hau  is  a  line  ot  the  tliird  onkr, 
BK  is  its  afymptotCj  ind  if  has  a  tfoduf  b^twix^ 
A  and  D.       '  f  ' 


If  you  fuppofe  b  to  vanifli  in  the  equation^ 
fo  that        gr*  =i  x\  then  wiU  A  and  D  coin* 


cide,  and  the  nodus  vanilh,  and  the  curve  wifl 
bav^  in  the  point  A  a  €ufpis,  the  two  arcs  A^^ 

w4 


f 
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sunA  Am  touching  one  another  in  chat  point. 
And  this  is  the  fame  {»rve  whtcb  by  the  ancitnen 
mi  called  the  ciffhtJ  of  Dttdes,  the  fine  Afi -being 

the  diameter  of  the  generating  circle,  andBK 
the  afymptote.      "     '  ,  ■ 

-  For,  if  BR  be  ^eqaal  to  AP,  and  the  ordi- 
nate RN  be  railed  meeiiQg  the  circle  in  and 
AN  be  drawn,  it  vptll  cut  the  perpendicalar  PM* 
in  M  a  point  of  the  ciilbid.  So  that  if  M  be  a 
point  in  the  ciiToid,  AP  :  PM  : :  AR  :  RN  :  t 
v'AR  ^vBR^rv^BP  ;  -/AE^and  conieqocntif 

BP  X  PMf  =  AP  cub.  that  i«j  r-jf  Af^  «»t 

which  is  the  equation  the  locus  of  which  was  rc-p 
quired. 

If,  inflead  of  fuppofing  h  pofitive,  or  equal 
to.  notihing^'  we  now  luppofe  it  negative,  the 
equation- will  be  ef  ^  xy"-  =t    —  iic\  the  cuVve 

D,  as  before,  and  taking 
AB  =  c,  BK  will  be  its  a- 
fymptote :  it  will  have  a 
pun^um  conjugatum  m  A^ 
becaufe  when  ^  vanifhe$9 
two  values  of  x  vanilh,  and 
the  third  beconnes  equal  to 
b  or  AD.  The  whole 
curve,  befides  this  point  A, 
lies  between  DQ^and  BK, 
Thefe  are  demotlftrated  a& 
ter  the  (ame  manner  as  in 
tfie  fird:  cale» 

f  16. 


will  pafs  througli 

IK 


* 
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.  §  If  an  equation  is  propofed,  as  y  =  tfA:"" 
1*-  ii«»7-»  .4:  ^^f*,  C5?A  and  »  is  an  even  iium^ 
lier,  theb  w31  the  /bw  of  the  equadon  fam 
tvd  infioue  arcs  lying m  fime  "fikfe.  of  AEi 
For,  if  >  become  infinite,  whether' poBtive  or 
negative,  Af"  will  be  pofitive,  and  have  tlie 
&ine  fign  in  ekher  cafe  i  and  a&  beconaea 
'  infinitely  greater  than  the  other  terms  ^jfr-'», 

it  follows  tiliac  the  infinitte  yahiea  «f 
^  ikkTII  have  the  fanie  Dgn  in  thefe:  cafts  $ 
coai'cquendy,  the  two  iiifinite  arcs  of  the  curvt 
will  ^ie  on  the.  fame  fide  of  AE. 
.  JPMt.if  u  jbe  an  o^d  Aumb^r,  then^when  *  1$ 
negative^  ji^  will  be  negative,  and      will  h^v» 
die  contrary  fign  to  what  it  has  when^  is  poH-» 
tive  i  and  therefore  the  two  iaiiakp  arcs,  in  this* 
Cftfe,  will  lie  on  different  fides    AEj  SMAd  teQ4 
towards  parts  dii^e^ly  oppofite* 
^  Ti^u^  .tbe  lbcQ^  of  ibe  equation  irr  =s    is  thcr 
p^r#b^,::  A  is  th«  v^cx,  A£  k'the  tangene 


at  the  vertex;  and  the  two  infinite  ^Q%  lie  ma* 
{lifefUy  on  the  fame  fide  of  • 
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But  tbc  iocus  oi  the  equation  ay  x'^y  -where 
the  mde%  oi  ;v  is  ap  odd  number^  iaft  it%.lw% 


» 

ftfcs  on  difibrent  fides  of  j^^,  tending  towards 
oppofite  parts,  as  AMK^Tsahdf  Ami^.  This  curve 

is  called  the  cubical  ^arahla,  and  is  a  line  of 
tJic  third,  order. 

Tfie  locus  of  the  equation  a^yt  ^.  s^  is  of  a 
flgwfe  .fki  cbMiiWft v/piii^boia }  ifnd  .'^  all  . 
ihofe  loci,  in  whofe  equations^  is  of^one  dimen- 
lion,  AT  of  an  even  number  of  dinieniions :  But  ' 
tlK>re  lod  are  like  the  rubical  parabola,  in  whofc 
equations  ;y  is  of  one  d\mcniioa  oniy  ,  and  .v  of 
an  odd  number  of  dtmenfions."  And  this  Jftulo 
is  even  true  of  the  locus  of  the  equation  y  =  x; 
H^hich  is  a  ftraighc  line  cutting  AE  in  an  angle 
of  45""]  wiiioh  nianifeftly  goes  off  as  the  cubical 
Pftf^bola  doestoiAtinity,  tovvafds  Spppij^. 

^»4  ^9  diffcrcm  fides  of  AJg;. 
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|i  i 


If  »  is  an  ^  number*  then  jvheiii^  is  pofi-» 
wc,7  =  -yi  but  wben^^rk  n^iatiyv^  i^en 

J'  =^    -^r  I  fi>  that  ftbis  cwrvc  muft  all  lie  in 

the  vertically  cfpofife  m^  K kE^  tAe,  (aa 
the  cmninon  lyptrMa:)  FK,  E^,  being  afymp* 


But  if  n  is  an  number,  then^  is  always 
pofitive,  whether  x  be  pofitive  or  negative,  be^ 
cttufc      in  this  cafe,  is.  always  pofitive  1  and 

tfaer^ 
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therefore  the  curve  muft;aii  lie  in  the  two  ad^ 


jacent  angles  KAE  and  KA^,  and  have  AK  and 
A£  for  its  two  afymptoces» 


I  iS«  Let  the  eqoadon  given  be    *  x 


If  =  o,  then  JF 
becomes  infinitei  and 
therefore  the  ordi* 
nftte  at  A  ia  an  ^«»* 
pMi  tQ  the  curve. 
If  AB  =  *,  and  P  be 
taken  betwixt  A  and 


P  B,  then  (hall  PM  and 


Pm  be  equal,  and  iie 
on  difierent  fides  of 
the  abfciffc  AP.  If 
X  ^  If,  then  the  two 
values  of  y  vanifti, 
becaufe 
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becauie    —  ^     05  and  confequemly,  the  curf^  • 
pafles  through  B>  and  has  there  a  fm^um  du^ 
fkk*  If  AP  be  taken:  greater  than  A  B>  then  . 
fliall  there  be  two  values  of/,  as  before,  having 

contrary  figns,  that  value  which  was  poficive 
before  being  now  become  negative,  and  the  ne-  " 
gative  value  being  become  poiitive.    But  if 
'  AD  be  taken  =  9,  and  P  corner  to  D»  then  the 

two  values  of  J  vanifli,  becaufc        —  ;c*  = 
And  if  AP  is  taken  greater  than  AD,  then 
—  X*  beconnes  negative,  and  the  value  of  jf 
mpoffihlt :  and  therefbrt,  *  the  oirve  does  nbt  go> 
beyond  D.  "  '  '  :  '  -  '  ^ 

•  If  ^  ROW  be  fuppofcd  negative,  we  fliall  find 

y s  ±  y/^t  —  ;f*  X  ^  +  -r  I f  a;  vanifli,  both 
the^  viduer  of  >  becbniie  infinite;  and  confe- 
qucntly,  the  curve  has  two  infinite  ^cs»  on  each 
fide  of  the  ajjmplote  AK.  If  »  increafe,  it  is 
plain  y  diminifhes,  and  if  pc  becomes  = 
yanUhes,  aiKi  confequently  the  curve  pal&s 
through  £9  if  A£  be  taken  =•  AD>  on  the  op* 
'  pofite  lide*  Ifxht  ilippofed  gnetiter  than  thtn 
y  b'ecomes  impoffibk  $  and  no  part  of  the  curve 
can  be  found  beyond  ^  This  qurve  is  th0  con*  „ 
^«^oftiie  ancients*   ^      -  ^ 

If «  =s  it  will  have  a  itf^is  in  B,  the  nodus 
Itttfrikt  B  and  D  -^nilhin?.  And  if  a  is  leis 
than  ^  the  point  B  Will  become  a  (urUium  con^ 

From 

■ 


« 
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From  what  has  beea  faid  an  error  rtiay  be 
correded  of  an  Author  in  the  Mtmoirs  de  VAcad. 
Rnyak  dis  Stientes,  who  gjvc*  this  curve  no  in- 
finite  arcs,  hut  only  z  dmible  n$dks*  Some  other 
errors  of  the  fame  kind  may  be  corre61:ed  in  that 
Treatife,  from  what  we  have  faid. 

$  19;  If  the  propofed  equation  can  be  relblv- 
ed  into  two  equations  of  lower  dunenfions» 
without  affcAing  cither^  or  a?  with  any  radical 
fjgn,  then  the  locus  fliall  confill  of  the  two  lot^ 
of  thofe  inferior  equations.  Thus  the  locus  of 
ifie  equation     ^  2xy  +  by  ix  =^  o  h 

ibuncl  to  be  two  ftr^ight  lines  cuttbg  the  .al»- 


fclfle  AE  in  angles  of  45V  in  the  points  A  and 
B,  whole  diftance  AB  =r  becaufe  that  equa- 
tion, is  refolved  into  thefe  twojr  —  jv  =  o,  and 

.After  the  fame  manner,  Ibme  euhk  equadons 
can  be  refblvcd  into  three  iimpk  equations,  and 
'  then  the  locus  is  ibree  ftraight  lines ;  or  na^y  be 
refolved  into  a  ptadraHc  9sA  JimpU  equation, 

I  and 
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5^1  A  T  RE.  ATX  SI  pARXlli, 

and  then  the  Utus  is  a  cmcJiSion  aiid.a  ftraigbt 

line. 

In  general^  "  the  curves  of  the  fupcrior  or- 
ders include  all  the  curves  of  the  inferior  orders; 
and  whatever  is  demonftratied  generally  of  any 
one  order,  is  alfo  true  of  the  inferior  orders.*' 

So,  for  example,  any  general  property  of  rhc 
conic  fcdtions  holds  true  of  two  (Iraight  lines  as  " 
well  as  of  a  conic  fedlion.    jpajrticularly  that 
*^.the  xt&angles  of  the  fegments  of  parallels 
bounded  by  them»  will  be  always  to  one  another 
in  a  given  ratio/*  "  The  general  properties  of 
the  lines  of  the  third  order  are  true  of  three 
Uraight  lines>  or  of  any  one  ftraight  line  and  a 
conic  feA^on.   And«  as  the  general  properties . 
of  the  higher  orders  of  lines  defcend  alfo  to 
thofe  of  the  inferior  orders,  ib  thei^  is  fcarce  any 
property  of  the  inferior  orders,  but  has  an  ana- 
'  logy  to  fome  property  of  the  higher  orders  i  of 
which  it  is  but  a  particular  cafe  or  inflance.^ 
And  hence,  the  properties  of  the  inferior  orders 
lead  to  the  difcovery  of  thole  of  the  ibperior 
orders*.         ■  *  •  ' 

§  20.  We  have  fliewed  how  to  judge  of  the 

figure  of  a  locus  from  the  coniidcration  of  its  ' 

equation.   And  when  a  locus  is  to  be  defcribed 

exa^ty,  for  every  value  of  x  you  muft,  by  the 

rcfoluiion  of  iequations,  according  to  the  Rules 
■      I  '\'.>  .       '    .  • 
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in  Pmrt  II.  find  the  correfponding  values  of  7» 
and  determine  from  tbele  values  the  points  of 

the  locus, 

/But  there  are  geometrical  conflru&ions  by 
which  the  roots  of  equations  can  be  determined 
more  commodioufly  for  this  purpofe*  And,  as 
by  thefe  conftrudions  we  defcribe  the  loH  of  the 
equations,  fo  reciprocally  when  hd  are  delbrib- 
ed,  they  arc  ufeful  in  dc^rermining  the  roots  of 
equations  j  both  which  ihali  be  explained  in  the 
fio^lowing  Chapter,  Then  we  (ball  give  an  ac- 
count of  the  mdft  general  and  fimpie  metlKKls  ' 
of  deicrtbing  thefe  Im  by  the  mechanical  mo* 
tion  of  angles  and  lines,  whofe  inter(e6Uons 
trace  the  curve;  or  of  conftrudling  them  by 
finding  geometrically  ^  any  number  of  their 
poiiics» 


Y  CHAP. 


Digitized  by  Google 


«  •  • 

J2i         ^  Tr.'£at;se  •/  P^tIH.' 


CHAP,  IL 

Of  the  construction  of  QUADRATIC 
EQUATIONS  i  AVD  OF  THE  PROPKRTIES  of 
THE  LINES  OF  THE  J>£CQND  ORDER.  . 

%  ai.ripHE  general  equation  expreffing  ^he 

X    nature  of  the  lines  of  the  fecond 
order,  having  all  its  terms  and  eocfficicncs>», 
will  be  of  this  forai  i 

+  ^  +    ^=0.  ;  ' 
+  ^  J 

Where  tf,  hy  c,  d,  #>  reprefent  any  given  quan- 
mks  with  their  proper  figr.s  prefixed  to  th^na. 

If  a  quadratic  equation  is  given,  aa^*  4.  fy^ 
^  q  =  o,  and,  by  comparing  it  with  the  preccd* 
ing,  if  you  take  the  quanjtities^^,  %  c,  d,  e,  and 
M  fuch  that  /W  +  ^  =|>,  and  ck"-  dx  e  - 
tlien  will  the  values  of  j^.in  the  firft  equation  5e 
equal  to  the  values  of  rt  in  the  feeond ;  and 
\it\i^  locus  be  dcfcribcd  belonging  to  the  Hril: 
equation,  the  two  valuer  of  thcVdinate  when 
4Ht  -¥  b  zip  ziid  C9i^  ^  di  ^  i  =  will  be  tlie 
two  roots  of  the  equation  jy*  4  pjr  ^  ^  :=  0/ 

And  as  four  of  the  given  quantities  a, 
^    may  be  taken  at  pleafore>  and  the  ffib,' 
^  with 


s  > 
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mth  file  abfeiflfe'^f,  determined,  fc  that  dSf  -¥  b 

Ttray  he  ftill  equal  to^,  and  cx''  +  dx  e  -=1  q\ 
hence  there  arc  innumerable  ways  of  conftrmfV-  > 
iog  the  '£axm  equation.  But  thofc  loci 
faf«  preferred- which'  are  defcribed-moft  ealHfi 
and  therefort;:-che*«Ar<ri!f,  of  all  conic  fe^ibnsi 
Is  to  be  preferred  for  the  refolution  of  quadratic 
equations.,       _       ,   ,  . 

'  $  aa«  Let  AB  be  perpendicular  to  AE,  and 
upon  AB  defcfibe  the  femicircle  BMMA.  'If 
AP  be  fuppofcd  equal  to  AB  t=  ^ ,  and  PM- 5ijr> 
then  making  MR,  MR,  perpendiculars  to  the 
diameter  AB,  fince  AR  x  RB  =  RM^,  and 
AR  :s;f,  RB  RM  ss    it  follows  thac  , 

a  —  7  X  ^  St:  ji^,  and  — 

ay  zn  o.  And,  if  aa 
equation  —  pj?  4-  j  —  o, 
.be  propofed  to  be  refolv- 
^cd>  its  roots  will  be  the 
ordinate  to  the  circle,  PM 
and  PM,  to  its  taiiircnr 
AE,  i{  a  —  and  at*  r=  ^  ? 
p  p      ,    becaufc  th.en  the  equation 

=     will  be  changed  into  the  propofed  equa« 
iion^*  ^  py     f  ='*o. 

' '  Wc  have  therefore  this  conflruflion  for  find- 
ing the  roots  of  the  quadratic-  equation  y* 
+  ;  =  0|  tike  AB        and  on  AB  defcribea 

Y  a  icmU 
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3t6         if  ThipATIib        Part  111« 

fcmicirclc ;  then  raife  AE  perpendicular  to  AB, 
and  on  it  take  AP  =  \/^,  that  is,  a  mean  pro- 
poriionai  betweeo  i  and  q  (ijf     JfL  6^)  then 
PM  paralki  t9       weciiig  die  f^win 

^h^  roots  of  the  propofed  equation^ 
b  appears  from  the.  cooftwdkioA.  that  if 

J  =  ~,  or  y'^  =  i/>^  then  AP  =:  f  AB,  and  the 

ordinate  PN»  to^cb^  th^.         ii»  K»  thA^^  two 
roots  PM,  PM,  in  that  cafe„  bcpooHng^equal 

one  another  and  FN. 

If  AP  be  taken  greatei;  t^  -§-49» 
mlmn  '/q  is  greater  thaa  ip,  or  f  gtcacrr  than 
Ip"-,  the  Qidiii^es.  do  not  meet      circlC|  and 

*  the  roots  of  the  equation  become  imaginary : 
as  we  demon^atedj  in  another  mannerj  in 

% 

'  •  ■  ' ,         ■  '  I 

§  23«  The  roots  of  the  fame  equation  may  be 

otJif^sie  thus^etenntnjpd* 
Tak<^  AB  =       and  raife  BD  perpendicular 
'   ^        toAB;  from  A  as  a  centre  with  radius  equal 
to       defci  ibe  a  circle  meeting  BD  in  C,  thea^ 
,thc  two  roots  of  the  equation     —  /iy*  +  j  =^  oP^ 
flian  be  Afi -f  CB,  a^iAC  -r.gP- 
^*^-  For  thefe  roots  are  \p  +  s/ —  and: 

\f^\/\YZ^%  and  AC  =:iA  C  B = v/ AC^-iiB  * 
^sf\f^q^  and  conieqiieody  thc&i root& are 
,      AC  ±  CB. 

The 


Digilize<i  by  Google 


Chap,  2.       ft  L  G  E     R  A.  3^7 


^  AC  ±  CB$  as  is  demonftirated  in  die  flmi 

manxier. 

§  04..  The  roots  6f  die  «cpiation  IS^  ^ 
f  s  o  are  determined  by  dus  conftni^on. 

take  AB  =  ip,  BC  =  Vjf,  dfiiw  AC ;  and 
the  two  roots  Ihall  be  AB  ±  AC,  Ifthc  fci 


cond  term  is  pofitivc,  then  the  roots  lhatt  be 
-  AB  ±  AC 


-3^^         -4,  X,  ^  A  T I  s  B  of    Part  III. 
And  all  quadratic  equatiQQa  being  reducible 

to  ihefe  four  forms, 

/  -      +  ^  =  «>» 

it  follows,  that  ithey  may  be  all  conftrufted  by 

this  and  the  lail  two  articles. 

§  25.  By  thefe  geometrical  conftru^lions,  the 
locus  of  any  equation  of  two^  dimenlions  may 
'  bedefcribedi  fince,  by  their  meojis,  the  values 
ofy  that  correfpond  to  any  giyenr  .  value  of  x 
may  be  determined.  But  if  we  demonftratc 
that  thefe  loci  are  always  conic  Je5lionSy  then 
they  may  more  eafily  be  defer ibed  by  the  me* 
thods  that  are  already  koown  fo^  dj^fcribing  tbeic 
curves.      .       *  ...  ^  , 

In  order  to  prove  tliis^  we.fhall  enquire  wliat 
equations  belong  to  the  different  conic  Jctlions  ; 
and,  as  ii  will  appear  that  there  is  no  equation 
of  two  dinoeofipiis  but  muft  belong  to  one  or  ^ 
other  of  them,  ;it  will  follow  that  they  are  loci  m 

of  all  equations bf  two  dimenfions. 

■'  '  \  '  ♦ 

§  26.  Let  CML  be  a  p  aval  old AE  any 
line  drawn  in  the  fame  plane  3  and  kt  it  be  re? 
quired  to  find  the  equation  expreffing  the  re-  , 
toiq(fer.bctwi#f  ihf  i?rdinatc  PM  ft>rj?aing:«an3f 
given  angle  with  AE,  and  the;jfcftiff«,;Ai? 
\L  :     '  begin- 
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begioocQg  ac  A  my  given  poiac  ia  ihe  iine  A£. 


.  Let  CF  be  the  diameter  of  the  parabola 
vhoie  ordinates  are  parallel  to  PM.  Draw 

AH  parallel  to  CF  meeting  PM  in  N ;  and 
AD  parallel  to  PM  meeting  CF  in  D.  Becaufc 
the  angles  HAE,  APN,  ANP,  are  given,  the 
lines  AP,  PN»  AN,  will  be  in  a  g^ven  ratio  «to 
each  other :  fappofe  them  to  be  always  as 
<  i  let  AD'=     DC  =  / J  and  feeing  AP  (=  x} 

:  PN ::  a  :  h,  PN  =  -^;  likewifc  AP  :  AN::  ' 
ui£,ov  AN  =  AndGM=:FM--PN 

NG  =  y  -     -  A   But  Ce  =  DG  - 


Y4 


DC 
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DC  =  AN  -  DC  =  ^AT  -  €.   If  now  the  ftf- 

rameter  of  the  diameter  CF  be  called  py  then, 
from  the  nature  of  the  parabola^  i>xCG:=GM^ : 

and  confcqenily,  p  x  - —  j'  —  —  1 1 
from  which  this  equation  follows, 

"  =0. 


Whence,  if  any  equation  is  propofrd,  and  fuch 
values  of  a,  r,  dy  e,  p  can  be  dfTiimed  as  to 
make  that  equation  and  this  coincide,  then  the 
locus  of  that  equation  will  be  a  parabola^  The 
cotiflruftion  of  which  may  be  deduced  from  this 
article,  ' 

%  27.  Ih  ,thls  general  equation  for  the  para- 
bola, the  coefficient  of  flp*  is  the  fquaiie  of  half 
the  coefficient  of  xy  ;  and,  w  hen  any  equa- 
tion is  propolcd  that  has  this  property,  the  locus 
of  It  is  2Lparahla.^*  For,  whatever  coefficients 
zSedi  the  three  laft  terms,  they  may  be  made  to 
agree  with  the  coefficients  of  the  laft  terms  of 
the  general  equation,  by  afluming  proper  values 
pf and  e. 

It  appears  alfo,  that  if  the  locus  be  a  pa* 
rabolat  and  the  xerm  be  wanting,  the  term 
ap*  muft  alfo  be  wanting/*  And,  "  if  any 
equation  of  two  dimenfions  be  propofed  that-- 

3  wants 


I 

1  1 

I  * 
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V9W$  both  the  terms,  scy  and  x\  it  may  be 
always  accommodated  to  a  parahda** 

The  general  equadon  for  the  elUpfe  i% 

deduced  from  the  property  of  the  ordinatcs  of  ' 
any  diameter,  in  the  fame  manner ;  the  con- 
flrudion  of  the  figure  being  the  fame  as  tn  §  26. 
Only,  io  place  of  the  para^ia. 

Let  KML  be  aii  iliip/e  iwboie  dianneter  » 
KL,  having  its  ordinates  parallel  to  PM,  an^ 


let  C  be  the  centre  of  the  ellip/e,  Suppofc 
CL  cr  /,  and  tfie  parameter  of  that  diameter 
s=  f,  theii  GM^ :  QLq  -  CG^ : :  / :  2/.  But^  as 

b  c 

in  ^  26,  GM  .=    -     -    andCG  =  -.v  -  61 
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And  if  any  equation  is  propofed  that  can  be 
made  to  agree  with  this  general  equation,  by  af- 
fuming  proper  values  of  a,  by  J,  p  zvA  ei 
then  the  /0^«^  of  that  equation  will  be  an  eUtpfi, 

^  29.  "  In  the  general  equation  for  the  ellipje^ 
the  terms  A"  and  ^y^  have  the  iame  fign  :  and 
the  coefficient  of  is  always  greater  than  the 
iquaie  of  half  the  coefficient  of  becaufe 

^  +      is  greater  than       And  akhough  the  • 

term      be  wanting,  yet  the  term     muft  re- 

fnain,  its  coefficient^  in'  that  cafe,  being  -^» 

which  mult  be  always  real  and  pofitive.  On 
the  other  hand,  if  an  equation  is  propofed  in 
wnich  the  coefficient  of  jp*  exceeds  the  fqnarc  of 
hal^the  coefficient  of  xy  \  or,  an  equation  that 
wants  .v>',  but  has  v"  and  y\  of  the  fame  fign, 
its  locus  mud  be  an  eiiipfc** 

%  JO,  In  the  hyperbola,  as  GMq  :  CG^  — 
Chq  :ip  I  a/f  -when  /  is  z^rfi  dianneter,  the 
equation  that  arifes  will  difier  from  the  equation 
of  the  £l?ipje  only  in  the  figns  of  the  values 
of  CGa  and  CLg,  and  coniequently  wiii  have 
this  form,  -   .  •  • 


Zta"^  ^  at  ^2 


If 
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pi 


If/ be  a/^r«ffrf  diameter,  then     will  be  ne- 


gative. 


In  this  equation,  it  is  mani&ft  that  the  £oe^ 
fictent  of  the  term     is  lefs  than  the  iquare  of 

half  the  coefHcient  of  xy  ;  and,  that  when  the 
term  xy  is  wanting,  the  term  miift  be  ne- 
gative. And,  reciprocally,  if  an  equation  is 
pf  opofed  where  the  coefficient' of  is  leis  than 
ihe  iquare-  qjf  half  the  coefficient  of  xy  -,  or 
where  'pcy  is  wanting  and  y""  and  x*  have  con- 
trary figns,  the  locus  of  that  equation  muit  be 
an  hyperbola.'\ 

3  §31. 
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%  .71.  The  equation  of  the  hyperbola  when  its 
ordinates  PM  are  paraUcl  to  an  afympCote  docs 
not  come  under  the  general  equation  bf  tte 
laft  article.  CF  and  CL  be  the  ajymptotes 
of  the  fyf&iolai  and  let  PM  be  parallel  to  CL. 


A  P  E 

Then  CG  x  GM  wiU  be  equal  toa  given  reft- 
angle  (which fuppofe^^ J.    Then,  CG  =  DG  ^ 

DC  =     ^  e,  CM       ^Ix^d,  and  con- 

fequenilyjr  -^^^  ^  ix^^^e ^ g  ^  a:  whence 
this'equationj 

xy  ^A?  4.  - 


—  / 


ea  ida*\ 


c 


\Vhere  only  one  of  the  t«rtpS/,  k%  can  b6 
found  with  ^  $  and  ^bm  will  Be  (bund  widi^ 
But'  etthW  of  thefe  terms,  if  AE  and  AH  coin- 
cide, that  is,  if  AE  is  paraiici  to  the  afymptotc 
DF. 

It 
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\)c6itBy  b.iu  not  boih  of  them^  the  locus  of  thff 
equation  fhall  be  ax^  .hyperbola^  one  of  whofe 
ajymptotes  ihali  be  parallel  to  y  or  at  according 
as  it  is  jf^  (hat  is  wantiiig  in  cqua^* 
don.*' 

§  32.  FroQO  sillthcfQ  o^np^red  together,  it 
follows,  that  I0CU»  ^  tf;?^'  equatkk  of  two 
dimenfions  is  a  conic  fecSion."  ' 

For  iflhe  term  is  wanting  in  the  equation, 
and  but  one  of.  the  ternas        is  found  m  it,  the  ~ 

If  i9y  is  vaiiting,  and  have  the  fame 

fign,  tHch'  the  hats  is  an  ellipfi.   §  . 
whqi  thefrbave  diifercnt  figxi^^  ici^  an  hyp^^oU't 

If  xy  is  found  in  the  equation^  and  x\  y\ 
are  both  wanting,  or  eithet  of  them,  the  l0€us  is 

hyperbola,'  §  31»      '   ••  ■    .  :  ' 

If  both  ;«*  ^nd     are  found  in  ir,  having  con- 
trary figns,  the  locus  is  ftill  an-i?>'/^>  /W^i. 

l{y^  and    have  the  fame  figns,  then,  accord**  ^ 
ing  as  the  c6eSiofenc\o(l«^  is  jT'M/^,  iqual,  or 
Itfs  than  the  ftjuaire  of  half  thei  cotefficteiit  of  Ary, 
the  locus  Iball  be  an  ellipje^  parabola^  or  hyper ^ 
' bola.    §  27,  29,  30. 

\xi  any^  cafe  thc^retore.  the  luus  of  the  equa- 
tion is  (octk^fonic  JeSion. 

I 
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§  33.  Thcfe  may  all  be  demonftraced  more 
diredly  from  the  confideration  of  the  general 
cqtiadon  of  the  line*  of  the  fecond  order  in 
§  ai.  For  it  is  obvious  that,  by  i  25»  Part  lU 


,  the  fecond  fmn  of  that  general  equation  may  be 
externauiated  by  ailumiDig  zz^j  -i-  —^9  ^ 
will  be  trans&nncd  into 

as**  +  2  X  * 


i^hich,  by  tranfpofing  the  laft  term,  is. 


Let 
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LrCt  MK  be  the  locus  of  the  equation  :  and 
if  AH  be  drawn  fo  that  HE  be  to  AE  as  ^  to 
.  iinic,  and  AD,  parallel  to  PM^  be  =  iif,  and 
through  D  the  line  DF  be  diawn  .parallel  to 
AH,  meeting  PM  in  G,  then  fhaH  GtA  (^1?M 
-f  PN  +  NG  =  +  i.'7.v  ^  il?J  =  z;  And  if 
AH  =;/>  then  DG  =  AN  =  fx. 

/ 

Suppoie  DG  =     and  4^  =      Iallea4  of  jr 

lubftttute  Tj   and  the  equation  that  refulta 

will  exprefs  the  relation  of  GM  and  DG,  <^ 
'  this  form,  .  ' 

-a        —  4^  oh  —  id  . 

Z,  =:  3=--  X«H-  F-  X,«  +  i^*  —  ^=  O. 

4/*  %f       '  * 

Which  will  bean  fyferMa^  faraMa,  or  elHpfis, 
according  as  the  term    ^  \&fofitiv$^  netting, 

or  negstive.  That  is,  according  as  —  is  greater, 

equal  to,  or  ie/s  than  But  was  the  coein* 
cicnt  ofxyi  from  which  it  appears,  that  the 
locus  is  an  ellip/e,  parabola,  or  byperMa,  ac-1 

cording  as  the  coefficient  of  a:*  Is  greater,  equal 
to,  or  than  the  /quare  of  half  the  cocfHcient 
of;9r."  •  . 

It  appears  alfo,  that  "  if  the  term  xy  be  want- 
.   ing,  or  a  —  o,  then  the  locus  vW ill  be  an  eliipfe^ 
paraMat  or  hyperbola,  according  as^  the  term  ci^ 

is  prfstivej  nothing,  or  negative** 

Hence; 
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Hence  likewife,  if  the  term  x*  be  wanting, 
and  the  tsxm  xy  not  wantiog,  then  the  term 

being pofitive  (becaufc^  is  always  po- 

6A9tf  whatem  «  or/be)    the  hm      bi  m 

hyperbola/* 

Note,,  That  part  of  the  figure,  on  the  other 
fide  of  A£>  which  is  marked  with  fmall  ktcers^ 
anfwer»  to  the  cafe  when  ttie  coefficient  ofjr,  in 
the  general  equation,  viz^  ax         Hi  xicgauve. 

.  §  J4»  The  lines  of  the  jecond  order  have  lome 
general  properties  which  may  be  demonftrated 
from  the  conlideration  of  the  general  equadon 
reprefenting  them. 

The  general  equation  of  §  2i*  by  extermi* 
nating  the  fecond  term  can.  be  tranaibrmed  into 
the  equation,  • 

From  which  we  have,   ' 

/a-—4c       -      ab — 

I  Where  the  two  values  of  z  arc  always  equal,  and 
have  contrary  figns,  ib  that  tbe  line  DF,  on 

■which  the  abfcilTes  are  taken,  muft  biiecl  the 
ordinates,  and  confequently,  is  a  diameter  of 
the  conic  fedion*  And,  as  this  has  been  de- 
monftrated  generally,  in  any  fieuation^f  the 
lines  PMjt  it  follows  that'  if  any  parallels,  as 

Mm, 
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Mm,  Mm,  be  drawn  meeting  a  conic  fedion  % 
.  there  U  a  linp  DF  which  can  bifefk  all  theie  pa* 
rallels.   And  coniTequently  if  any  two  parallels. 

Mm,  Mm,  are  bifcfled  in  G  and  the  line  Gg 
that  bifeds  thcfc  two,  will  bifcfb  all  the  other 
lines  parallel  to  them,  ternainated  by  the  curve. 
Which  is  a  general  property  Of  all  the  conic 
fedions.". 

There  is  one  cafe  which  muft  be  excepted, 
when  FM  is  parallel  to-  an  arynnptote3  becaufe 
in  that  caie  it  meets  with  the  conic  fedion  only 
in  one  point. 

§  35.  In  the  general  equation  of  \  21,  if  you 
ftippo(c^=o,  there  wHl  remain  ^**  +  ^fe  4-  e  =  o, 
by  which  the  points  are  determined  where  the 
curve  meets  the  abfciffc  AE. 

Suppofe  it  meets  it  in  B  and  D,  and  that 
AB  =s  A,  and  AD  =s  B.   Then  ihall  ^  A  and 

B  be  the  two  roots  of  the  equation  +  ix 
4-  =  o;  and  therefore  x  +.jt  x  x.-ir  Bsz^ 


*  Supply  the  figure* 

-Z  there^e 
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(I  e 

therefore  BP  x  DP  =    +  -^cr  +      Now,  it  is 

manifeft  from  the  natur^  of  equations,  that  if 
?M  meet  the  cui^vc  in  M  and  my  the  reft^ngle. 
of  the  roots  PM  and  ifhall  be  equ^  tQ' 
i^tf*  +  </a:  +  ^  the  laft  term  of  the' equation 

+  e 

We  have  therefore  PM  x  P;j»  =:  cx*  -k-  dx     ^  r 

d  e 

aud  LP  X  DP  =  .v"  +      +  -i  fo  thai^PM  x 

d  c 

Fm  \  BP  X  PP  i:      -f  ^;?  ^    ;if^  -i-     +  -  : ;  r 

1 1,    That  is,  "  the  r4f<flangle  of  the  ordlnates 

PM,  P/;^  is  CO  the  redan<>lc  of  the  fegmcnts  of 
the  abfcif^.^s,  as,  in  a  {?iven  ratio,  c  is  to  i." 
Which  is  anciijicr  general  property  of  the 
of  the  Juond  order^        '  . 

In  a  fimilar  manner  the  analogous  prapcptics 
oi"  r;  e  linc^  ui  uic  higher  orders  arc  dcaioa- 
ftrated  •  *•    •  ' 

§  36.  There  are  many  different  ways  of  de- 
fcribing  the  lines  af  the  Jscond  erder^  ty  motion. 
The  fbiiowing  is  Sir  Ifaac  Nev^fott\ 

r 

f  Let  the  two  points  C  and  S  be  given,  and 
the  flraight  line  A£  in  the  fame  plane.  Lettb^ 

St 

*  Stc  the  Aptendix. 

t  vice  GmrMiia  Organica,  Prop,  L 

R  givei^ 


•  / 
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given  angles  FCO,  KSH,  Mvdltri»  d>ouc  the 

points  C  and  S  as  poles,  and  let  the  interfec- 
tion  of  the  Tides  CF,  SK>  be  carried  along  the 


Araight  line  AE',  and  the  interfcftioQ  of  the 
fides  CO,  SH,  wil  defcribe  a  line  of  the  juoni 
crHer. 

Let  the  (ides  CF,  SK  intcrfcA  each  other  b 
Q.  ,  and  the  fides  CO,  SH,  id  P  i  let  PM  and  •  . 
QN  be  perpendicular  on  CS*   Then  draw  PR,  ' 

QIJ;  PT,QLi  foihatCUQj-CRP  =FC(5j 
'    andSLQ^-STP  =  KSD. 

The  angle  RCP  -  CQU,  fince  RCP  makes 
t^x>  r^t  ones  with  RCQand  QyC.   So  ttiaf 
thctt-ianglcs  CtJQ^and  CRP  will  be  fimilan 
Aad  after  the  fame  manner  )(ou  tnaydemon- 
,  Z2  ^ftratc 
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ftrate  than  the  itriangles  SLQ^  STP  are  fimilar  ; 

CR:PR:  :  QCJ:  CU, 
andST  :PT::  QL  :  SL, 

Suppofe  Q%  Tza^  CA=:^,  the  fine  of  the 

angle  FCO  to  its  cofme  as  dx.^  a ;  fin,  angle 
CAE  ro  cofin.  as  c  to     and  fin.  KSH  to  cofin. 
as  i  to  a.    Put  alfo  PM       CM  =    QN  = 
TjienRM  :PM  wa :  d,  PR :  PM ::  s/TT^'A 

AN  :  QN  : ;   :  f.  So  that  RM  -  ^,CR  (=CM 

Likewife.QU  =  2ii^t£,  and  CU  CA 

-AN-NU)=^-^;s-^z.  And  it  be- 
ing  CR  :  PR  ::  QU  ;  CU,  it,  follows  that 

dx—ay  \y  y/d"  -i-  d^'i  iz  s/a  ~  +  d' :  ^  —  f  ^  1  z. 

i/.     So  that  Z  =  TT  :  ==  .  . 

In  like  manner  you  will  find  ST  =  « — ^  —  jy,, 
FT  =b^ZI2,Q^^-.^^\^^  \ 

(=AN-AS-HL)  =  a-*  +  lEIil^^  But! 
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k  was  ST  !  PT  ::  QI.  :  SL,  that  is,  a x 

~€.x  ax 


-ry ;  ^         :;  -J^ — — — :  a-^b  +  - 


ee 


 <?— ri»  X  c  X  ae-'ex—ay 

Whence  QN  =:2!5:'^5S=""^ — ^ — -= — ■ 

•     TT  .  ^+«*Xjf+<7ArX^'^fH-tf*Xf— 

And  from  the  equation  of  th^fe  two.Y^ues  of 

z  this  equation  refults  j  -  ' 

^ae-bcXd\  -hdce}  -^hXi-hdy 

+        X  TTll    ^ic  X  a  -  e^l  ' 

where  fince  ^  and  j  are  only  of  two  dimenfions,^ 
it  appears  that  the  curve  deleribed  mud  be  a 
line  of  the  fecond  order^  or  a  conic  fedbion,  ac- 
<;ordiiig  to  what  has  been  already  dcmonflrated* 

§  37.  As  the  angles  FCO,  KSH  revolve  about 
the  poles  C  and  S,  if  the  angle  CQS  becomes 
equal  to  the  fupplement  of  thefe  given  angles 
fM>  four  right  ones^  then  the  angle  CPS  muft. 
vanifli,  diat  is,  the  lines  CO  and  SH  mufl:  be- 
come parallel ;  and  the  interfe£bion  P  muft  go 
off  to  an  infinite  dillance.  And  the  lines  CO 
and  SH  becooie,  in  that  cafe»  parallel  to  one  of 

In  order  to  detimiine  if  this  may  be,  deicribe 

on  CS  an  arc  of  ii  circle  that  can  have  infcribed 
in  it  an  angle  equal  to  the  fupplement  of  the 
angles  FCO^  KSH,  to  four  right  angles*  If 

'  Z  3  '  this 
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this  arc  meet  the  line  AE  in  two  points  N,  n% 
,  then  when     the  interredion  of  the.fid^?  CF» 
SK  cpmcs  to  ekfaer  of  chefe  points^  as  it  is  car* 


ricd  along  {^he  line  AE>  the  point  P  ^wUJ  go  off 
to  infinitjr,  and  the  Hn^  S  ji>  CO,  ^lecome  pa* 
raUel  to  each  other  aiui  liq  ajym^^oif  9f  the. 
curve.  / 


If  that  arc  only  touch  the  line  AE,  the  poirit 
4;^  ^jviligq  Q§  to  intinuy  bjut  once.  If  thi;  arc 
neither  cut  the  line  ^fi  nor  touch  ic»  tho  ppln^ 
P  cannot  go  off*  to -infinity.  In  the  fy^  cafe 
the  conic  fir^ion  Is  an  hyperhfay  \n  the  ie(:oQd  a 
farabola^  in  the  third  an  ellipje. 

The  aj'ymptotesy  when  the  curve  has  anyj  arc 
4etQrmii)ed  by  the  following  con^ru^ion*' 

Draw  NT  conftitutiiig  th^  angle  CNT  = 
SNA,  meeting  SC  in  T  %  then  take  SI  CT> 
and  always  rovvarcls  oppofite  parts,  and  through 
r  draw  IP  parallel  to  SHI  or  CO,  and  IP  will 
be  one  afyinpcote  of  the  curye.  The  other  ia 
determined  in  like  manner,  by  bringing  Qjo  n  ^ 
'  '       .  ♦  .  And* 
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And  the  two  afymptote s  meet  in  the  centre, 
conftituting  there  an  angle  =  NS». 

From  ,  this  conftruflion  it  is  obvtou3)  t\ut 
when  the  circular  arc  CN»S  touchc^  the  lite 
AE,  the  ailglc  SNA  being  then  =  SCN,  the 
}inc  NT  will  become  pafalfel  to  CS ;  and  there- 
fore CT  and  SI  become  infijiite,  that  is,  the 
ajymptou  IP  going  off  to  infinity,  the  curve  be* 

$  38.   There  is  another  general  ftiechod  of 

dcfcribing  the  lines  of  the  Jecond  order ^  that  dc- 
icrves  our  confideration. 


Inftead  of  angtfe  we  rittw '  ule  three  rulers 

DQ^,  CN,  SP5  which  we  fuppofc  to  revolve 
about  the  poles  t),  C,  S,  and  cut  one  armther  * 
always  snihree  points  N,  Q^aiid  if  I  «id  carry- 
ing any  two  of  thefc  interfediohs;  ai    and  Qij 
■ifcifg  <Wi^  li4fw  Afi,  BE,  the  child 

infcrfediofj  P  wiU'ckfcribc  ^  conic  fcdlionv  -^  '-.^ 

Z4  Through 
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Through  the  points  D,.  P,  Qj;  draw  DF, 
PM,  QK,  parallel  to  AE,  mcc;tiDg  CS  in  F, 
M,  Rj  aifo  through  P  dnw  PH  paralkl  toBE 
meeting  CS  in  H. 

^  Then  putting  PM~^,  CM=a,  CS=a,  CA 
=  SB  =  r,  DF=^,  AF  =  /,  AE=:^,  BEz=e, 
AB  (=    ~  ^  +     =/.  fincc  the  triangles 

PMH,  AEB  arc  funilar,  therefore  =  -J, 
MH  =  SH  =  ±t!>=J±,  And  fince 
CA :  .i^N  ::  CM :  PM, . AN  s;  i^s  andfince 

SB :  BQ  ::  SH  :  PH, .. .  BO  =  '-^  

But, 

BCL:  QR-::  BE.:  AE  .. .  <a^  «  S^f^,, 

Now  A>}  -  DF  iRCL-  AN  ::  AF  :  ARj 
this  is,' 


cdf.  by      ,    J,  ' 


cfy 


dx     fy  ^  tf/.  ^ 


And  muitipiyinp;  the  ottremc*  and  mcans^ 
and  ordering  the  t^nns,  it  is, 

111  which  equation,  the  lign  of  ibme  terms 

may  vary  by  varying  tlacliiuauon  pf  the  poles 

and 
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and  lines;  but  x  andjr  not  rifing  to  more  than 
^wo  dimenHonSy  ic  appears  thac  the  ^  point  P  dl«> 
yfays  def^ribes  a  fMtif  Je^ion.  Only  in  ibme 
particular  cafes  the  conip  feftton  becomes  a « 
ftraight  line.  Aa  for  example^  when  D  is  found 
in  the  ftraight  line  CS  5  fpr  then  DF  vanifhing 
the  terms  dfkx^  ~  adfkx  v  a  mill,  and  the  remain- 
-  ing  terms  being  diviiible  by^i  ci^e  equation 

Which  is  a  /<?fi/j  of  xht  firft  order ^  and  fhews, 
that,  in  this  cafe^  P  mi)ft  defcribe  fL  \firaigkt 
line. 

Ater  the  fame  tnannev  it  appears  that  if  the 
point  E  the  interfe&ion  of  die  lines  AE,  BE« 
falls  in  CS,  then  will  P  defcribe  a  ftraight  line. 
For  in  that  (^afc  d  yantilicsi  and  the  equation  - 
bef:omes, 

§  39.  Tbefe  two  deforipdons  furnifti,  each, 

a  general  method  of  *•  defcrlbing  a  line  of  the 
fecond  order  through  anv  five  given  points  where- 
of three  are  not  in  tiie  lame  ibraight  line." 

Suppofe  the  five  given  pointt  are  C,  S«  M, 
N  i  join  any  tiiree  of  them,  as  C«  $•  K,  and  • 
let  angles  revolve  about  C  and  S  equal  to  the 
angles  KCS,  KSC.    Apply  the  interfedion  of 
the  legs  CK,  SK  ftrft  to  the  point  N>  and  let  the 

1  '  inter-' 
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interfedion  of  the  legs  CO  and  SH  be  Qj;, 
fecoiKfljr  tppljr  the  interfeaion  of  the  lame  legs 
CK^  SK^  to  the  lemaining  point      and  let  ihs 


interfedtion  of  the  legs  CO,  SH  be-  L.  Draw 
a  iine  joining  Q^and  L,  and  it  wiU  be  the  line 
A£  along  ^v.htch  if  you  carry  jtbe^imerfe^tion  of 
.thelrgs  CO,  SH,  the  intcrfeajoo  of;  the  other 
*legs  will  dcfcribe  a  conic  fediou  pafling  through 
the  five  given  points  C,  S,      K,  N. 

It  mult  pafs  through  C  and  S  from  the  con- 
itrudion:  when  the  interfe^ion  of  £0«  SH 
eomcs  to  A»  the  curve  will  p^ls  through  K. 

And 


Digitized  by  Google 


Chap.  a.      ALGBB.RA;  349 

And  when  it  cpme3  to  and  it  paffi;i 
througli  iNi.M. 


r  %  40.  From  the  iecond  dcfcription  wc  have 

this  lolutlon  of  the  fame  problem. 

Let  C,  S,  M,  K,  N  be  the  five  given  points : 
draw  lines  joining  thcmj  produce  two  of  the 
lines  NC,  MS,  till  they  meet  in  D.  Let  three 
rulers  revalve  about  the'  three  poles  C,  S,  D, 
viz.  CP,  SQ_,  DR.  Let  the  interfcftion  of 
the  rulers  CP,  DR,  be  carried  over  the  given 
line  MK,  and  the  intcrfedion  of  the  rulers 
SQJ  DR  be  carried  through  the  line  NK ; 
and  the  point  P»  the  intcrfeftion  of  the  rulers 

that 


4 
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that  revolye  about   and    will  defcribe  a  conic 
feftioii  that  pafles  through  the  five  pdnts 
M,  K,  N, 

%  41.  It  i$  a  remarkable  property  of  the  co* 
»ic  fe^lons,  that  if  you  aflume  any  number 
of  poles  whatfoever,  and  nnake  rulers  revolve 
about  each  of  them,  and  all  the  interleCtions 
but  one  be  carried  along  s^vcn  right  lines»  that 
one  iball  never 'defcribe  a.  line  above  a  conic 
fe^ion  1'*  if,  ii^ead  of  rulers,  you  lubftitute 
given  angles  which  you  move  on  the  fame 
poles,  the  curve  defcribed  will  flill  be  no  more 
than  a  conic  fedion. 

By  carrying  one  of  tite  tnterfe&ions  neceflary 
ID  the^efEription  over  a  iomc  tddCvon^  lines  of 
lligh^r  ord^^^  defcribccL 


CHAP. 
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jnenfioiis  as  the  equation or,  "  by  the  inter- 
fedlions  of  any  two  curves  whole  iodices  muld* 
plied  by  each  other  give  a  produft  equal  to  Ac 
index  of  the  propofed  equation.** 

Thus  the  roots  of  a  biquadratic  equation  may 
be  dcternnined  by  the  interre(5lions  of  two  conic 
iedions  i  for  the  equation  by  which  the  ordinate^ 
from  the  four  pdnta  in  which  thefe  conic  fedions^ 
may  rcut  one  another  can  be  detemnined  will  arife 
to  four  dimenlions :  and  the  conic  fedlions  may 
be  afTumed  in  fuch  a  mannerj  as  to  make  this 
equation  coincide  with  any  propofed  biquadratic : 
fo  that  the  ordinates  frooi  thefe  four  interfedions 
.will  be  equal  to  the  roots  of  the  propofecl  biqua« 
dratic. 

If  one  of  the  intetfeflions  of  the  conic  fedlion 
falls  upon  the  axis,  then  one  of  the  ordinates 
vanifliesi  and  the  equation  by  which  theie  ordi«  , 
dinates  are  determined  will  then  be  of  three  di* 
menfions  only,  or  a  cuhicy**  to  which  any  pro- 
pofed cubic  equation  may  be  accommodated. 


C  H  A  HI. 


Or  THE  CONSTRUCTION  of  CUBIC  and 
BIOyADRATiC  EQUATiUNS. 


So 
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So  that  the  three  remaining  ordinates  will  be  the 
three  roots  of  that  propofed  cubic. 

§  43.  Thofe  conic  fcftions  ought  to  be  pre- 
fi^n  cd  for  this  purpofe  that  are  mod  eafily  de- 
icribe^.  They  mufl  not  however  be  both  ciT" 
chs$  (or  their  interfedtions  are  only  two,  and 
can  ferve  only  for  .the  relblution  of  quadratic 
equations. 

Yet  the  circle  ought  to  be  one,  as  being  moft 
ea/lly  dcfcribedi  and  the  paralola  is  commonly 
afiumed  for  the  other.  Their  ii^teriedkions  ar*. 
determined  in  the  following  manner. 


Diqitized 


Chap.  J.  :    A^L.  G:^  B  R  jA,. 

Lec  APE'  bp  the  c«M|imon  Apollonian  panui 

bola.    Take  qa  ics  axis  the  line  AB      hatf  of 

ics  parameter.  Let  C  be  any  poinc  in  the  plane 
of  the  pfurabgbs  and  from  it  a. centre  ddcribt» 
with  tof.  cacSos  CP,  s,  drcle^meeting  the  para« 
bola  in  P.  Let  PM,  CD,  be  perpendiculars 
on  the  ^is  in  M  and  D,  and  kt  CN,  parallel 
to  ^he  axis,  ipeetPJVl  in  N. 

Then  will  always  CPjcsCNf +NFj  (47  JS- ».) 

Put  CP  =  tf,  the  parameter  of  the  parabbla 
AD  =  Cy  DC  =     AM  =  x,  PM  => 

Then  CN^  ^^  '^SfT*!',  NPf  sij'+i/h  and 

^T^* +3T^  That  is, 

6ut,  from  the  nature  of  the  parabola,  y  sz  hx, 
and  -L  .  fubfticuting  therefore  thefc,  va^ 
lues  for    and     it  will  be, 

4)4  "       i  ^ 

\  ±  ~-  -f  J*  ±  2iy  +     +     —     —  , 

bo  * 

Or,  multiplying  by  h'y 

Which  may  represent  any  biquadratic  equation 
t^at  wants  the  fccond  term  1  fince  fuch  values 

imy  be  foimd  for  a,  by  l\  aiid  by  coinparing 
this  with  any  propofed  biquadratic,  as  to  make 
them  coincide.  And  then  the  ordinates  from 
the  points  P,  P,  P,  P,  on  the  axis  will  be  equal 
tb  the  roots  of  that  propofed  biquadratic.  And 

•  *  {/2  «  is  the  difference-^  of  .v  and  c  indtfinitelv,  wliichcrer  oF 
the  two.is.grc5y»ft.  .         .  , 

this 


this  may  be  done^  though  the  parameter  of  th^ 
parabola  (t;i2i  V)  be  giveii :  that  ia»  if  you  have  li  « 
parabola  already  made  or  giveQ»  by  it  alone  you 

may  refolve  all  biquadratic  equations,  and  you 
will  only  need  to  vary  the  centre  of  your  circle 
and  its  radius* 

%  44«  If  the  drcle  delcrtbed  from  the  centre 

C  pafs  through  the  vertex  A,  then  CPy  =  CAf 
^  CD^  ^  AD^>  that  is>  d^^d"-  ^      and  the 


A. 


lafl:  term  of  the  biquadratic  (c*  +        4*)  wilt 
vanifli;  th^refore»  dividing  the  reft  byjr^  .thert  ' 
.ariies  the  cubiC) 

Let  the  cubic  equation  propofed  to  be  resolved 
be     *  ±  /iy  ±  r  s  o.   Compare  Ac  terms  of 

'  thefe 
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'  thefe  two  equations,  and  you  will  have  ±  ihc  + 

=  ±  p,  and  ±  2<f^*  =  ±  r,  or,  ::p  f  =  ^  =F 

and    s  ±  -^.   From  which  you  have  this 

conftru£l:ion  of  the  cubic/  ±  |>y  .±  r  =  by; 
means  of  any  given  parabola  APE. 

From  the  point  B  take  in  the  axis  (forward  if 
the  equation  has  —     hut  backwards  if  pis  ^tf- 

faivt)  tbi  Im  BD'  =  ~,  Am  rat/e  tb<  fer^ 

fiendicular  DC  =  -ji,  tf/*^ /rc/»  C,  defcribe  a 

Wrr/<r         through  the  vertex  4y  meeting  the^ 

,  par  ah  ul  a  in  P,  Jo  Jloall  the  ordinate  PM  he  one 
of  the  roots  of  the  cubic  f  *  ±     ±  r  =  o/*  - 

'  The  ordinatcs  that  Hand  on  the  fame  fid^  of 
the  axis  with  the  centre  C  are  negative  or  af« 
fihnative,  according  as  the  laft  term  r  is  nega^ 

tive  or  affirmative  t  and  thofe  ordinatcs  have 
always  contrary  figns  that  fland  on  different 
fides  of  the  axis^  1  he  roots  are  found  of  the 
fame  value>  only  they  have  contrary  figns,  when 
r  is  pofitive  as  when  it  is  negative;  the  iecond 
term  of  the  eqiution  being  wanting;  which 
,  agrees  with  Avhac.bas  .been  demonlirated  elfe* 

§  45«  In^eiblying  irir/R^/V^/ equation!^  ypu 

-may  fuppofc  the  paraineter  b  to  be  unit  i  then 

A  a "       ^  .AD 
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< 

AD  =  i  qp  ip,  and  DC  =      and  the  ordinate 

PM  mud  then  be  mcafured  on  a  Tcale  where 
the  parameter^  or  2AB,  is  unit.  Or,  if  it  be 
more  convenient,  the  parameter  may  be  fuppofed 
toexprefs  10,  loo,  or  any  other  number^ 
and  PM  will  be  found  by  meafuririg  It  on  a  fcale 
where  the  parameter  ii  10,  100,  i^c.  or  thac- 
other  number. 

%  46.  <^  When  the  circle  meets  the  parabola 
in  one  point  only  befides  the  vertex,  the  equa-* 

tion  has  only  one  teal  root,  and  the  other  two 
imaginary," 

Thus,  if  the  equation  l^as  +  or  if  D  fails 
on  the  f^me  Ode  of  B  as  A  does,  the  circle  can 
meet  the  parabola  in  two  points  only,  whereof 
A  is  one ;  and  therefore  the  equation  mud  have 
two  imaginary  roois  j  as  we  deaionftrated  elfc- 
where.  If  the  circle  touch  the  parahlay  then 
two  roots  of  the  equation  are  equal. 

It  is  alfo  obvious,  that  the  equation  muft  ne« 
ceffarily  have  me  teal  root  1  becaufe,  (ince  the 
circle  meets  the  parabola  ia  the  veiiex  A,  it  muft 
meet  it  in  one  other  point,  at  leaf);,  befides  A. 

%  47»  Inftead  qf  making  the  circle  pafs  through 

the  vertex  A,  you  nriay  fuppofe  it  to  pafs  through 

fomc  other  given  point  in  the  parabola,  and  that 

intcrfcftion  being  given,  the  hiquadratk  found 

for  determining  the  interfedions,  in  |  43,  ,  may 

be  reduced  to  a  auH^^         -  '  ' 

•  ■ 
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•   Let  the.  ordinate  belonging  to.  that  given  m- 


tcrfeclion  be  f ,  then  one  of  the  values  of  j  bdog 
,  g»  it  follows  that  the  biquadratic 

will  be  divifible  by  y  —  which  will  reduce  it 
to  a  that  ihaii  have  the  iecondvterm.  And 
thus  we  have  a  conftrudion  for  £9ii(  equations 
that  have  all  their  terms. 

Foir  example,  let  us  fuppofe  that  the  faf^d^ 
meter  is  AG,  and  the  ordinate  at  G  is  GF  iiicec- 
ing  the  curve  in  F.  -  Suppofe  now  that  the 
circle  is  always  to  pais  through  F ;  then  fliall 

CVq  ( =  d^j  =  CH^  +  HFf  •=  f^yi  *  +  JJTI  • 
f ^  +  rf*  ±  2ch  ±  2db  +  ib'\  and  fgbftituting 

A  a  "  ^  '  ill 
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in  the  equatioin  cif  $  43.  this  value  of  a\  it  be* 
comes 

# 

"  Where  r  in  the  Uft  term  has  a  contrary  fign  to 
whar  it  has  in  the  third,  and^^a  cQntrary  fign  to 
what  it  has  in  the  fourth.  * 

This  biou^rAtic  FG>  pvb^  fiir  one  of  its 
roots ;  and,  )teing  diviided  hj  y  —  there  arifes 
this  cubic^   '  ♦ 

+  2^^  J 

haying  all  its  terms  connplete.    If  C  had  been 
taken  on  the  otber  .fide  of  the.  axis,  the  f€COQ4  . 
ternn      had  beea  jiegativc»   -  . 
"  Let  libW  any '  cubic  cquatioa  bc'propofcd  to 
be  refilled;  as    +  /jy*  -f  5-;?    r  =  o.   And  by 
cuajpdfiDgit  With  the pfec€diog>  you  will  find 

Ttere/ore^  to  conftruli  the  ^r.apoj^d  cubic  eq^uaiim 

y  +  py^^  jlf  y^.  f  F  Z*^^  parameter  of  your 
]^4ra|^ia  to      /^^^^  «ii  /J^  am  frm 

th9 
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(be  vertex  A,  the  line  AD  =  x>  —       and  raife 

the  perfendicular  DC  =^     +  — »i        frm  C 

defcrihe  a  circle  through  nieiling  the  parabola 
in  P,  Jo  flmll  the  ordinate  PM  be  a  root  of  the 
equation. 

If  the  equation  pro^iSsd  is  a  Uterdl  equation 
of  this  fofm  y  +i5y*  +^2^  —  ^  =  0,  having 
aU  the  terms  of  three  dimetifions,-  then  this  con- 
ftrudion  wiii  only  require  AD  q=  I  —  a7* 
DC  =  iq  +  tr.  -  ' 

§48,  if  you  fuppofe  the  parabola  to  pais 
duough  any  point  F  taken  any  where  in  tl^e 
parabola  (vii.  Fig.  preyed,)  and  call  the  ordinase 


FG  =  A  then  ^ ^  -|  +  ^ -i/l*  =  and  die 
general  biquadratic  may  have  this  ioi^m^ 


But  fihcc  FG  =  ^  is  one  of  the  values  of  y, 

the  equation  will  be  divifible  by  j  —  ^>  and  the 
quotient  is  found  to  be  this  cuhc. 


^  b*\y  -iceb 
.A  a  3 


»  =  o. 


Which 
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Which  compared  with>'  +  jpj*  +  fqy  —  ^V=o, 
gives  FG  (or  0        AI>  (  =  0  =  , 

and  DC  =  ^  =  L-iLijLl,    And  by  this  coi»- 

ilrudtion  the  roots  of  a  complete  cubic  equation 
may  be  found  by  any  parabola  whatibeven 
%  49.   Ic  is  eafy  to  fee  from  S  43«  how  to 

confti  udl:  the  roots  of  a  biquadratic  bv  any  pa- 
rabola, after  the  fccond  term  is  taken  away. 
But  the  roots  of  a  biquadratic  may  be  deter- 
mined by  any  psu-abola only  they  cannot  be 
the  ordinate  on  the'  axis^  but  may  be  equal 
to  the  perpendicuhrs  on  a  line  parallel  to  the 
axis,  meeting  theparaUoia  in  Fi  CD  i^  H,  and 
PM  in  L.*' 

Ijsx,  FG  be  an  ordinate  to  the  axis  in  G ;  dnd 


the  reft  remaining  as  before,  let  FL=:««  PL=y» 

the 
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the  parameter  =  h,  CP  =  a,  FH  =s    CH  =  </» 

FG  =  r.  , 

And  fincc  PMj  (=  PL  +HDIQ  =»  AMx^ 
therefore  /  +  ft^  +        AG  +  FL  x  * 

+  «  X  *  J  and  c6*f«|[uently  j>*  +  a<y  s: 

"  But  CNj  +  NPj  .=  CP?  i  that  is,  i^"-  + 
=  a\   And  fubftituting  for  «*  and  *  their 

,,l„es  SP-'  ami  i  you  will  find 

which  is  a  complete  biquadratic  equation.  And 

by  comparing  with  it  Ac  equadon  _ 
V*  4-  Dv'  +       -  ^'O-  -     =  °i 

FG  c= 0  =  i?.     ( =  — ^ 

'hc  (=^)  =  ^-/^.  «.dCP(  =  0 

v/PTT'fN^ !  wWch  giv»  a«eneral  conftruc- 
tion  for  any  luch  biquadratic  equation  by  any 
parabola  whatfoever.  If  the  figns  of  p,  q,  r, 
XX  s,  are  different,  it  is  eafy  to  m^.ke  tiic  nc- 
C«ffary  alterations  in  the  conlhi.aion.  Ex.  gr. 
'\(p  is  negative,  then  FG  muft  be  taken  on  the 

other  fide  of  the  axis. 

It  you  fuppofe  the  circle  to  pafs  through  1',^ 
the  equation  wiU  become  a  culie  having  all  U« 
.  Aa4    .  ' 
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terms :  the  laft  term     +  i/*    n*  x  van'ffh- 

inff,  becaufe  then  c""  -i-  d'  ^  a\    it  will  have 
this  form,  •      "  *  . 

and  then  "  the  conftrudion  will  give  the  roots 
of  a  complete  cubic  equation,". 

§  50.   We  have  fufficiently  (bewed>  bow  the 

roots  of  cubic  and  biquadratic  equations  may  be 
conflr  j  flcd  by  the  parabola  and  circle  ;  we  fhall 
now  Ihew  how  other  conic  fedtions   may  be 
determined  by  whofe  interfedttons  the  lame  roots' 
may  be  difcovered* 

Let  the  equation  propofed  be  j»**  +  bpy^  +  - 
h'^q^y  —      =  Of  and  kt  us  fuppofe/  that, 

1^^^=^;  then  fhall  we  have  by  fgbfti- 
tutionof  ^Vfor^%  and  dividing  iyy  i^y- 

2*.  y*  +  —      +     y  —  —  =  o,  which  has 

its  iffcus  an  el/ip/ei    Then  by  fobftituting  (in 

iliii  lad)  i^A'for^''',  and  iauldpi)  iag  iiil  rhc  lerais 

by     you  find/  _ 

3**.**.+;^*  + —  ir=ip>  an  equation  to  ft 
parahla.     Then,    adding  to  this  equadon 

y  ^'^x  =  o,  you  will  have,  " 

,  V* +  /  +  f  —       +  517— *r=;o,  an cipia^ 
tion  to  a  arcU, 

Tfce 
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The  roots  of  the  equation  +  hfy^  -f  b^qy 
«-^Vs=o  maybe  determined  by  the  interfec- 
tion  of  any  two  of  thefe  lod-,  as  for  example^ 


by  the  interfedions  of  the  ellip/e  that  is  the  iMts 
of  the  cq*iat^on  y  +  ^  ^  +  J  -J'     J"  _ 
.  and  of  the  circle  which  is  the  locus  of 
A?*  +  y  [J^  ^1  ^  +  qy  ^hr^Q^  from  which  wc 
deduce  this  conftrutftion. 

% 

% 

0 
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L0t  AB  be  the  axis  $f  m  eUipfis^  equal  i9 

ajhr  +       i^/  G  he  tbe  mtre  af  tbe  eitif/e^ 

avd  the  axis  to  tbe  parameter  as  p  to  h.  At  G, 
raife  a  perpendicular  to  tbe  axis,  and  on  it  take 

QD  =i      and  on  ibe  other  Jidt  in  ihc  perpendicular 

continued  take  GK  =z  iq  x  ^-j— •  Let  J)E  and 
KC  be  parallel  to  the  axis :'  take  JCC=  i  ^  -  i  />, 

and  from  C  as  a  centre,  with  tbe  radius  \/DCq-^  br 
dejcribe  a  circle  meeting  the  ellipje  in  P,  ^nd  the 
ordinate  PM,  on  tbe  line  D  E,  Jball  be  one  pftbe  • 
roots  of  the  propofed  equation,  '  * 

Let  PM  (=^)  produced  meet  AB  in  R,  and 
KC  in  N  ;  and  calling  DM  =zXy  then  CP^  = 

MP? + 2i£iL_^       +  + 

4    =  4.  ^-4.^-*V*  5   and  therefore, 

I*».  /  4.  af*  +  *  -     =  0,  the  equa- 

tion to  the  circle,  which  was  ro  be  conftnidled. 

And  fince  PRj  ;,G%— GR^  ;;  ^  there- 
fore y  +  ^  br  X'  'A  b  I  p  i  and  con- 
fequently, 

2«.  y»  +  ^  ;e»  4  ^  y  —  Li    o  vi*which  is  thc' 

p       r  p 

equation  that  was  to  be  conftrudted. 

Now  that  rheir  interfcdions  will  give  the  roots 
required,  appears  thusV  ^ 

For 
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For  X'  in  the  firft  equation  fubftitute  the  va- 
lue you  deduce  for  it  from  the  fccondf  was. 

hr  —  ^jy  —  qj/i  and  there  will  arife 

that  is»  J  =  X»  and    =  jk»  which  fubftituttd 

for  X*  and  a:,  in  the  tirft  equation^  gives 

+  ^  —  *  xj-  +  f^~^r-sOi  that  is, 

J**  +       +       -  h^r  =  o. 

And  if  you  fubfticute  them  in  the  fecond  equa- 
tion, there  will  arife 

^Tt/  +  /  +  -^jy  -  -J  =2  Oi  that  is,     *  + 

+  ^*^^  —  —  o,  the  very  fame  as  before  % 
and  thus  it  appears  that  the  roots  of  the  equation 
J^**  +  ^far  +  ^*fJ^  —  *V  =  o  arc  die  ordinates 
that  are  common  to  the  threb  and  elliffet  or  that 
are  drawn  from  their  interfedkion. 


End  ofibi  Third  Fart. 
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LINEARUM  GEOMETRICARUM 

FROPRIETATIfiUS  GENEKALIBUS. 


D£  lineis  fecund!  ordlnis,  five  (e^ombus  conicit, 
tcH^ferunt  uberrime  geometis  veteres  it  receiw, 
tioresj  de^^uns  quae^ad  iaperiores  linearum  ordines 
referuntur  paaca  &  exilia  tantum  ante  Newtonum 
tradiderunt.  Vir  illullriffiinus,  in  Tra£^atu  de  Enu* 
meratione  Linearum  tertii  Ordinisy  do<Rrinam  banc,  cum 
diu  jacuiffet,  excitavit,  dignamque  efle  in  qua  ebbora- 
rent  geomctris  oftendit.  Kxpo!i:is  enim  haruin  linea- 
rum prop:  ictatibus  ccncr.iubus,  quae  vulgaris  fc6iioimiii 
conicarum  afttitiunibus  lunt  adeo  aifincs  ut  vclut  ad 
candem  iiormatn  compofitas  videantur,  alios  fuo  cxcm- 
plo  impulit  ut  analogiam  hanc  Hve  limilitudinem  quae 
tarn  diverfis  intercedit  figurarum  gencribus  bene  cog- 
nitam  &  fatls  firme  animo  conceptam  atque  compre- 
henfam  habere  ftudcrcnt.  In  qua  illuftranda  &  uherius 
indaganda  curam  operamque  merito  pofucrunt^  cum 
nihil  iit  oamium  quae  in  difciplinis  pure  mathematicis 
trai5^antur  quod  pulchrius  dicatur  aut  ad  animum  vert 
iaveftigandi  cupidum  oble<Sbndum  aptius,  quam  rerum 
tarn  diverfaruni  confenfus  five  harmoniay  ipfiuique  do- 
^rinae  compofitio  nexus  admirabilis^  quo  pailerius 
priori  conveniti  quod  fequitur  fuperiori  refpondety 

'  quiequt 


LINBARUIA  GBOMBTRICARUM 

q>i;ec]ije  fimpkcioTS  httt  ad  magis  ardua  Yiam  cooiUnter 
«pcnunr. 

Linearum  tertii  ordinis  proprietates  generates  a  New 
tomxrzdhx  parallelarum  fegmenta  &  aiyroptotos  plc- 
nequc  fpe^Stant.  Alias  harum  affe<fliones  quafdam  di- 
verii  generis  breviter  mdicavimus  in  tra^latu  de  fluxi« 
CKubfis  liuper-edito^^Art.  324»  k  401»  Celeberrinius 
Caitfim  puteherHmam  olim  detexk  Finearuin  g*<omecrU 
carum  proprie^tetn,  hucufque  ineditam,  quam  abfque 
demonilratione  nobis  communtcavit  vir  Reverendiis  D* 
MiTtufSndthy  Gotl'egK  S.  $•  TrtQitatis  apucTCantabrU 
gicnfcs  pr3Efc£lus,  doftrina  operibufque  fuis  pariter  ac 
fide  &  liudio  in  amicos  ckius.  Dc  iiis  meJiLanlibus 
nobis  alia  (|iioc]ii-  Ic  cbiLilerunt  theorcmata  gencralia  ; 
qaae  cum  ad  arc  nam  banc  geometrias  partem  augendaiu 
&  iHuftrandam  conduccre  vidercnturj  ipfa  quafi  in  faf- 
ciculum  congerenda  Sc  una  iierie  i)reviur  .exponenda  &c 
^emonfbanda  putavimus^ 


S  E  C  t  I  O  L 

Di  Uneis  Geomctricis  in  gemre, 

^  J.  T  Ine^  fecundi  ordinis  feiSHone foUdi  geotnetrtcft 
MmJ  coni  fctlicet,  definmntur^  unde  enram  pro^ine- 
lafes  per  vu]garerp  geometriam  opttitae  derrvantor.  Ve<»* 
ram  diverfa  ed  ratio  figurarum  qua?  ad  fupericVesr  fiflT- 
anKn  oFdines  refertimitir.  Ad  has  deftniendas,  eartimque 
.   pMrprtetates  eruendte^  adhibendafr  (vint  asqtiationes  gene-» 
'  rales:  ccM>rdhiatarMni  relattonem  expriinentcs.  Reprae'«^ 
Fig*  I.         ^  abfeiiTafh- AP)  ^  ordinatam  PM  ftgurae  FMH^ 
denotenfque    hy    4  0 .      coeilicientes  quafcunque 

'  UlV»w 


■V  ' 
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ittvttfi&bnes  ;  k  iSiio  angulo  APM  fi  idatio  dD-oidini* 
laKuai  x.&jrdefiniatur  asquatione  'quae,^pr»ter  ipfas.co- 
ordinaxas,  (olas  ioFol^at  cioeftciemes  inyariabties»  Unea 
FMIT geometrica  appellators  qu£  quidetn  audoribut 
quiburdam  linea  algebraica,  aliis  linea  rationalis  dicitur* 
Ordo  autem  lineae  pendct  ab  indice  altlMmo  ipfius  x  vel 
y  In  tcrminis  sequ  itinnis  a  fra«ftionibus  Sl  furdis  liberatae, 
Vc-1  a  fumma  indicis  utriulque  in  termino  ubi  haec  fumma 
prodit  maxima.  Termini  enim  .v%  xj,  ad  fccundum 
ordinem  paritcr  rcfcrunturi  termini  a"^,  .v''^',  A-y*,  ad 
tci  t 111 m ,  f taq uc  neq uatio_)'  =  .-7^- -}-b^f ^ va y  —  .^.v  —  —  o, 
eft  primi  ordinis  &  defignat  lineam  live  locum  primi 
ordinif,  qua?  quideni  femper  r^cla  eft.  Sumatur  enim  ^^g*  Z» 
in  ordinata  PM  reaa  PN  ita  ut  ?N  fit  ad  AP  ut  +  « 
ad  ftnltatemj  conftitoatur  AD  parallela  ordinate  PM 
xqualis  ipfi  .+  ^  &  du6bi  DM  parallela  rcc>:^  AN  eric 
locus  cut  aequatio  propdiita  refpondebit.  Nam  PM  = 
PN  H-  NM  s  («.  X  AP  +  AD)  ax  +  Quod  fi  s 
sequatio  (it  formm  y  =s  ax  —  vel  =  tf^ir  hf  te&z 
AD,  vel  FN,  fumenda  eft  ad  alteram  partem  abfciinc 
AP  i  contrarius  enim  re^rum  (itus  contrarits  coefflct-> 
:eiitiam  iignis  refpondet*  -  Si  valores  affirmativi  ipfius  x 
^iignent  re^s  ad  dextram  du^as  a  principioabfciflae  A, 
•valores  negativi  denotabunt  re6^as  ab  eodem  principio 
ad  luiiuraiii  ductas  ;  &  fimiliter  ii  valorcs  aHirnrativi  ip- 
fius ^  ordinatas  leprccfentent  fupra  abrcii]ani  conftitutas, 
negativi  dciignabuut  ordinatas  infra  abroiiaai  ad  oppo- 
.£tas  partes  ducVas.  •  '  . 

JLqumo  gcneralis  ad  lineam  fecundi  ocdinis  eii  hujus 
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&  aequatio  gcneralls  ad  lineas  tcrtii  ordinis  elT^'  ai^ 

ax  b  X  y*  +  cxx  ^  dx  £  x  y  ^  fx^  ^hx-^-k 
a  0.  £t  fiaiilibus  xquationibus  defioiuatur  lines  geo* 
netricc  fnperionun  ordhittiiu 

§  2.  Linea  gcomctrica  orcurrcre  potefT-  rc^^ae  in  tnt 
pandts  quot  iunt  unitates  in  numero  qui  aequationis  vel 
lines  ordinem  defignat,  &  nunquam  in  pluribus*  Oc* 
curfus  curv^  k  abfciifie  AP  definiuntkir  ponendp' jp  =  Ov 
quo  in  caftt  reftat  tantom  ultlmuf  cquatiopis  termintts 
quern  y  noh  ingredttun   Line»  teitii  ordinis  ex*  gr*  oc« 
currit  abfciffie  Al^  cum  fx*  ^^gx*  -f    — i = 0»  cujut 
flequaitionis    tres  ladices  itnt  realet  aUcilEi  fecabit  cur* 
vam  in  tribus  puodit»   Similiter  insquatione  generali  _ 
cujulcuD^ue  ordinit  index  al(tiEmiis  ablbiffie  jt  equalis  eft 
^  -  ntimero  qui  line*  or^nem  deiignat,  fed  nunquam  ma- 
jor, adeoque  is  eft  numerus  maximus  occurfuum  curvat 
cum  abfcifia  vei  alia  quavis  re(Sta.    Cum  auiem  Obqua- 
tionis  cubicae  unica  faltem  radix  fit  femper  realis,  idem* 
'  que  conftct  de  n  quatioiie  quavis  quinti  aut  imparls  cu- 
juivis  ordinis  (quoniam  radix  qujpvis  imaginaria  aliam 
neceflario  femper  habet  comkem),  fequitur  lin??.in  tcrtii 
Jlut  imparts  cujufcunque  ordinis  rc£lam  quamvis  aiymp- 
toto  non  paraileiam  in  codem  piano  du6tani  in  uno  diU 
tern  pun6to  neceflario  fee  are.    Si  vero  re^  lit  afymp^ 
toCo  parallela,  in  hoc  cafu  vulgo  dicitur  curvae  occur- 
rere  ad  diftaiitiam  iniinitam.  Linea  igitur  impads  cuju£- 
cunqoe  ordiAis  duo  ialtem  habet  crura  in  infinitum  pro-  ' 
gredientia.  ^quationis  autem  quadraticae  vel  paris  cuU 
jufvis  ordinis  radices  omnes  nonnunquam  fiunt  imagina* 
ria?,  adeoque  fieri  poteft  ut  redia  in  piano  linese  paris. 
ordinis  dufka  eidem  nnllibi  occurrat* 
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§  3.  ^quatio  fecundi  aut  fuperiom  cujufcunque  or« 
dims  quandoque  componitur  ex  tot  finnpltcibuSi  a  furdit  • 
U  Iradtis  liberatti»  in  fe  mutup  du&U  quo!  fum  ipliiM' 
squationis  propofitse  dimenfiones  ;  quo  in  cafu  figura 
FMH  non  eft  curvilinea  fed  conflaturex  coiidem  rediS| 
qus  per  fimpHces  has  eqtiationes  defitiiuntur  ut  in  A^,  i« 
Similiter  fi  aequatiocubtCa  componatur  ex  aequationibut 
duabus  in  fe  mutuo  dudis,  quarum  altera  fit  quadtattca 
altera  fimplex,  locus  tton  erit  linea  tertii  ordinis  pro» 
prie  fic  di^  fed  feftio  conica  cum  n&i  adjun^» 
Proprietates  autem  quae  de  lineis  geometricis  fuperiorum 
ordinum  generalitcr  demonftrantur,  affirmandae  funt 
quoquc  dc,  lineis  inferiorum  ordmum,  modo  numeri 
barum  ordincs  dcfignaiitcs  hmul  fumpti  numerum  com- 
pleant  qui  ordincm  di(flae  fupcrioris  iineae  denotat* 
Quae  de  lineis  tertii  ordinis  (ex,gr.)  gencraliter demon- 
ftrantur afiirmanda  quoque  funt  dc  trlbus  reflis  in  eodem 
piano  du6iis,  vel  de  fecf^ione  conica  cun  untca  qua  vis 
nda  fimul  in  eodem  piano  defcriptis.  £x  altera  parte, 
vix  uUa  affignari  poteft  proprietas  lineae  ordinis  inferioris 
fiitis  generilis  cui  non  refpondeat  afFedio  aliqua  lineanua 
ordinum  fupepioruro.  Has  autem  ex  ilHs  derivaie  mm 
eft  ci^ttfvis  di]tg^tiae»  '  Pendet  base  dodrina  magna  es 
{MUte  a  proprietatibut  aequadonum  generalium»  qoas  hie 
memorare  tantum  convcmt. 

^  4»  In  aequatione  qUacunque  coeffi^iens  fecundi  ter^ 
mint  aequalis  eft  exceftiii  quofiimma  radicum  affinnatl* 
varum  fupcrat  fummam  negativarum ;  &  fi  defit  hie  ter* 
minus,  indicto  eft  fummas  radicum  affirmati varum  H 
negattvarum,  vel  fumnas  opdinatarum  ad  diver&s  ponpi 
abfciflfle  confti^cittanun,  «qualcs  fflib*  Sit  fquatiol*^ 
neralis  .ad  lincam  ordinis  9^ 
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fuppoiwttir  ar  s  /  ^  -,'pro  ^  fubftituatur  ipfius  va-* 

ax  -4-  o  ' 

lor  K  +  i  Be  in  equatione  tnuisibmiata  deerit  (e** 

cundus  terminus  u"""* ;  ut  cx  calculo,  vcl  ex  do£lrin4 
aequationum  paiHiii  traclita  facile  patet ;  &c  hinc  quo- 
que  conftat,  quod  per  hypothcfim  valor  quifque  ipilus 
fi  minor  fit  valore  correrpondente  ipfius  diHerentia 

^^i^i  unde  f<;quitur  fummam  vaiorum  ipfius  u  (quo- 

Iruin  numerus  eft  it)  deficere  a  fiimma  valonim  ipfius 

y  (qua  fumma  eft     +     differentia  —  x  nztait 

-f.  Z»,  ailcoque  priorem  funimam  evancfcere  &  fecun^ 
dum  tcrmloum  decile  in  aequatione  qua  u  defiiiitur,  ytl 
a&rmativos  &i  negativos  valores  ipfius  u  sequales  fum^ 

*    mas  conficere* '  Si  itaqtie  fumatur  PQ.  = 

QM  =     Tc^x  ex  utraque  parte  pundi  Q_ad  curvam 
termtnatse  eandcm  conficient  fummam.    Locus  autem 
B •  3*  pun^  Qeft  redU BD quae abfcifiam ultra principium  4- 

produiSlapi  fecat  in  B  ita  ut  AB  =    ^  ardinatam  AD 

ipfi  PM  parallelam  in  D  ita  ut  fit  AD  =  ^  x  ^ ,  fi  enim 
hxc  re£bi  ordiifatse  PM  occurratin  pun^o  0.«  crit 
PQad  PB  (feu-  +  x)  )xt  AD  ad  AB  vel  aadn, adeo- 

jque  PQ^B  oportebaU   Atque  hincxonftat 

reclam  femp'tff  ducf  pofle  quae  parallelas  quafvts  lincae 

gcometi  icx  occurrentes  in  tot  pun£lis  qiiot  funt  figura 
iiiuienfioues  ita  ktubit  ui  iunuUii  fcgmcnLuiura  cujuivis 

*  paral. 
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mnKeke  ex  una  fecatitis  parte  ad  cumm  termlnatoruhi 
temper  aequalis  (it  fummae  fegmentorum  ejufdeni  ex  al« 
Un  iecaitlis  parte.  .  Mmufeftum  autem  eft  re^am  quae 
duas  ijuafvis  p^raUelas  hac  rattone  fecat  ip(am  necei&rio 
tfSti^ui  fimUtfer  alias  oitines  pfi-aUelarfecabitr  Atqde 
hinc  patet  veritap  thsotm^lAiJlTeoamanijS^ 
proprieta»  Unearum  geometricanun  generally  notiMmas 
ie^ionum  cqnicarum  proprUtalj  anal^gaii  .  inhirfnim 
re£la  quse  duas  quafvis  paraUelM.5id  fpaior^fflii  tcfim* 
iiatas  b  iccat  diameter  eft,  &  bifecat'alts^  omnes  hiice 
parallelas  ad  fe£tionem  tci  minatas.    Et  fimiliter  refta 
qua  duas  quafviS  parallelas  Imcai  geometrical  occur- 
♦rentes  in  tot  punc^is  quot  ipfaeft  dimenfionurn  ita  fecat  ' 
:.ut-  fumma  partmm  ex  uno  lecantis  latere  coi^lilientium 
a4l,ad curvam  terminatarum  aequalis  fit(umiri;t  partium 
ejufdem  parallela;  ex  nltcro  fecantis  fatere  corilifteutium 
ad  curvam  terminatarum,  eodem  mofio  iccabit  alias 

qnafvis^e^Us  his  parallelas. 

»f  • 

«> 

...»  . 

•>5'5*.  Itt-^^lHi^i^^ ./ina-vis  terminus- ulti mils,  five  is 
;.^|^0aiadixjr|ioni|Ogreditur,  aequalis  eft  fa6to,ex  radici- 
.Jbtis  qll^liblt%iafe.I^lltlio  du^s;  unde  ad  aliam  «lucimur 
.  inoAmifUS  g^^)cmJinc^i'Mtngeqmetri|»  proprie- 
Jtatem*   Ooqurrat.  Vei^a  ^M.  linese  tertii  ordinis  in  M,  Fi|«  t, 
wtfft^critqfiePM  X  Piw  X  P|^=:  fx*  —  gx"-  +  hx  —  k, 
^  ^ecct  al^ida  AP  curvam  m  tcibus-piiiyfiliai  1«  K,  ; 
AI,  AK»  AL>  erunt  valores  sbfclflse  «r,  pofita  ordinata 
J     o,  quo  in  caiti  aequatio  generally  dat^  + 
_  i  =:  o  pro  hi^Valoribus  determinandis»  ut  In  Art.  2» 

"expofiiimus;    -&quationrsigttiir**  — _  +  -.-.~=o  ' 

tres  raidices  funt  AJ,  AK,  AL  ^  adeoque  bxc  sequatio 
cofDponicar  cx  tribus-^*— -Al,  x     AK,  *  —  AL  in 

B  b  3  fc 


•  Digitized  by  Google 


J76      ox  tmxAXUM  csoMinfcA&uic 

lev  i 

ife  matno  dudis ;  eftqite  —  ^  y  ^  y  sa 
?rAl.x;ir'^AKxjr-.ALasAF«.AIxAP«-.AiSi 


X  AP  -  AL  =:  IP  X  KP  X  LP  SI    X  PM  xPm 

9^  Pi^  Fidnm  ig^tur  ex  ordinatis  PM>  ?m,  P/»  ad 
jmndttin  P  curvam  terminifis  ell  td  faOum  ex  feg- 
mentis  IP,  KP,  LP,  re<^  AP,  eodem  pundo  k  cur* 

va  terminatis  in  ratione  invariabiU  cocfficicntis/'ad 

unitatcin.  Stmili  ratione  demonftratur,  dato  angulo 
APM,  fi  rc£lai  AP,  PM,  lineam  geometricam  cujuf- 
vis  ordinis  fcccnt  in  tot  pundtis  quot  ipfa  eft  dimenfio- 
num,  fore  femper  factum  ex  fcgmentis  prions  ad  punc- 
'  turn  P  &  curvam  terminatis  ad  faftum  ex  fegmentis 
pofterioris  eodem  puodto  ii  curva  termiiiacia  in  ratioae 
invariabili»  ^    -  - 


§  6«  In  articulo  praecedente  ruppofuimus  cum  NnV" 
,  tcnoy  re6^am  AP  lineam  tertii  ordlnts  fecare  in  tribus 
pun^It.K,  L;  vertun  'at  theorema  egregium  red* 
datur  generalios,  fapjxiiamus  abfciflaiti  AP  fn  unico 
tantum  pun^  curvam  fecare }  fttqut  id  puii^m- A* 
P^£*  4*  Q?^'^^'"  igitar  evanefcentejr  evanefcat^iuoqtte-jr)  ul« 
timns  aequationis  termtnns,  in  hoc  caAi,  ttltfx^  — l^^^f 

h,  =/*  X     -     +  *         X  ,     ^  -i-  i  - 
'  (fi  fiunatur  An  verfus  P  squalis  ^  &  ad  pun£tum  a 

•    crigatur  perpendicularis      =  V^^^^""^}  =  /  X 

AP  X  ^  +  ah"-  =/  X  AP  X  ^P*  5  undc  cum  PMX 
:   Ym  X  Pi*  fit  aequaiis  ultimo  tcrmino  Jit^  —  ^jf*  +  hx^ 
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t 

urin  articulo  praecedente;  erit  PM  X  x  ?f*  ad 
AB  X  ^P*  in  Katione  conftante  coefficleatis/ad  uni(a^ 
leni.  Vak>r  astern  1^  perpeiidicttiara  0^  eft  fempec 
istalit  quoties  leda  AP  curvam  in  imico  pun£^o  fecat^ 
in  hoc  eaun  cafu  ra&et  squatiojpis  qnadiatk»/»*--^* 
4.  ift  font  neceflarto  imaginariae,  adeoyie  i^b  major 
quam  gg^  &  quantitas  s/ 4/^—1^  ^ealis.  Cum  igkur 
rcfta  quaevis  in  unico  puncto  A  fecat  lineam  tertii  or* 
dinis,  eft  folidum  fub  ordinatis  PM,  Pw,  Pf^  foli* 
dum  fub  abfcilla  AP  ^  quadrate  diftantia;  puna;!  P  a 
pyn^  ds|to^  in  i^atione  ^onftanti.  Jun6ta  A^  eft  ad 
4ia^  five  radioi  ad  cofioum  aoguU  MP,  tit  ^/IJi  ad 

^,l8A*^,^/y.  idem  vcropunaom^fcmper  con- 

venit  eidcm  rea«  AP,  qualifcun^uc  fitangulus  qui 
abfciHa  U  ordinati  cpnunetur. 

'  §  7.  Sit  figura  fe^lio  conica,  cuJus  sequatiq  gcncralis 
fitjy^Sr^>C^  +  ^J^jr-ni»  +  #  =  ootfupra;  &  Kg,  5, 

sequatlonis  f  jr jr  i6p  +  ^  =  O  »dice$  fine  imaginarise, 
teda  AP  feaiom  non  oecurrer.  In  hop  aiitem  cafii 
quantitas  4ir  femper  fiiperat  ygSm  H  S  ««dc  cqm  fit 

pp4fV^  +  **^Xjr^^  +  #-J  (fi  fomatut 
Atf  =  —  &  erigator  ah  perpcndiciiUfiB  abfciflb  in  «  ' 

iu ut ah  =  ^^""^)  =  ^  SS.^  X  ^P%  fit. 

qucPM  x:P«  =  tfjf;r«iir  +  ^,critPMx  Pmadtf* 
ut  c  ad  unicatem.  Itaque  in  fedione  qnavia  conica. 
fi  «aa  AP  fcaioni  non  occumt^  erir,  dato  angido 
APM,  reaangulum  contentum  fob  re£Hi  ad  punaum 
P  cpnfiftcntibus  &  ad  curvam  termtnatia  ad  qi^adra*  • 

B  b  4  turn 
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turn  diftjintine  plincli  P  a  pun(5lo  dato  b  in  ratione  corf- 
ftanti,  qux  in  circulo  eft  ratio  aequalitatis.  Mynifeftuna 
autem  ell  eanJem  mcthodum  adhiberi  pofle  iinc;r  quarti- 
ordinis  quam  abfciiTa  fecat  in  dtiobus  tantuir,  punctis, 
vel  linear  ordinis  cujuicunque  quam  abiciila  fecat  ia 
punkas  binajrio  fauciohbtis  numeroxiul  figune.  ocdUiefl^ 

defignat»   ,      ■  ,  ^ 

♦ 

§  8.  Hifi:e  pnemiiEs,  progredimur  ad  linwHm  geo- 
metricsrum  pr<^riecaies  minus  obvias  exponendas  ,<o* 
dem  fere  ordinc  quo  fe,  nobis  obtiilcrunt.  -  U.tebamur 
autem  lemmaCe  fequenti  ex  fluxionum  do^in^  pe tito^* 
quddque  'in  tra£latus  de  hilce  nuper  -edid  Art.  717/ 
demonAravimus ;  harum  tamen  aliquas  per  algebranv 
vulgarem  dembnftrari  pofle  poftea  obiervaTimus* 

'Lemma.  Si  quantitatibus  at,  z,  w,  &c.  fimul  flu- 
entibus,  ut-^^  qii:intit:\tibus  X,  Y,  Z,  V,  &c.  fit  fa6lum 
ex  prioribus  ad  iadtum  ex  poilerioribus  in  ratione  con- 

ifatnti  qiucimque,  crit  —  +  +  ~  +  &ca 

9^ 

X       Y       Z  V 
^  X     "y  *^  Z  ^  V  brevuaus  gra- 

tla>  quantUates  app^llamus  ilbtmutuo  r^n^f^ftfi»  qua- 
rum  in  fe  mutu^  du£brum  linf^ih  eft  unitas>  fic  ^  di«- 

cimus  reciffffcam  efie  ipfius    &6     ipiius  J*  " 

§  9.  Theor.  I,  Occurrat  reSia  quavls  per  punHum 
datum  du^^a  Imecs  geometrtca  (ujufcunque  ordinis  in  tot 

pimtiis  qu^t  ipjii  cji  dimenfionHm  \  reSftv  f.guram  in  his 
pundis  contigcntes  abfcincUint  ab  alia  reiia  pcjUmne  data 
per  idem  pun^um  daturn  dutla  fcgmenta  totidem  hoc 
pun&o  terminata  j  ^  borum  Jegmentorum  reciproca  ean- 

dim. 


I 
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yiw^^r  cwjkient  funmamy  modo  fegmenta  ad  con- 
trmat  farUt  fim&i  4ati  Jka  tmurarm  fignis  ajkir^ 

Sit  P  pun^um  datum,  PA  &  Fa  rc^  qiisevis  June  Pig, 
cx  P  (lu^  quarum  utraque  ctirvam  fecat  in  tot  pvn^is 
A,  B,  C,  &c.,  41,  &c.  quot  ipfii  eft  dimcnUo-s 
jium.  Abfcindant  tangentca  AK,  BL,  CM,  &c  «t 
aJiy  hf,  fw,  &c.  a  refta  EP  per  pu^a^lm  datuai  P 
•  duOa  fegmenta  PK,  PL,  PM,  Sec.  et  Pi,  P/>  P;w,  &c* 

dicoforc       +  ^  +       +  &c.  =  •p;^  +  -p^^ 

+  Sec,  atqvie  banc  fummam  manere  fcmpcr  eandem 
manente  puivfto  P  &  recla  Pi*  pofuione  data. 

Suppoflamus  enim  redat  ABC,  ahc  motibus  Gbl  pa- 
rallelis  deferri,  ita  ut-earum  occnrfus  P  progrediatur  in 
'  rcda  P£  pofitione  data  i  cumque  fit  femper  AP  X  BP 
X  CP  X  &c.  ad  tft*  X  *P  X  tfPin  fatione  conftilfiti  per 

Art.  5,  reprafentet  AP  fiuxionem  ipfius  AP,  BP  11  a- 
xionem  re£l2e  BP,  &  CV,  tP,  &c.  fluxiones  reaa- 

rum  CP,  £P,  te*  lefpe^vas,  ut  vitetiir  inutUis  fym- 

•• 

AP  BP 

bolbrum  multiplication  eritque  (per  Art.  8.)  ^  +  ^ 

CP       4  flP  dP  - 

CP  ***       -      +  Jp  +  ;p  ***  Venimcum 
re£U  AP  motu  fibi  femper  jiaralleio  deferatur,  notiiE« 

mum  eft  AP  fluxtonem.  rete  AP  efle  ad  £P  fluxio- 
tnem  redae  £P  ut  AP  ad  fubtangentem  PK,  adeoque 

AP  _  EP     „.  BP        £>    CP         £F  a? 

AP       PKV  ^»™™»^  BP  -  PL*  CP  -  m'  «P 

_  EP    i?       EP       /P       EP  EP  EP 

Er>  ^p  ^  w»   5  -  Kr»  "^**®  PK  PL 
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E>       ,  EP      EP      BP       .  I 

Hsec  ita  fe  habent  quoties  punda  K,  M,  &c.  et 
Jiy  ly  my  ScCm  fuot  oiiuia  ad  eafdem  partes  pun&i 
adboque  fluxiones  re£larum  AP>  BP,  Cf^  &c.  <7p)  ^P^ 
•j^  cPx/Scc,  omnes  ^ufdem  Hgni,  Si  vero,  c^Cemmt^ 
jientibus,  punc^a  qu^vis  M  et  m  cadant  ad  contrarias 
partes  pun6ti  P,  turn  Cfefcentibus  leH^uis  ordinatis  AP, 
'$c«  neceflirio  mmuuntttr  ordinate  CF  &  c^Pj 
cAtuilique  fliixionesprofubdhitiisfeu  negadvis  fiabeiufat^ 

(unt  >  adeoque  in  hoc  cafu  ^     ^  ^  p||  ^ 

^  +  ^  &c.      generaliter  in  fummia  hiict 

colKgendis,  tennmi  iil^iem  vel  .contnuriis  fignis  afici^ 

endi  funt,  prout  fegmenta  cadunt  ad  c^dem  yel  a4 

cojitrarias  partes  ^unyii  daU  ?• 

( 

§  10*  St  reda  P£  occiirraC  cunr^  in  tot  pun^is 
I)y  I,  6cct  quot  ipfa  eft  diinex\ilonum>  fuiaima  ^  + 


+  p]^  +  &c.  quam  conftantem  feu  invariataiii 
manere  oilefldixnus,  zqualis  erit  fununae  fipu  aggregates 

|~  +  ^  +       H-  &c.  i.  e.  fummac  reciprocarum 

fegmentis  re^  P£  pofitione  datae  pun£to  dato  f 
^  curva  terminatts :  in  qu9,  fi  iegmentunii  quodvis  fit; 
ad  alteras  partes  pundit  JP)  hu|us  reciproQa  fiibdttcend% 
eft.  . 


nOFXJBTATIBUS  CBNBIlALIBUti  3S1 

5  II.  Si  figura  fit  feifllo  conica,  cui  rc£ta  PE  nul-  Ifig*  9» 
libi  occurrat,  inveniatur  punfdum  ^ut  in  Art.  7.  jun* 
H^tur  fhi  hiiic  dticatur  ad  jredos  angulos  bd  icdam  . 

X  12 
PE  fecans  in  d,  eritque       +  ^  ~ 

FA  X  FB  ad  ^P^  io  miooe  coofianti}  adeoque  (per 


^       3     I?  AF  eft 

ad  EP  ut  AP  ad  PK,  BP  ad  EP  ut  BP  ad  PL,  & 
ad  Jfr  lit     ad  nTP  J  ^  +  ^  r=  ^ 

f  12.  Similiter  fi  re6b  £P  occilQrrat  linex  tertit  or*  Eigt  9* 
dinia  in  unico  pundo  D,  inveniatur  pun^um  ^  ut  in 
Act.  6*  leda  id  perpendicalaria  in  jun<^am  ^P  occurrat 
itteEP  indritXiuxmamA?  x  BP  x  CP  eft  ad 

DP  X  ^P*  in  rationc  cou^ti  (ilfid,)  crit  + 

I        I  a 
^  ^jj  =  ^  +  ^   Si  autem  P^  perpendiculaiis  Ac 

'  ia  redam  EP»  evaneicet  ^ 

5  13.  Afymptoti  lincarum  geonietricarurn  ex  data  pjg,  jg^ 

plaga  crurum  inhnitorum  per  hanc  propoiuioiiem  de- 

tcrminancui ;  eie  enim  confiderari  poiluoc  tanquam  tan- 

gentes  cruris  in  infinitum  produ(5li."  Redla  PA  alym- 

ptoto  para!lcla  curvae  occurrat  in  purx^is  A,  B,  &c.  redta 

autem  PE  curvam  lecet  in  D,  E,  L      fumatur  ia  bac 

I  ?      '  . 

re&  PM  ita  ut  fit  squalif  exceffiii  quo  fumma 
f5  Fx  fuperat  fummam  + 

jjj  +  &c.  ^  afymptotos  tranfibit  per  M,  ft  vero 

aequalct 
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'  squales  fint  hrp  Turomae,  crus  curvae  parabolic  urn  cjrit, 
«Tyipptota  abcunte  in  hiiiaitum* 

§  14.  Ad  ^urvatitram  iiiiQ^rum  geometricarum  unico 
Slg*  II*  theoremate  generali  dsfitiiondam,  fit  CDK  circulus  cul 
oct^rrapt  i^eaaPR  in^D^  &  reda  EC  uii(>&  K$ 
fccet  tangens  CM  re^^arn;  PD  in  M,  atque  manente 
re^ialDRy  fupponariai«^4:e£lapi -PCN  dcfc/ri  motu  fibi 
.femipcr  parallelo.  don^c^coincidant'  pu|i<^     Jify  jSc 

quaeratur  uitimus  valQt differentiae  jjj  —         la  re£la 
PN.fumatur  pun£hitn  qupdWs  q/occurtzt  qv  parallela  . 

ipfi  PN,  &  Oy  (parallela  re£taj  circulum  contingeiiti 
Pjij^(quoii«mDM)iMR=LCM*)^jjj^^ 

Pi;-  X  MR  X  PM  -f  ?v'-  X  MR  X  MD  C^'*"^^*^ 
X  MD,  ftu  CM%  fit  ad  PM"  ut  ad:P©*).= 

 fx;*  X  PM         "  ^   gjv^  ' 

'    P'u^  XMRXPM  +  JI^^XPM»  ~  Pa'»xMR-fya;^-xPM' 

cujus  ultinius  valor,,  evaneicente  PM  U  coincidentibus 

'     '      OV*  *  * 
fv  Sf  Pv.cum  QV  &  DV,  eft  jpy*^  Dk' 

eft  valor  ultimus  difFcrcntiae       -r  ^  fi  D  &  C  ftnt 

PM  PD 

in  arcu  Imcix:  cujuivis  ejiifdem  curvaturae  cum  circula 

Fig.  12,     §  ^5*  Theor.  IT.    ^a-  pmSlo  qmvi's  D  //V/i'^^  geonfe- 
trica  ducantur  dua  qua:vis  re6lts  D£,  DA,  quarum 
uiraque  earn  Jecet  in  tot  puuiiis  D,  1^       ^c*  ^  Dy  A*  » 
B,  ^  diminfmum\  ah/cindant  tangeftfn 
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Ak,  BL,  &c.  a  reaa  DE  Jegmenta  DK,  DL,  i^c. 
Occurrai  rc^.a  qutcvis  QV  tangent  i  DT  par  a  Held  ipfit 
DA  ^  D£     ^c^J  V^fitque  Oy   ad  DV'-      w  ad 

i;  fumatur  in  D£  r//7«  DR  liSd  itf        ^uafis  ^ 


\         I  •  -     -  1 

txcejfui  fummd  -gg  +  01  T^C^*  fummam 

4.  ^;j^"f         &  tirtulus  fiipra  chatdam  DK  de^ 

fcriptn'  reElam  DT  csni'tngen^  erit  circulus  pfcnJat^riur^ 
five  ejufdem  curvatura  cut»  &wa  geometrica  profojka^  ad 
pun£ium  D.  ' 

Oftendtmas  enim  in  Art*  xa.  (Fig.  6.)  generaJitet 

fummam        +  ^  +  pj^.  +  A'^-   =  pS  +  M 

-f       -J-  &c,  &  in  Art,  pra;^cueiiLe  iuveninius  vaiu- 

rem  ukiaiuni  duTcrentiie  pjj  —  coincidentibus 

QV*  » 

pundis  P,  D  &  C,  eficj^y^       =       fi  circulus 

ejiifiiem  curvotime  cum  lines  geometrica  ad  pun&mn  D 
redz  D£  occurrat  in  R>  Unde  fequitur  fore  s 

+.  gj  +  &c.  -       -       -  &c.  live  reei. 

p^ocaiQ  ipii  —  X  DR  eiTe  aequ^&lem  cxcefTuI  quo  fum* 

jna  reciprocarum  fegmentts  pun£^o  D  &  cunra  termi<« 
mtis  fuperat  fummam  reciprocarum  fegmentis  eodem 
pun^o  5c  tangentibus  AK,  liL,  &c.  terminatis.  Quo* 
ties  autem  exceflus  hjc  evauic  negativus,  chorda  DR 
funicuoa  cll  aU  altcras  partes  puiicti  D,  fcmpciqup  ad- 
hibenda  eft  regula  luperius  dcfcripta  pro  lignis  tcrmino-  , 
rum  di^plcendis.  Si  recta       bifecet^anguluin  £DT 
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re6ia  D  £  &  tangente  DT  contetitum,  theorema  fit 
paiik)  fimpUcius.  Hoc  enlm  in  caril,Qy  s  D »  =  i» 

it        equalis  exceiiui  <juo        "^51*^  fupe- 

§  1 6.  Ex  eodem  pni^ipio  codCequitur  theoreaui  ge^r 
licrale  quo  determinalur  vanatio  curvatune  vd  menfura 
an^U  conl^adqs  cum  &  circulo.  ofcillttorio  content^ 
in  linea  qiiavis  geoiiiil»itncai  {iriimitteiida  tamen  eft  ex- 
pHcario  brevis  variadonis  curvatura^  cum  hitc  asm  latis 
dilucide  a^ud  audores  ddcripta  fit.  Linea  quaevis  cum 
a  taogeiitti  fleditur  per  cumtuiain  fuam,  cujus  cadein  * 
eft  menfuta  ac  angidi  contadus  curva  &  tangente  coa« 
tentis  &  fimiliter  cum  a  circulo  ofeulatorio  infle^ttur  . 
per  Tariationetxi  curvaturse  (Viae)  cujus  variationis  eadem 
eft  menfura  ac  anguli  contacStus  curva  &  circulo  ofcula- 
Fig.  13.  torio  comprehcnfi.  Occurrat  recta  TE  tangenti  DT 
perpend icuiaris  curvas  in  E  circulo  clbulatono  in  r, 
&  variatio  curvaturae  erit  ultimo  ut  Er  fubtcnfa  antjuli 
conta<5lus  EDr  li  dctur  DT ;  cumque  dato  anguio  con- 
taftus  EDr  fit  Er  ultimo  ut  DT',  ut  cx  Art,  369. 
tra^atus  de  fluxioihbus  colligiturj  generaliter  curvaturse 

Er 

variatio  erit  ultimo  ut  Utimur  drcido  cur* 

tuiram  aliarum  figurarum  defioiendam }  verum  ad  ya* 
riationem  curvature  menfurandam,  qus  in  circulo  nulla 
efV,  adhibenda  eft  parabola  vel  fe^io  aliqua  conica* 
Qiiemadmodum  autem  ex  circulis  numero  indcfinitis 
^ui  curvam  datam  in  pundo  dato  contiogere  pofliint^ 
-  uaicus  dicitur  oiculatorius  qui  cuiyam  adeo  intime  tan- 
'git  ut  nuUus  alius  circulus  inter  hunc  k  curvam  duci 
poflit  i  fimiliter  omnium  parabolarum  quae  eartdem  ba- 
bentcurvaturam  cum  itnea  propoiitaad  pun^m  datum 

(funt 
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(fttiitwiitea  hae  quoque  n'uindro  infiniise)  «aieiiideitl 
limul  habet  camitttrae  vaHationem,  qux,  nofi  folttm 

arcuni  curvap  tangit  &  ofcuiat,.fed  adeo  premit  ut  nuUus 
alius  arcus  parabolicus  duci  poffit  inter  eas,  rcliquis  om- 
nibus arcubus  parabolicis  tranieuntibus  vcl  extra  vel  in« 
tra  utrafque.  Qua  vero  rati  one  hxc  parabola  determU  ' 
nan  poi&r,  ex  11s  quae  alibi  fuiius  expUcavimus  facilt 
iotelligitur.  ^ 

Sit  DE  arcus  curvse/DT  tangens,  TEK  recla  tan- 
gent! perpendicularis,  fitque  redlangulum  ET  x  TK 
fcmper  sequale  quaclrato  tangcntis  DT,  ^  curva  SKF 
locus  puni^i  qui  rtckss  DS  curvs^  normali  occurrat 
in  S,  quemque  tangat  in  S  re<Sla  S  V  tangcntem  TD  fe- 
cans  in  V.  Reda  DS  erit  diameter  circuit  ofcdatoriiy 
^  btfe^f^a  DS  in  /  erit  /  centrum  curvaturae  ;  jundta 
antem  V/^  angulus  SDN  conftituatur  sbqualis  angulo 
/VD  ex  altera  parte  redae  DS»  &  re^a  DN  ctrculp 
ofettktorio  oBcurrat  In  N 1  turn  patabola  diametro  & 
parametro  DN  defcripta,  quaeque  redam  Wt  contin- 
*  git  in  D«  ipTa  erit  cujus  contadus  Cum  tinea  propofita 
^  in  D  intimua  erit  atqae  maxime  perfecliks  feu  proximus* 
Omnes  autem  paraboke  alii  quavia  chonk  cireuli  ofeii* 
latorit  tanquam  diametro  &  parametro  defcnptas,  Sc 
re£bim  D7^  contingentes  in  D,  e  .nucin  habent  curva- 
turam  cum  luiea  propcfita  in  pundio  D.  (^alitascur- 
vaiurjc  a  NsvutonQ  in  opere  pofthumo  nuper  edito  expli« 
Cata  eft  potrus  variatio  radii  curvaturse }  eft  enim  ut  flu- 
xio  radii  curvaturse  applicataad  fluxionem  curv^:,  vi  l  { fi 
R  denocct  radium  circuli  ofcuiacorii  &  S  arcum  curvaejs 

ut        Ipia  autem  curvatura  eft  inverfe  ut  radius  R. 
S 

—  ft 

&  variatio  curvature  ut  — -n  quae  eft  nenfura  an- 

RRS  ^ 

guU 
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gttU  cohtadus  curva  &  circuio  ofculatorio ,  content}* 
Harunt  attteni  una  ex  altera  dati  hcih  derivabr.  Va-  * 
riatio  r^ti  curvatune  in  curvi  quaHs  D£  eft  ut  tan- 
jgens  angult  DVS  ve!  DV^  &  in  parabold  qinvis  eft 
'femperut  tangens  anguli  contenti  diametro  per-ptinl  ' 

contaSus  tranfeunte  it  tt&i  ad  cunram  perpen- 
diculari«  •  Uasc  ex  theoieoiate  fisquenti  generali  deduci 
poflunt. 

Fig.  14.  §  17.  Thcor.  Ill,  Sit  D  pun£1um  in  Unca  quavii 
geometrica  datum^  occur  rat  DS  diameter  ■  circuU  ofcula^ 
torii  fer  D  diic^a  curv.c  in  tot  pundlis  D,  A,  B,  t^c, 
qitot  ipfa  eji  dimcrifionum  j  ducatur  DT  curvam  contiu'- 
g£ns  in  D,  quic  curvam  feed  in  pun:l:s  I,  ^c.  binarto 
.  paticioribuSj  IS  occur  rat  tangent  ibus  AK,  B[.,  ^V.  in  * 
K,  L,  t5c,  criique  variatio  curvatura^  Jive  menfura  an-» 
guli  contaSius  curva  &  circuio  ojculatorio  comprehenji^  di-^ 
rcSie  ut  cxccjfus  quo  fuinma  reciprocarum  fegmcntis  iaa» 
gentis  DT  pun^o  conta^us  D  ^  tangentibus  AK^  BL, 
ttnmnaiis  Juperat  fwmnam  reciprocarum  fegtnenhs 
todm  punSto  ^  eurva  Urminatis^  iff  inverfe  ut  radius 

turvatura,  i.  e.  a/ 55  ^  M     51  ^^"Ef 

Ducatur  enim  re^a  Di  curvam  fecans  in  ^rc* 
circulum  ofeulatorium  in  R  ^  fitque  angulus  /(DT  quam 
minimus;  hujus  fupplemcntum  ad  duos  rcdlos  bifecetur 
refla  D.?/,  qiin-  lincae  j^eometriciE  propofitue  occurrat 
in  pun6lis  Dj  />,  i^c  clLcin;  tatigcntc?,  akj  hi,  &c. 
fcceat  re<5lam  Dk  in  punclis  X',  /,  &c.  eritque  per  pro- 

pofmoncm  prsccdcntcm  ]^  =  5;  +  5;  —  jJJ 
jj,&c.   Unde^---^(rive~j^J  = 
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«».  ^  ^  ^1  <p-  Uc»  Proiade  coiiicideatibut  nSds 
J^kU  DK)  Tea  evanefcentC' angiilo  iDK»  erit  ultiaio 

perpendicularis  tangenti  in  T,  atque  occurrat  circulo 
oftulatorio  in  r ;  cumque  fit  rr  ultimo  ad  Re  ut  #T  ad 

lU  ft  ft  ^  DS 

erit  ultimo  557;^  =  dRxTt  =  DR  x  DlS 

five  -  j^^^^P^*   Menfura  autem  aoguli  contaftits  rDt 

curva  &  circulo  ofculatorio  contenti,  five  variatio  cur- 
rf     ,  I  I         I  I 

Vatura,eftutg:padcoqueutgg  ^  px  "51» 

§  18.  Variatio  autem  radii  cunraCunC) five  hujus  qua* 

litas  a  Newtono  delcripta,  cx  priori  facillimc  coJligitur; ♦ 
Jundis  enim  SI,  SK,  SL,  he.  erit  hsec  variatio  radii 
ofcuUtorii  utexceiTus  quofummatangcntium  angulorum 
DKS,  DLS,  &c.  fuperat  fummam  tangentium  angu- 
lorum DIS,  Sic?  Crefcit  autem  curvatura  a  pundto  D 
verfus  &  minuitur  radius  ofculatorius,  quotics  arcus 
"Dt  taiigit  circulum  ofi:ulatorium  DK  interxKy  vei  cum 

^  +       +  Jkc.  fuperat      +  &c,  at  contra  miou- 

itur  curvatura  9  D  verfus  /,  &  augetur  radius  circuU 
«feuUtorit,  qooties  arcus  curvx  tangit  arcum  circu- 
laiem  externe  vel  tranfit  intra  circulum  &  tangentemy 
adeoque  cum  DR  fit  ultimo  minor  quam  Dt  vel  cum 

gj  +  &c.  fuperat       +  ^  + 
§  19.  Sumatur  igitur  in  tangente  DT  i^CiA  DV  ita 

■      .      Cc  /V, 
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y  V,  conflituatur  anguius  SDN  a^qiialis  DVfy  atqtt^ 
occurrat  letSla  DN  cirrulo  ofculntorio  in  N  ;  &  para-^ 
bola  diametro  DN  dell  1  ipt  i,  cujas  parameter  eft  DN, 
quceque  re^tam  D  T  coiumgit  in  D,  eandem  habebit 
vaiiationem  curvaturx  cum  Unea  geometrica  propoik» 
in  pun«Slo  D*  Ex  iifiem  princtpiis  alia  ^uoque  theorc- 
mata  deducuntur»  quibus  varia^io  oirvatim  in  lineis 

geosnetrtcis  gen^raliter  4«fiai(ur»''.  ^ 

*  \    ■*  ■  ^ 

20.  Ut  liiec  thcorcmata  ad  formam  magis  geome- 
tricam  rcducaiUiir,  lemmata  qua^dam  funt  pr^emittcnda, 
quibus  doLtriiia  dc  divifione  re*Starum  harmonic^i  am- 
fig,  plior  gencralior  reddatur.  In  re<5la  quavis  DI,  fum- 
pti«;  a-qu.ilihu';  fctrmentis  DF  Sc  t  G,  ducantur  a  pun<Sro 
quovis  V  quod  r.o'i  eft  in  re^la  Dl  trcs  rcdta?  VD,  VF> 
VG^  6c  quanta  VL  ipfi  DI  parallela,  atque  hae  qua- 
Pifix  re^ie»  a  Q»D«  Harmonicales  dicun- 

tur,  JUBz  vero  quxvis,  quae  quatuor  barmonicali- 
bus  occurrit^  ab  iifdcm  barmonice  fecatur.  Occurrat 
feaa  DC  faariDoniealibos  VD,  VF,  VG,  H  VL  ia 
punais  D,  A>  B,  C ;  erkque  DA  ad  l)C  ut  AB  ad  BC. 
Dttcatur  enim  per  puii^bim  A  itflaJSbiAN  ipfi  DI  pa* 
aallela,  quae,  occuixat  reais  VI>  4r  VG  in  M  Ic  N ; 
ob  «quales  DF  &  EG,  aequales  enint  MA  &  AN. 
l:ft  autem  DA  ad  DC  ut  AM  {(tv<;  AN)  ad  VC^ 
adeoque  ut  AB  ad  BC.  Manifeftum  eft  reftam,  qua 
•uni  harmonicalium  par.illcla  eft,  dividi  in  a:qualia  feg- 
,menta  a  tribua  iehquis,    Occurrat  recta  BH  paraUela 

;    .ipfi  VF  rcliquis  VG,  VC,  VD  in  B,  K,  &  H  ;  crit- 
que  VK  ad  KB  ut  FG  (vcl  DF)  ad  VF  adeoijue  ut 

.  ■  VK  ad  KH,  &  proittde  BK  =  KH. 

§  21»  Hi|)G  fequitur,  fi  re£bi  quavis  a  quatuor  leAi^ 
'  \  ab  eodem  pun^to  4uais  fecetur  hariopmc^  aliam  quam- 
/.        a  *  vis* 
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VIS  nBam  que  his  quaituor  re&is,occiimt  harmomce. 
(^cM  ab  iifdeflll }  earn  yefo  qux  parallda  eft  utii  quatuor  . 
redarum  in  fegmenta  sequalta  dividi  a  tribus  reliquis. 
Sit  DA  ad  DC  ut  AB  ad  BC,  jungantur  VA,  VB, 
VC,  &  VD ;  occurrant  reaac  AIAN,  DFG  ipfi  VC 
parallel*  rcais  VD,  VA,  &  VB  in  M,  A,  N,  &  D,    '  " 
F,  G  i  eritque  MA  ad  VC  ut  DA  ad  DC,  vel  AB  ad  . 
BC,  adeoqijc  ut  AN  ad  VC;   MA  ~  AN,  &  DF 
rr  FG,  cS:,  per  praecedentcm,  re6ta  qijsfj\  is  quas  ipfis 
VD,  VA,  VB,  VC  occurrit  liarmoiuce  lecabitur  ab 

§  22.  Ex  puntSlo  D  ducantur  duas  redae  DAC,  Dac  fig,  i6, 
ro^as  VA  60  VC  fecantes  in  pundlis  A,  C  atque     ci     n*  i* 
jundhe     &  tfC  Hbi  mutuo  occurrant  in       6c  duSU 
VQ^harmonicc  fecabit  redtam  DAC  vcl  aliam  quam- 
vis  re6lam  e.^  pun6^o  Dad  eafdem  teBsa&  du^am.  Secet 
tiuxn  VQjcStom  AC  in  B,  &  par  pmidtiin  Q^dneatitr  ' 
wBtk  MQf^  pmllela  tpfr  DC^  qiw  occMfif  n6th 
D«»  VA  k  VC  in  piindis  M,     &  N  »  camque  fit  . 
MR  ad  MQ.iit  0A  dKi  DC»  &  MQ^ad  MN  in  ad^m 
latione»  erh  quoqus  RQ^ad  Qj7  at  DA  ad  DC.  Sed 
RQ^eft  ad  QN  at  AB  ad  BC.   Quartt  DA  eft  ad  DC 
ut  AB  ad  BC.I  Haeceft  Prop.  20m^,  Lib. I.  ieftionutn 
coiut;af  um  CI.      ia  Hire* 

§  23.   Sit  DA  ad  DC  ut  AB  ad  BC,  eritque  ^ 

'jBqiiafis  funomae  vei  diffcreatie  iprarum  ^  &  ^ 

prout  pun£ta  A  SrCfunC  ad  cafdem  vcl  contrarias  partes 
j)undi  D.  Siat  imprimis  puncSla  A  &  C  ad  eaiJcni  partes 
punch  D,  cumque  fit  DA  X  PC  =  DC  X  AB,  i.  c.  DA  X 

DC  ~iJB  -  DC  X  DB  -  ua,  vel  DA  X  !Jii-DC 
5?DC  X  DA^DB,erit2DAxDC=tDAxDB+ 

Cca      *  DC 

«  ■ 
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DC  xDB,adcoqttC|^  =  ^  +  5£.    Sink  i^iiC 

a.  a  &  3.  punaa  A  &  C  ad  contrarias  parte*  pun^  D,  erttque'  , 
vcl  DA  X  DU-DC  =  DC  X  Dii  +  DA,  vel  DA 

BBTBC  «  DC  X  DB  ^  DA,  adeoquc  ^  =^ 

^  ^  cuiiipiiii&B&  Cfuiitadeifileinpartftsrpuodti  . 

DA  -  . 

D,  vel  ~  =  5J5  -  P""^  A  &  B  lunt 

ad  eafdem  partes  pundli  D.    SI  igitur,  datis  pun£loD 
&  re^is  VF  &  VC  pofitione,  ducatur  ex  pun£lo  D 
^  f eda  quaevis  illis  occurrens  in  puadis  A  &  C,  &  in 

eadem  re£U  fumatur  femper  l^B  ita  ut  ^  =  7  ^ 

^  ^>       fupponitur  terminos  ^  &  ^  iifitm 

vel  contrarits  iignts  afficiendos  cfie  prout  punAa  A  O 
ftint  ad  eafdem  vel  contrarias  partes  puiAi  D,  erit  )o« 
cus  pun£ti  B  ipfa  harmonicalls  VG  quae  regain  DFQ 
redse  VC  paralielam  fecat  in  Q  ita  FG  =  DF  |  quae* 
q^e  traniit  per  punfhtm  Q^ubi  (dudi  Dtff  quae  iif*  - 
dem  reais  VF  &  VC  occurrat  in  4  tt-^)  junte  A<l 
ct  0C  ie  mutito  decui&nt, 

i 

Fig.  17;  fumatur  femper  D^  iu  ut 

=:  —  q:  — j  ducatur  DF  parallda  reflae  VC  - 

quae  reax  VF  occuriat  in  F,  &  DH  parallela  reife  VF 
quae  redae  VC  occurrat  in  H,  &  du^  diagonalis  UF 

I  St 

erit  locus  pundi  b  i  nam  ex  hypothefi       =  ^jg,  & . 

DB  ^  sDi^f  adeoque  cum  VG  fit  locus  pundi  B  erit 
pun^um  k  ad  rc^m  HF,  £1  pun6U  A  &  C  fint  ad 

cafilcm 
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caOem  partes  pundi  D.  8i  antem  fupponatur  :s 
Wa     eR!*  €Oiiftni£Uo  inierviet  pro  determi'- 

nando  pun<5^o  /»,  fi  fubflltuatur  loco  reclx  VCalia-z/c 
re(^»  VC  paraitela  ad  aequakm  diftanliam  a  puju^  D 
fbd  i^i  coatrarias  partes*  | 

§  25.  £x  pundo  dato  D  ducattir  reda  quaevis  DM 
«)ux  tribus  re^s  pofitione  dads  occurrat  In  punAU 

C|  £|  &  fiunatur  icmper  DM  iu  ut  ^  =  ^  4-. 

^  +  ^  (ubi  tcrsiiiu  fiiat  eontrariis  fignis  afficiendi 

^uoties  re<^a£  DA^DC  vel  D£  funt  ad  contrarias  parteft 

pundi  i  fupponatur  ]^  +  ]^  =  ]Ji:»  «itquc  L 
ad  redam  poiiuoiie  datam  per  pr^cedentem  ^  adeo^ue 

dT4  ^  ^  ^'^'  pundnm  M  ad  po^ 

fltlone  datam,  per  eandem.  Compofitio  autem  problc- 
matis  facile  ex  (li£\ls  perficitur.  Sint  VA,  VC  $c 
ires  rcctu'  politione  datae,  &  comple-itur  parallelogram* 
mum  Dh  VH,  ducendo  DF  &  DH  redtis  VC  &  VF 
refpedive  parallelas,  &  occurrat  re^  v£  diagonaii  in 
ff  'i  delude  compleatur  parallelogrammuin  D/vh  ducen- 
do redas  Df  &c  Db  rc&nv^  &  HF  parallelas  quis 
reOis  HE  k  vK  occurrant  in  pun<9is  fUhi$i  diago- 
mdis  bf  erit  locus  piin6^i  M.  Occonrat  enim  reda  DA 
re£lts  HF  ^  bfia  L&M.%  eritque,  ex  pcaecedentibus, 

ibttdto  cx  Art.  22.  deducitur* 

Cc3  $^6. 
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§  26.  Rc(f^a  quievis  ex  punfto  dato  D  ducla  occurrat 
re^s  poficiooe  dacis  in  pun^s  A,  JB,  C»  E»  4c«  et  iu 

hac  rcaa  fumatur  ftmper  ^=55=?^+]^ 

gg,  ^c.  critquc  locus  puncli  M  i"<;mper  ad  r^^ani 
poiitione  daUoi*   Dcmpnftratur  i4  modum  prmec^ 

rt&OxVD  qu^  occurrat  linea  geomeirica  cujufcunque  OTm 
iSnisJn  ict  p  minis  I|         fiMf  ^  efl  ditnm* 

fitmm%  tt  fi  in  tfldm  rtSa  fumMur  jSm^r  PM  jii 

rfgukm  faptu$  defcrifim  dftfvifrefiffmims)  mt  hem 

Ducatur  enim  ex  polo  P  rcfta  quaevis  pofitione  data 
PA,  quae  curvaj  i?ccurrat  In  tot  pun(5\is  A,  R,  C,  5cc, 
quot  ipfa  efl  dimenfionum.  Ducantur  rcclx  AK,  BL, 
CN  curvam  in  his  punftis  contingentes,  quae  occurrant 
wtof^  PD  ia  tolidem  puiu^is      L,  N)  &c.  et  per 

J5  ^  pfi     H  '^'     ^  pi^     ?5  "** 

'^'         Unue       xc^ualis  ^ft  huic  fummse,  cum* 

ru^  poAtloM  dctur  rc^a  PA,  k  maneant  re£k)c  AK| 
BL)  CN»  4um  nc^at  ?D  circ»  pduni  P  revolvU 
tyr>  erit  punftum  M  ad  Hneam  ledaiHi  per  articulutn 
praecedentem  $  ^tta  pf  r  iiiperitts  oftenia  «x  dans  tan* 
gentibus  AK^      ^c.  dctermiQari  poteft*  ' 

f  28t  Sicut  reda  ?m  medium  fft  harmoDtcuni  infer 


« 
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tmliter  ?m  dicatur  ^rW/x/m  harmoakiiiii  inter  n&a» 
^juaflibet  PD|  P£,  PI,  Uc*  quarvm  niiinenis  «ft 

cum  ^  =  j^^5^^Fj^=F  &c.   Et  fi  cx  pundb 

dato  P  reda  quaeyis  du&  lineam  gcomotricam  fecet  In 
tot  pundis  quot  ipfa  eft  «Hmenfionuni,  in  qua  ibmattir 
femper  Pm  medium  harmonicum  inter  fegmenta  omnia 
dti^  ad  pnndum  datum  F  if  cunram  termlnata,  erit 

yUn^iim  m  ad  redam  lineam*  £rit  man  ^^^^  ]^ 

odeoque  Pm  ad  PM  ut »  ad  unitatem  $  cumque  pun^m 

M  fit  ad  re<^am  lineam,  per  praecedentem,  crit  m  quo- 

que  ad  rcclam  lineam.  At^uc  hoc  cil  ilicoiema  Cotejti^ 
yt\  eldem  a&ne« 

%  29.  Sint «,  Cy  dy  Ieg*  radices  «quatipDls  ordinis 
01  V  utttmus  gus  terminus  quern  ordinate  feu  radix  jf 
AOningreditui^  P  co^idens  termini  penultimi,  M  me- 
dium harmonicum  Inter  cmnet  radices*  feu  <n  =  * 

'4  J      J  4*  ^"4*        Com  igitnr  £t  V  fa&m  ex 

radicibus  omnibus     i^,     ^c.  in  fe  mutuo  duiSiis,  fit- 

que  P  fumma  fa<^orum  Cum  radices  omnes  una  dempta 

■V      V      V  V 
in    mutuo  ducuhtur,  eritPs*^      f         ^  "2 

•f  &c.  s  ^9  adeoque  M  s        Slc»  li  aequatio 

fit  quadratica,  cujus  radices  duas  lint  <7  et  ^  erit 

M      ^       (aiTumpta  squatione  generall  feAlooum 

conicarum  Art.  i.  propofita)  ::=  —  b  — * 

sequatioM  cubica  cujus  tres  radices  funt  erit 

M    =   uk^se-^be         .affumatur   xquatio  g^- 

C  c  4  neralts 
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neralis  linearam  tertii  ordiait  ibtdem  prqpofiti] 

t 

Fig.  19.  f  30.  Occvrnnt  redae  quanvis  dam  ?m  6c  PfA,  caf* 
pundo  P  da&mt  Matst  georoetriae  in  punfUs  D»  £»  I| 
et  ^  I)  &c*  fitque  P/n  medium  hannonicum 
inter  tegmenta  prions  a4  pundum  P  &  curvam  termt* 
naU|  Sc  P/*  medium  harmonicum  inter  fegmenta  fimiUa 
pofterioris  re^  ;  juncb  f^moccurratablciife  A?  in 

'  critque  PH  =  ^  vel  PH  ad  Pw  ut  P  ad  X  Secet 

enim  abfcifla  curvam  in  tot;  pundlis  B,  C>  F,  $cc,  quot 
ipfa  e(l  dimenfioiium  ;  cumque  ultimus  terminus  squa* 
tionis  (i.  e.  V)  fit  ad  BP  x  CP  x  FP  x  &c.  inratione  * 
conftanti,  utitipra  (Art.  5.)  oftendimus^erit  (per  Art.  8») 

JL  q:  JL  :p  &c.  -  — ,  &ffi  s  5^  (quoniam 

»V\  Pj» 
re^  PM  =:  y)  =  P«  X        In  fe^onibu^  coni- 

CIS  eft  Pi^  ad  "Pm  ut  «jt  ^  3  ad  v<iif  r- 1^1  &  in  (ineit 
tertii  ordihis  uicxx     dx     i  ad  ^xx  ^  2fx  -|- 

^31.  SideiidereturproporitlonisprjecedentisdamQA* 
ilratio  ex  principiis  pure  aigebraicis  pctita,  ea  ope  (km 
\  quentis  Eemmatis  pet^i  potSriC*    SitabfciiTa  AP  s  x^ 

ordtnata  PD  —  y,  ultimus  terminus  squationis  lineam 
geometricam  dcfinientis  V  s=  A**  +  BjiT^*  +  Cjf"-** 
+  &c.  penultimi  coefficiens  P  ss  ax^*  +  ^jr""-*  + 
c:^^  -f  ct  lit  quantitas  qu«  formatur  du« 
'  cendo  terminum  quemque  quantitatis  V  in  indicem  Ip-* 

iiufi 
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fius-jir  in  hoc  termlno  k  dlvt<lend6  per      u  fjt 


*|.  &c.  (quae  ip(k  eft  quantitas  quam  ^  dtcimus,)  Du«* 

catur  ordinata       quae  angulum  quemvis  datum  ApD 

^{Itn  abfcifla  condituat^  fintque  rc<^  FDy/D  et  ut 

datae  ^  retki  dicatur      zz  Uy  Af     z,  ic  tri^nfmu* 

tetur  «quatio  propofita  ad  ordinatam  u  St  abfpfTam  z  i  ic 

«equationU  novas,  cum  fit  «  rs  Af,  terminus  uhimui 

V  erit  aBqualia  ipfi  V,  penultiini  autem  coeficieni  p  eriC 

Qi  +  P/ 
sequalis         ^  '» 

Cum  euim  ilt  PJO  (;=  jf)  ad/P  (=:  «)  ut  /ad  erit 
jp  s:      fit  autem      ad  pD  {zz  u)  ut  i  ad  r,  crtt 

P/>  =  ~,  &  AB=  *  =      ±      =  a  i:  Hii 

autem  valonbus  pro  vet  x  lubftitutis  in  aequatione  pio- 
pofita  lincae  gcometrica*,  prodibit  aequatio  relationcm 
co-ordinataruih  z  et  u  defimens.  Ad  hujus  uhimutn 
terminum  v  k  penultimum  pu  determinandums  fufficic 
|io»  valores  fubilituer^  in  Mltimo  V,  5c  penultimo  Fff 
«quationis  propofitse,  atque  terminoa  refultantes  colli* 
gerc  in  quibus  ordinata  u  vel  nan  reperitur»  vel  iinius 
tantum  dimenfibnis}  horum  enim  fumnu  dat  ^ir,  il« 

lorum  V,   Subftituatur  pro  x  ipfius  valor  s  ±  y  in 

quantitate  V  vel  A«»  +  By^«  +  O^^*  4»  &c,  et 

termini  refultantes  AssT  ±  «A»*'"*^*^  ^  ^^n^i  ^ 


Hf^  I  X  ■    +  C«***  ±n  -^ZX  — — —  + 

r  r 

Sec*  foli  ad  rem  faciunt  dc  qua  nunc  agitur*  Sub- 

^Cuatur  dcinde  pro  x  idem  vaiori  5i  pro  7  ipiius 

valor 
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valor  in  quantitate  ?y  =  ax""*  4-  bx"^*  -f  Cff"~^ 
4-  &c,  X  7 ;  &  termini  refultantes  foli 

+  ^a''=^*  +  fa""'  +  &c,  x  -  funt  nobi?  re- 
tinendi*  Supponatur  nimc  «  4f,  &  fumma  prioruni 
fit  aequalis  V.±  — t  polkriprum  fumma  =:  — . 
Unde  manifcftum  eft  ultimum  terminum  aequationts 
novsB  9         &  penultimum     =  ^^^^  x 


^  32.  Sit  nunc  medium  harmonlcum  inter  (eg* 
menta  PD,  P£,  PI,  et  medium  harmonicum 
inter  iegmenta  P^,  Pi,  &;c.  ut  in  Art.  30*  jun^ 
1*01  fecet  abfciiTam  in  H ;  &  fupponamus  Pf»  ofdinatse 
fD  parallclam  eiTe.  Ducatur  ^  abfirUTx  parallel^  quie 
xe6be  ?m  occurrat  in  x  s  eritque  ad  P|«  ut  PD  ad 
vel  ut  /  ad  r,  et  ^  ad  P|»  ut  i  ad  r*    Cumque  fit 

P^s:  —  (per  Articulum  przcedentem)  =  pT^tt:»  erit 
_    •         nV      fvl     «V  .  «V/ 

«/  =  P«±P»=-p-  ±  ^=  -p  ±  pt:^  = 

nWQk 

.   Eft  autem  m  ad  if»  ut  Pj»  ad  PH,  i.  e« 


PxP/±Qi 

■  ad     .  v^",  ut  P/a  ad  PH  |  adeoque  Q 

PxP/iQ^     P/±Qi  ^  ^ 

^d  P  ut  Pot  ad  PH,  vel  PH  =  P/«  x  ^  vel  Cum 

jgitur  valor  re<51«e  PH  non  pendeat  a  quantitatibus, 
ct  r  J  fed,  his  mutatis,  fit  Temper  idem,  crit  puncluiii 
ad  rc«5iam  pofitione  datam,  ut  in  1  hcor.  4,  aiitcr 
oilendimus*   Quin  &  valor  re^Vae  PH  is  efl  quern  in 
Art*  29*  alia  methodo  defiiiivimus ;  h  re<^a  Hot  cm- 

lies 
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no^  reftas  ex  P  dui^as  fecat  harmonica,  frcundam  dc- 
finitioncm  ie&ioiitt  faarmomcse  ia  Aru  generaiitei 
pcopofiunu  . 


S  E  C  T  I  O  II. 

De  Linds  fccundi  $rdms,  /tve  Jefmnikus  ccnieism 

§  33.  Tj^X  lis  quae  jgenenliter  linets  geometricis 
J2#  in  fedione  primft  demonftrata  funt,  fponte 
fluunt  proprietates  Imeanim  fecundi,  t^rtii,  &  fuperi- 
onim  ordinum.  Quae  ad  ie^ones  conicas  fpe^bnc 
Cptime  dcrivantur  ex  pioprietatibus  circull,  quae  figura 
bafis  eft  coni.  Verum  ut  ufus  theorcmatum  prsecc- 
dcntium  clarius  pateat,  6c  figurarum  analogia  illuftre- 
tur,  operse  pretium  crit  harutn  quoque  afi^ioties  ex 
praemifiis  deducere.  DcxSlrina  autem  conica  de  dia- 
metris,  earumque  ordinatis  (quibus  parallelas  funt  rc<51aB 
fcclionem  contincrentes  ad  vertices  diamctri)  <Sc  de  pa-  1 
rallelaruoi  fegmeptis  quae  redlis  quiburcunque  occur- 
runt,  Si  afymptocis,  tota  fa«ciUime  fiuit  ex  m  q^use 
Art»  4*  et  5«  ofteaia  itim, 

• 

$  34;   Rete  AB  ^  FQ  ieaioni  conicae  infcriptae  Fig.  ap 
-  Accurrant  fibi  mutvo  in  puti^  P|  dti^be  AK,  BL^ 
tMt  GN  feftioQcm  conctngeotes  occurrant  redie  PS 
per  P  dute  in  punftis  K,  L>  M)  N  $  eritque  Temper 

Jl  ^  ^  q?  jjj  (fi  reOa  F£  curvae  occurs 

m  inpvnftis  ^  ^  E)  ^  ^  =F  Segmeiitisau* 

tew  ' 
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tern  qux  funt  ad  eafdem  partes  pun^l  P  eadem  pnepo* 
fiuntur  figna;  ii^ue  quae  funt  ad  oppofitu  parteis 

fig*  as*  puD^ti  P  figna  prxpoQimtur  contraria*  Hinc  fi  bile^ 
cetur  D£  in  U  ex  pun^o  P  ducatur  rcAa  qiicvis 
bSUot^m iecans in pimdisA.et fi^ unde ducancur  rtcm 
'  tse  AK  et  BL  curvani  contingcntei  quae  redam  DK 

F^.  99«  leccnt  in  K  ctL|  erit  femper  PK  =:  PL.  Quod  it 
D£  feftioiii  nop  occurraf,  fitquf  P  pundum  ubi  di^ 
altaeter  quae  bifecat  re£tas  ipfi  DE  parallelas  cideai 
^currit  i  erit  in  hoc  ^uo^ue  caTu  fK  PL, 

2j.  §  35»  Concarraiit  re3:pc  AB  et  FG  feftioni  conica» 
inlcriptae  in  punfto  P  ;  ducantur  re^lae  feclioncm  con* 
tmgentcs  in  puniSlis  A  et  F  quae  fibi  mutuo  occurrant 
in  K,  &  junda  PK  tranfibit  per  occurfum  re£larum 
qtiae  fcf^ioncm  contingunt  in  punclis  B  et  G.  Si  enim 
ref^a  PK  non  tranfent  per  occurfum  reflarum  fec^io- 
netn  tangemium  in  B  et     huic  occurrat  in  N  iiii  in 

If ;  cumqu>!e  s:  pjp-  =P  |^  per  praeceden- 

tenit  erit  PL  =  PN  ^ .  &  coincidunt  pun&  L  et  N 
contra  hypotheliii, 

§  36»^  Eadem  ratlone  patet  reAaa  AG  et  BF  fibI 
mutuo  occurrere  in  v  piuite  rete  LK;  adeoqiw 
punte  P9  Ky  L  cile  in  eadem  leda  linet.  .  Hine 
datis  tnbus  pundis  contains  A,  B,  et  F,  cum  duabus 
tangentibus  AK  et  FK,  leidio  conica  Acile  defcrlbitur. 
Revolvatur  enim  rtBn  KvP  circa  tangentiuin  occur- 
fum K  ut  polum,  quae  occurrat  re^Is  AB  et  FB  in 
pun6lis  P  et  v;  Sc  jun^^se  Av,  FP  occurfu  Tuo  Q 
,  «jcfcribent  fedlionem  conicam  quae  tranfibit  per  tria  - 
pun£ta  data  A,  Fy  ^  contingcc  redas  AK  et  FK  'n\ 
ActF,         .  ,  ' 
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}  37»  Cmibtfis  mineiitibus,  oceumnt  ttStit  AF  et  BG  Fig. 
fibi  mattto  in  panfto  pf  tangentes  AK  et  BL  in  R, 
atque  tangentes  FK  et  GL  in  Q^;  k  punda  R,  t, 
ct  ^  erunt  in  eadem  leda  linen ;  fiaiiliter  occurnint 
tangentes  AK  et  GQ^in  m  $  tengentes  BR  et  FK  inn} 
&  pun£la  P^nty  fty  p  enint  in  eadem  re^  linea.  Dc« 
moflilratur  ad  modum  Artt  35« 

§38.  Hinc  datisquatuor  pun£lis  contadus,  A,B,  F, 
G  cum  unica  tangente  AK,  occurfus  redUrum  AB  ct 
FG,  AF  ct  BG,  atque  AG  ct  BF,  dabunt  puada  F, 

ct  «•}  juB^ae  autem  P/>,  Pt,  et  fx  fecabunt  tan* 
gentcm  datam  AK  in  tribus  punclis       K  et  R,  unde 
dudse  mGi  FK,  R6  feet ionem  conicam  contingent  . 
in  pun^  datis  G»  F  et  B*  .  . 

$  39.  Datis  quatuor  tangentibus  RK,  KQ.,  QL,  LR. 
et  unico  pun£lo  conta£^us  A,  occurfus  tangentium  RIC 
et  LQ.t  ItR  et  QKe  dabunt  pun£b  m  et  ».  Jungantur 
LK  etnmi  U  occurfus  redarum  LK  et  RQ.,  LK  et 
lun,  RQet  i^ot,  dabunt  pundla  «v  P  et/^$  jun'dse  vero» 
FA,  9 A  et /A  fecabunt  tangentes  RL»  et  QI«  in 
pundis  contadtts  9,  G  et  F, 

$  40«  Datis  quinque  pundis  conta&s  A,  B,  F,  6, 
ct fy  junto  GF  et  Gf  redae  AB  occurnuit  in  pundis 
P  etX ;  junto  AF  et  A/  occurrant  reto  BG  in  p 
et  Xi  Sc  junto  P/,  Xjc  occurfn  fuo  dabunt  puntom  ^ 
ffl,  unde  duto  mA  et  iwG  fe^ionem  conicam  tangent 
in  A  et  G  ;  &  fimiliter  determinantur  reto  quae  cur- 
vam-  contingent  in  pun(^s  reliquis  B^F  ct/, 

5  41«  Dentur  quinque  reflse  fecftionem  conicam  con-, 
tingcntes,  VK,  KQ^,  QJv,  Lu^  et  uV  ;  occurfus  tangen- 
tium VKetLQ^dabit  pun^um  m  »  occurfus  tangentium 

^       '  .  K.Q.  " 
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KQ.  et  Ltt  dalfif  punffcum  n ;  jtuigantar  «m^  LK}  VL 
ct  mil i  re^ta  LK  fecstbit  reasiin  mm  in  P ( redd  LV 
.iffcxbit  ipfam  nrn  iaXi  jimda  autem  PX  fecabic  tan- 
V  iC  et  nL  in  pundis  Cdata6hif  A  et  B.  Simtltter 
leliqua  puii£fai  conta£his^4eterffliaantur« 

35»    §  42.  Datis  tribiis  tangjentftns  AK,  BK,  et  RL,  cunt 

*  duobus  pun£tis  conta^l^us  A  et  Bj  facillime  detcrminatur 
tertium,  per  Art.  35.  Occurrat  enim  tangens  RL  re- 
Jiquis  tangentibus  in  R  etL,  aique  junilae  AL  et  BR 
fc  mutuo  decuffent  in  w,  jun£ta  Kgr  fecabit  tangentenfl 
RL  in  tertio  puRdIo  conta£tus  F  j  &  fe^io  cocitca  dc» 
fcribi  poteft  ut  in  Art.  36« 

26,  §  43»  Dentur  qnatuor  tangentes  KQ^,  Qly,  LR,  et 
RK  cum  unico  pundo  D  re<5tionis  conicse  quod  non  ilt 
-in aKqua  quatuor  tangenttum.  Invcnfantur  puiK^a  P, 
^  et  ut  in  Art.  39.  Jungantur  PD,  /D,  et  vD  5  & 
du^a  PZ  re£bc  parallela  occurrat  rc£t«  RQ^in  Z  ; 
&  bifariam  fecetur  PZ  in  S  ;  &  duda  j^S  fccabit  redtam 
PD  in  £  pun£b  curvse }  vel  occurrat  PD  rc€t$s  RQjn 
z,  et  (per  Att»  23.)  fecetur  PD  haimonice  in  «  et  £• 
Du6hi  autem  Dir  fecabit  jundam^E  in  et  Er 
cabit  ipfam  in  4  ita  ut  bsec  quoque  pun£ta  4  ^ 
'fmc  adcurvam* 

2j,     §  44.  £x  pundo  K  ducantui:  dine  tangentes  ad  (ec- 
•    tionem  conicam  in  A  et    ,  ex  punflo  A  ducantur 
rete  duae  AF  ct  AG  fcftiont  occtirrcntcs  in  F  ct  G; 

jun&z  BG  fccct  AF  in  P,  et  jun^Va,  BF  fecet  rc£tam 
AG  iii7r3  eruntquc  pun£la  P,  K,  v  in  cadcm  rc£la 
line%  per  Art.  36.  ,  ,  ♦ 

Verum  propofitio  haec  generalior  eft.    8i  enim  a 

,     puiiCij  quovis  irv  uucaatuj:  uu«  re^at  ivA<?,  KB^  fec- 
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lionem  fecantes  in  puiiL^is  A,  a  etB^  b  ;  ct  ex  pur.clis 
A  et  /7  ducantur  rcclae  ad  fc6lronem  AF  et  aG  j  juii^t  i 
autein  BF  fecet  M  in  P,  &  ducta  fecct  Al'  i:i  7.  , 
crunt  pun£la  P,  K,  t  in  cadem  rc(fl:a  linca  ;  quovl  V2- 
riis  modis  alias  demonftravimus,  unde  cxpeditaoi  me- 
thodum  olimdeduxiinus  (e^ioacm  conicamr  defcribendi 
per  dau  quaevis  quinque  pun^bu  Sint  A,  a,  B,  et  F 
pondei  quinque  data ;  concurrant  re£lae  A*  et  in  K  & 
jungantur  AFet  BF ;  revolvatur  reAa  PKt  circa  polum 
quae  occurrat  his  re^is  in  vet  F  i  Ct  dude  tfP^  kf 
conciufu  fuo  G  fo£tioiiem  deicribeat* 

^  45.  Sit  P  pun6tum  datum  extra  rc£lionem  conU  Fig.  2%, 
cam>  unde  duda  quaevis  fecStioni  occurrat  in  D  et  £  ^ 

2  11 

tt  fi  ^  =       :p      erit  M  ad  lineam  re£Uin  AB  % 

qu^?:  feilioni  occurrit  in  punclis  A  etB,  itaut  duciaePA 
ct  PB  crunt  coiuingentes  fcdlionls.  Si  vero  punclum^ 
fu  in  medio  pun<^o  redbe  AB  intra  fedioneoiy  iltque 

z=      qp  — ,  locus  pun^li  m  erit  rc6^a  ak  per  P 

j^m      pa       fr  *^ 

du<f)a  ipfi  AB  parallela.  Tangentes  ad  pun&  D  et  E 
icmper  conctimint  in  fe&  AB,  et  taogentes  ad  pun^U 
1/  et  /  in  re£ta  ah* .  • 


§  46.  Contingat  re£^a  DT  fc<£l:oncm  in  D,  unde  du-  pig.  2<^ 
cantur  duae  quaevis  redae  DK  et  DA,  qua;  fed^ioni  oc«  »• 
currant  in  E  et  A.  Occurrat  DE  re6^as  AK  fe^lioBein 
contingcnti,  in  K ;  et  du(5tae  EN,  KM  tangcnti  DT  pa- 
rallelz  fecent  DA  in  N  et  M,  fumatur  in  reda  D£» 
DRad  £N  ut  KM  ad  K£,  k  circulus  cjufJem  cur« 
vatune  cum  fed^ione  in  D  tranfibit  ptv       Nam  per 

Art.  1 5 .  elt  jjv»xl)R  =  5i     151.  = 

DR 
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'  DR  s=  X  ^  (qnodui  Qjr  •  DV 

»  •  » 

KM  :  DK  4:  £N  :  DE)  ±:  Quod  fi 

'    fuerit  tangens  AK  parallela  rc^be  D£,  (i.     li  DE  fit 
ondinata  diameCri  per  A  tranuuntis)  erit  DR  = 

vcl  DR  ad  DE  uC  EN*  ad  DE* ;  ut  alibi  demonliravi- 
nius  Art.. tra^tatus  de  iluxionibus.    Si  in  hoc  Cdfu 

EN* 

D£^  fit  <!iattietery  erit  gg-)  adeoque  DR,  squalls  pa* 
rametro  diametri  D£  i  ut  fatis  notuai  eft. 

¥ig,  30.  §  47,  Ducantur  re£lae  DT,  DE,  quarum  prior  fe^lio- 
*'  nem  conicam  contingat  in  D,  pofterior  eidem  occurraC 
in  £»  Ducatur  DA  qus  bifecct  angulum  EDT  et  fee* 
tioni  occurrat  in  A  j  jungatur  AE,  cui  occurrat  in  V 
re£ta  D  V  parallela  Tc6kx  quae  curvam  Cbntingit  in  A  ; 
ct  dudi  y  R  parallela  redaB  DA,  hxc  iecabit  DE  in  R 
ubi^circulus  ofculatorlus  occurric  re&x  DE  ;  eritque  DR 
diameter  curvaturae  ii  angulus  EDT  fit  redus.  Eric 
eniffl  VRadADH]tERadD£,etutDRadDK}  unde 

DR  ad  DK  ut  D£  ad  EK,  adeoque        ^  SE 
I 

tu  *•    jggf  ut  oportebat,  per  Art*  15«   Si  autem  fit  tangens 

.  AK  pandlda  k&sr  D£  (quo  tn  cafu  tangentes  AK  et 

'  DT  aequaies  conftituunt  angulos  cum  recla  DA  qun^ 
proinde  perpendicularis  eft  axi  figur.*:}  coiiKiJcnt  puiicTtj. 
R  et  K,  ^  circulus  ofculatorlus  tranfibit  per  pun<^um 
E.  Sequitur  qucque  ex  di<ftis  re^s  EK,  DE,  et  ER 
efie  in  progrei&one  geometrica* 

Jlg^  51«      §       Occurrat  rc£la  qusevis  DE  feClioni  conicx  in  D 
et  E,  coQcifrrant  r^dse  cufvam  contingents  ad  D  et  £ 

ia 
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in  pun  6^0  V.  Sit  DO  A  diameter  per  D  ctjrvrr,  k  Ci 
conftituatur  angulus  DVr  z:  EDO,  crit  DR  ( rr  2Dr) 
chorda  circuli  olculatoriL  Ducatur  enim  AK  fcclio- 
nem  ccMU4i^«ns  <|u«i  rttlx  DK  occ4urrat  ia  iC,  ct  tan- 
gent! £V  in  Z ;  ducatur  EN  parallela  tangenti  DT 
redam  DA  fecans  in  N  j  cumquc  fit  DR  ad  K A  ut  EN 
ad  EK ,  r.tque  KZ  (n  f  AK)  ad  EK  ut  VD  ad  DE, 
crit  VD  ad  DE  ut  {  DR  ad  EN;  adeoque  oriangula 
DVr  et  EDN  fimilUi  ct  flkngialus  DVr  «qualts  aogulo 
EDO.  Hanc  fnethodum  decermiwiidi  circulum  0^11^ 
laioniioi  demonftravimus  in  tradatv  de  AuxigoibtiiS} 
Art.  375.  fed non  «deo  breviter. 

^  4g.  Variatlo  curvaturx,  ilve  tangens  anguli  con- 
ta£^us  lecliofie  conica  Sz  circulo  oiculatorio  comprc- 
hcnli,  eft  d!rcil"f  uc  tanpens  anguli  cnntenti  diametro 
quae  per  contadtum  ducitur  &c  normaii  ad  curvam,  & 
inverfe  ut  quadratum  radii  curvaCurae.  Sit  enim  DR  Fig.  32« 
diameter  curvauirae>  k  Imc  variado  ad  pundttm  D  erit 

ut       ^        per  Art.  17.  adeoque,  cum  fit  DV  ad 

Dr  ut  D£  ad  EN,  ut  Kc"^^T^d"i*   Variatio  autem  ra- 

dii  curvaturx  eft  ut  tangens  anguli  EDO.  Quod  it- 
n^cDO  circulo  oCctilator io  occurrait  in  parabola 
diaflbfftro  8c  parametro  Dif  defcripta^  qu»que  contingit 
tcStmdOT  in  D»  ea  «rit^ujus  cofitn^ua  eum  (eftzone 
I»  jper  Arn  19*  \»  . 


^'  ■  •r..> 


§  50.  Ca-tcris  manentibu?-,  ex  pun6lo  V  ducatur  rcda  Fig.  32« 
VH  circulun»  ofculatorium  coiuingens  in  H;  jungatur 
HD,  cumque  fit  angtilus  RJ^H  complenieruum  an- 
guli DrV  ad  rectum  erit  RDH      DVr  =  KDO; 
adeoque  variatio  radii  curvaturs  erit  ut  tajQgens  an<;uli 

Dd  RDHi 
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RDH  i  Si  coincideniibus  iccia  DR  et  DH  variaiia 
cvanefcir* 


S  E  C  T  I  O  III. 

De  Lineis  Ortii  OrJims* 

\  ^  51.  \ine\i  tertii  ordinis  five  curviS  (eCundt 

JL/  generis,  uber  J  us  nobis  agendum  eft.  Doc* 
Uinatn  conicam,  variis  modis  ufque  ad  faftidium  fer^ 
tra^runt  permulti.    Haric  autem  geometriae  univer- 
faJis  partem,  pauci  adtigeruiu  i  eam  tamen  nec  fterl'* 
Jem  eiTe  nec  injucundam  ex  .requentibus^  ut  Tpero^ 
patebit,  cum  praeter  proprietates  harum  figuranim  a 
NiWtW9  oltm  tradUaSy  aliae  funt  plures  geometrarum 
attentione  non  indignae.   Oftendimus  fupfa,  re^am  fc- 
care  pofle  lineam  tertii  ordinis  in  tribiis  |nindis,  quo- 
niam  a^iuatioiiis  cubicae  tres  funt  radieeSi  quae  omnes 
reales  efle  pofliint.   Re£bt'  autem  quae  Itneam  tertii 
ordinis  in  duobus  pun^'^  iecatteidem  in  tertio  aliquo 
pun^  necci&rio  occurri^  vel  paralleia  eft  afymptoto 
curvae,  quo  ill  cafu  dicitur  ei  occurrere  ad  dlftantiani 
Infinitam :  aequationis  enim  cubicae  fi  duae  radices  fint 
reales,  tcrtia  neceflario  real  Is  erit.    Hinc  refta  quae  H- 
neam  tertii  ordinis  contingit,  cam  in  aliquo  pun£lo 
fcmper  fccat ;  cum  conta£tus  pro  duubus  inteilcciioni- 
bus  coincidentibus  habendus  fit.    Recta  autem  qu:^ 
curvam  in  pun£fco  fiexus  contrarii  contingit,  fimul  pro 
fecante  habenda  eft.    Ubi  duoarcus  curv^  fibi  mutuo 
occurrrnt,  pun(£luni  duplex  formatur,  &  re£la  qua;  al- 
•   ^rum  arcum  ibi  cootingit  in  eodcm  pui»^  alterum 

iecar. 
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'  HtctAm  ReAa  autem  alia  quaevb  ex  ptin£b  duplke 
duda  in  unoalio  pun£io  eorvam  fecat»  fed  non  in  plu« 
ribus* 

§  52.  Prop.  !•   Sint  du*  pafallelds,  quarum 

DLraque  iccec  lineaai  tertii  ordinis  in  tribus 
punftis;  re<5ta  quse  utramque  parallel  am  ica  fe* 
cat  uc  fumma  duarum  pamum  parallels  ex  uno 
lecantis  latere  ad  curvam  teminatarunn  aequalis 
fit  tertiae  parti  eju((lem  ex  altero  (ecantis  latere  a4 
curvam  terminate  fimiliter  fecabit  omnes  re6^a$ 
his  parallel  as  quse  curvx  in  tribus  pun^ls  oc- 
currunt,  per  Arc.  4.  ' 

§53.  Prop.  II.  Occurrat  re^la  pofitlone  data 
linese  tertii  ordinis  in  tribus  pundbis  2  ducantur 
*dua&  quteyis  paralleke  quanim  utraque  curvam 
fecet  in  totidem  pundis  ;  &  ifblida  contenta  Tub 

fegmentis  parallelarum  ad  cui  vdm  6c  reftam  po- 
fitionc  datam  terminatis  crunt  in  eadem  ratioiie 
ac  folida  fub  fegoiencis  hujus  redx  ad  curvam  & 
]pai1iilelas  terminatis,  per  Art.  5. 

Hae  duae  proprictates  a  Newtons  ^lim  cxpofitae  fu* 
erunt. 

§54.    Prop.  III.    CiEteris  manentibus  ut  in  ^ig*  33* 
j)ropolKione  prascedente,  occurrat  redla  pofitione    ' , 
data  lines  tertii  ordinis  in  unico  pundko  A»  & 
.    folidum  (lib  fegmentis  FM,  Fm,  P^*  unius  paral-  ^ 
lelsr  contentumcric  femper  ad  folidum  ibb  feg* 
mentis ^N,  altcrius  parallels  ut  folidum 

AP  X  ^P'  contentum  fub  fegmento  AP  ^  qua- 

D  d  2  drato. 
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drato  diftantirL^  ^^P  punfli  P  a  punc^to  quodam  A 
ad  folidum  A  p  x  tp*  contcntum  Tub  fegmento 
Ap  tt  quadrato  diftantUe  puadi  p  ab  eodent 
pun^o    per  Arc.  6. 

54*    $  15-  I^ftop*  IV.  Ex  dato  quovis  pfUiido  P 
»•  V    f)ucatur  rcfta  PD  quse  Hnc«  tcrtri  ordinis  oc- 

cui  rat  in  tribus  puii6lis  D,  E,      &  alia  qua^vis 
rc6la  PA  quse  eandem  fecct  in  tribus  pundis  A, 
C.    Ducantur  tangentes  AK^  BL»  CM,  qua? 
re&ae  PD  occurrant  in  K»     et  M;  ct  medium 
harmonicum  inter  tres  redtas  PK,  PL,  PM,  c6-» 
incidec  cum  medio  harmonico  inter  tres  redas 
m  a.    PD,  PE,  et  PF,  per  Art.  lo.  &  i%.    Si  autem 
redba  PD  curvx  occurrat  in  unico  pundto  D,  in« 
t  veniatuf  punftum  i  ut  in  Arc.  6.  &  medium 

harmonicuin  inter  tres  reftas  PK,  PL,  PM,  erit 
ad  medium  harmonicum  inter  duas  redas  PD  cc 
I  ?d  in  raiione  3  ad  2,  per  Art.  1 2. 

§  56.  Prop.  V.    Revolvatur  re<5la  PD  circa 
polum  P,  Ibmatur  iemper  PM  in  reda  PD 
squalls  medio  harmonico  inter  tres  redas  PD» 
P£,  et  PF,  eritque  locus  punftt  M  linea  rc£ba, 
,  per  Art*  a8. 

Atqae  h«c  eft  proprietas  barum  lifxanim  a  Cotejk 
inveiita. 

35»  %  57»'  -Prop*  VI.  Sint  tria  pundaline»  tcr- 
iCii  ordinis  in  eadem  re6ba.UDeai  ducancur  re£i« 
curvam  in  bis  pundis  contingentesj  quse  earidem 
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Ascent  ia  aliis  trM>us  pundis;  atque  h«c  tria 
punda.cnint  etiam  in  rc£ta  linea* 

•i 

OccurrHt  re<5la  FGH  lines  tertii  ordinis  in  tribu*. 
punais  F,  G,  et  H.  Reaae  F A>  QB»  HC,  curvam  in 
his  pun£tis  contingences  eandcm  kccat  in  punAis  A,  B» 
C ;  &  b»G  pnnfta  ei unt  in  rc^U  linm*  Jungatur  enim 
AB,  Sc  hsec  tranlibit  per  C ;  (1  enim  fieri  poteflv  oc> 
currat  curvse  in  alio  pui^i^o  M,  tangentt  HC  in  N  et 

teas  FGH  in  F  j  cumque  ^-t      +      +  pjj  = 

+  ^  +       per  Prop.  IV,  erit  PN  =  PM  i 

quod  fiert  nequit  nifi  coincidant  puni^  N,  M,  et  C» 

Ktcid  i^uui  Aii  tranfit  per.C» 

* 

§  58»  ^«/.  Hinc  fi  A,  B,  C,  fmt  tria  punda  lines 
tertii  ordinis  in  eadem  re£b  linea,  dii&x  autem  AF  et 
EG  curvam  contingant  in  F  et  G»  &  jundla  FG  cuxvam  , 
denuo  fccet  in  H,  juiida  CH  curvam  coiuingct  in  H. 
Si  enim  re($ta  curvam  contingcrct  in  H  qux  eandem  fe- 
caret  non  in  C  fed  in  alio  quovis  pundto,  foret  hoc  punc- 
tum  cum  tribus  aliis  A,  B,  C,  in  eadem  re<Sla  quse 
igitiir  fecaret  lineam  tertji  ordinis  m  quatuor  piin6tis. 
Hoc  autem  fieri  non  potell.  Inctdi  4u(em  pnmo  iu 
banc  propofiiionem  via  diverfa  fed  minus  expedita,  ean« 
dem  deducendo  ex  Prop.  II.  Similiter  fi  re^  Af  cur* 
vam  quoque  contingat  in^  &  du<Sia  Gf  curvz  occurrat  ' 
iHi&yjun^a  Ch  ^rit  tangens  ad  pKin£tixmif*  £t  fi  a 
pun^^is  A)  B}  C)  lineae  tertii  ordinis  in  eadem  tt&i  faxs^ 
dttcanturtot  teStm  curvaqi  cohtingentes  quc»t  diid  pof* 
fttoti  enmt  femper  tres  ^ontAfbis  in  eadem  Tt€tSU 

m 

4 

1 

§  59.  pRO».  Vll.   Ex  pun^  quovis  lineae  Fig.  36. 

t<;rcii  ordinis  dycanrur  duae  rcd$  curvam  con- 

P  d  3  ,  tiA^eaces, 
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dngenteSj  &  re6ta  contafbiis  conjungcns  denuo 
fecec  curvam  ia  alio  puiK^o^  rcdtae  curvani  in 
hoc  pundko  &  in  primo  pundo  contingentes  fe 
mutuo  Iccabunt  in  punfto  allquo  curvae. 

£x  pun(5^o  A  diicantur  rc<^  curvam  contingentes  in 
F  et  G>  juncta  FG  curvam  fecet  in  H,  eandemqu^ 
contuigat  in  H  reda  HC  quae  citrvs  occurrat  in  C>  £e  ■ 
duStsL  AC  crit  curvse  tangens  ad  pundum  A.  Sequitur 
ex  CtroUgru  prsecedente,  coincidentibua  enim  A  et  B 
re£fca  CA  fit  tan'gens  ad  pun^m  A. 

§  60,  CaroL  i.  SI  ex  pundo  curvs  C  ducantur  dose 
ftQx  eandem  contingentes  in  A  et  &  ex  pnnfko 
alterutro  A  contingentes  AF  et  AG  ad  cunram,  ref^a 
per  conta£hus  F  et  G  du^  tranitblt  per  alterum  punc- 
tual H* 

37.  §  61.  CffroL  2:  Contingat  re£^a  AC  curvam  !n  A, 
eamque  fecet  in  C,  dudla;  autem  AF  ct  CF^  curvam 
contingant  in  F  et  H,  rec^a  per  conta£^us  ducU  cam 
denuo  fecet  in  G,  &  jtinda  AG  curvam  continget  in 
G;  Quod  fi  alia  redta  C^  ex  punflo  C  ducatur  ad 
curvam  earn  contingens  in  h  ;  &j unwise  hFy  /;G,  cur- 
\'*sd  occurrsnt  in  f  et  dudae  Af  Ct  eruiit  tan^en- 
tes  ad  puutb/  et  ^« 

3^'  §  62,  Carol,  3,  Sit  A  pun£lum  flexus  contrarii  undc 
du£lae  AF  et  AG  curvam  contingan:  inF  ctG,juni51a 
FG  fecet  curvam  in  H,  6cducla  AH  curvam  continget 
in  H.  Si  emm  tangens  ad  pun<^vim  H  curvae  in  alio 
quovis  pun£lo  ab  A  diverfo  occurrcret,  recta  ex  hoc  oc- 
ciiriu.  lid  pun^um  flexus  contrarii  A  du6la  curvam  in  A 
contingeret,  quod  fieri  ncquit.  Manifeftum  autem  ci\ 
trcs  tantuQi  duci  polle  redW  ex  pun^g  dexus  contrarti 

curvam 
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€Mmm  contingentes  praeter  earn  quae  in  hpc  ipfo  pDndo 
fimul  t»ngit  &  fecat,  atquc  tres  conuaiis  cadcrc  in  can-f 
dem  reaam  lineam.  Ex  fiola  punao  flcxus  eontraril 
tres  TtSim  duAse  cumm  ita  contingunt  ut  tres  contaaut 
fint  in  eadem  real.  Sint  enim  F,  G,  H,  ineadem 
re£h,  unde  tangentes  dudae  convcniant  in  eodem  pundo 
curvse  a,  quod  non  fit  punaum  flcxus  contrarii;  duca- 
tur  ae  curvam  contingens  in  tf,  quaequc  ci  occurrat  in 
&c  junctd  eli  curvam  tanget  in  H,  per  hanc  propofi- 
tloncm  i  adeoquc  r  ^ge  eH  &  aH  curvam  contingerent 
in  eodem  puncto  H.  E, 

^63.  Prop.  VIII.  Ex  pundto  quovis  linea; 
tcrtii  ordinis  ducantur  tres  rca^e  curvam  con- 
tiogentcsin  tribuspunaisi  rcda  dwos  quofvis 
.  contaaus  conjungcns  occurrat  denuo  curvae,  & 
ex  occurfu  ad  tertium  contaaum  duaa  curvam 
denuo  fecabic  in  pundo  ubi  re6la  ad  primuixi 
punttum  duda  curvam  contingec. 

Ex  pun£to  A  linere  tertii  ordinis  ducantur  tres  re£^:c  Fig.  37. 
AF,  AG,  &  A/,  curvam  contingciitcs  in  tnbus  pundis 
F,  G>  &/»  rcaa  G/ quae  horum  duo  quasvis  con- 
jungit  fecct  curvam  denuo  in  N,  &  recta  ex  iioc  pun(5lo 
ad  tertium  «ontaaum  F  duaa  curvam  fecet  in  turn 
junaa      curvam  contingct  in  gm  Ducatur  enim  re£^a 
AC  curvam  contingens  in  A  quz  eandem  (ecet  in  C  ; 
cumque  punaa  G,  N,  U  /,  fmt  in  eadcm  reaa,  & 
tangentes  ad  pun^U  Q  U  f  tranfeant  per  A,  fequitur 
(perl^rop,  Vil. )  tangentem  ad  punaum  N  t  ran  fire  per  C* 
Cumque  punaa F,  N»^>  fint  ineadem  reda,  tangentes 
autem  FA  h  NC  curvse  occtirrant  in  A  2(  C,  fiique, 
AC  tangens  ad  punaum  A,  tangens  ad  punftum  ^ 
tranfibitper  A.  *  , 
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S  64.  OrsL  Hinc  ctirva  ^eicribatur  ex  datfs  itU 
bus  punAU  contadus  ubi  tres  teS»  «x  eedem  pun^ 
curve  dute  enm  cont:nguiit^  inveaicur  quartum  pua^ 
ftum  contadltts  ubi  rcA»  ex  codem  pua^  curv«  dudi 
cam  contingit.  Atqae  hinc  colligitur  ex  eodem  cufra» 
f)un£^o  quatuor  tantum  re£):as  duci  poile  lineam  tertii 
Ofdinis  toiuingentes  praeter  rci^^sim  quae  in  hoc  ipfi> 
pun^lo  curvam  contingtt.  Si  enim  rcdae  ex  eodeiti 
curvas  pun£to  duci  poffent  earn  in  quinque  punclis  con« 
tingentes,  plures  re£lae  numrro  inucfinitse  curvam  €on- 
tingentes  ex  eodem  pun£^o  duci  poifent ;  ut  ex  praemif- 
fis  facile  colligitur.  Hoc  autem  Corollarium  pollea 
fi^ilius  demoniirabitur«   Vide  infra^  Art.  77. 

3S>    %  Cg.  Prof.  IX«  Ex  punftadexus  comrarti 

ducantur  tres  tangentes  ad  curvam,  &  reda 
,  conta/lus  conjungens  hannonice  fecabic  reftam 
^uatnvis  ex  pun^to  llexua  cofltr^rii  dudkam  $e  a4 
curvam  renninatam* 

Sit  A  puncluai  flcxus  contrarii,  AF,  AG,  et  AH» 
rediae  curvam  contingentes  in  puiicii,  F,  G,  ct  H,  Ex 
punfto  A  ducatur  reiSta  qua^vis  curvam  fecans  ia  B  &  C, 
&  rcaam  FH  in  P ;  eritque  PB  ad  PC  ut  BA  ad  AC. 
Cum  enim  tres  tangeiites  ad  punc^a  F,  et  U,  in  eo- 
dem pundo  A  conveitianC,  crit  per  Prop.  IV»  ^  +  ]^ 

eft  medium  harmonlcum  inter  duas  rc(^hs  PB  ct  PC  ad 

curvam  terminatas.  Quae  Itnearuo^  teJFtii  ordioia pro-, 
prietas  eft  ilmpUcitatis  in%nis.. 


N 

% 
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§  66.  Ctr^»  Reda  qux  diiat  quafvis  re^s  eic 
pUD^  flejuis  coxitmrii  du£tas  ad  curvaoi  (ecat  iKirtiio<» 
nice,  recabitquoqiie  alias  quafvis  redasestodcmpuoAQ 
cdu&s  ^  all  curvain  termiiiatas^ 

§  67  C<»r0^  2.  Si  re£(a  afymptoto  parallela  per  pun* 
dum  flexus  contrarii  du^  oceumt  jre^  FH  in  &  ft 

cunnr  in  0>  erit       =  g^,  adeo^ue  RA  =  aRO« 

%  68.  Prop.  X»  Reda  dua  pun6bi  flexus  ccm-  ^.19, 
trarii  conjungens  vd  tranfit  per  3»»  pundhtm 

flexus  cQiKrani  vcl  diriglcur  in  candem  plagam 

cum  crure  infinico  curvse.  '  , 

• 

Suit  A  ct  a  pun5ta  flcxus  contrarii,  junfta  curvse 
occurrat  in  a,  eritquc  a  quoque  pundlum  fiexus  CQntrariu 
Si  eniiii  tangens  figurse  in  pun^io  a  ctxTVX  occurrerctin 
alio  quovis  punfto      forent  A,  in  eadem  rccla, 

Vc-um  ex  hypothefi  fiint  A,  et  a  in  eadem  rc<5^a,  quae 
•  Jgitur  lincae  tertii  ordinis  occurreret  in  pun£tis  quatuor. 
Sit  A  pUfK^tam  flcxus  contrari;,  &c  re£la  AO  alymptotci 
paralkla  curvae  occurrat  in  O,  ducatur  OQcurvam  coii- 
,  tingens  in  (>,  6c  fecans  in  Qji  jun&  AQ^tranQint 
per  D  ubi  curva  afymptoton  kcs^U 

^69.  Prop.  XI.   Du€t\s  ex  pundo  ikxus' Fig.  38* 
contrarii  A  tangentibus  ad  cunram  AF,  AG, 
AH;  &  duabus  fecandbus  qulbufcunque  ABC, 

A3f,  junflag      et  Cc  vcl  B^*  et  hC  fe  mutuo  fc- 
cabuat  in  reda  FH  quae  contadu&  conjungic 

Occarrat  enim  re£^a      ipfi  FH  in  Q^,  et  BC  eidem 

in  P;  jungantur  QA  et  QC  ;  cumque  fit  AB  ad  AC  ut 
PB  ad  PC,  per  Piu^.  iX.  cruxit  (^A,  QB,  .QP  et  QC, 

harino- 
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harmomcaleS}  adeoque  M  fecabit  re6lam  QC  in  c  et 
iplam  FH  in  ita  ut  fit  ad  Ac  ut  pb  ad  ;  &  pro* 
inde  erit  r  pondum  curvae,  per  Prop.  IX,  unde  fequinir 
converfe  reftas  l&b  et  Gr  convenire  in  pundo  redae' 
FH  i  &  fimillter  ofienditur  re^s  Be  et  iC  iibi  mutu» 
«Kcurrere  ia,  pun6b  q  ejufdem  re^, 

^70.  Corol,  r.  Ex  pun<flo  quovts  Q_re£tsc  FH  du- 
cantur  a<J  curvaui  recta;  QJB,  ^^C,  earn  fecantcs  in 
pun^is  B,  M  et  C,  N;  turn  jui.dac  CB,  .i-,  MN, 
convenient  in  punfto  flexus  contrarii  Ai  junft^e  Br  et 
^C,  Mf  et  N<^,  ct  QCi  NB  et  MC,  convenient  ia 
ica^FH.  .      .  •  . 

§  71,  Cbro/.  2.  Tangentes  ad  pun<Sla  B  et  Cconve* 
niunt  In  pun£^o  aliquo  T  re^a^  FH;  &  fi  a  punda 
quovis  T  in  re<^  FH  fito  ducantur  tangentes  ad  cur«* 
vam»  redae  contadus  conjungentes  vd  traniibunt  per 
pundum  flexus  contrarii,  vel  convenient  in  re£bi  FH* 

f  72.  (hroh  3«  Dato  pun£lo  flexus  contrarii  A,  et 
pun£lis  B,  C,       ubi  du^  re£lae  ex  eo  du<^las  curvam 
-  fecant,  datur  re^a  FH  pofitione ;  jun^  enim  B^  et  Cc 

occurfu  fuodabunt  puni^^um  Q^,  h  jundiarum  et  biZ 
occurfiis  dabit  duclaque  Q^^  ea  til  t|uai  coiuaclus  l\ 
(j,  et  H,  conjungir.  His  autem  quinque  punftis  datis 
cum  aliis  duobus  M  et  dcterminatur  lir,ca  tertii  or- 
dinis  quse  per  hrec  frptem  puncla  A,  B,  C,  M,  /7^ 
tranfit  ct  in  puncto  A  habet  flcxum  contrnrium.  Kx 
pun£lis  cnim  M  et  dantur  N  ct  7/,  ubi  dudr^i  AM  et 
\m  curvam  fecarit,  et  his  novcm  conditionibus  linca  ^  « 

cictcfoiinatur.  Si  autem  dentur  tria  puncla  AI,  w,  et  S  ; 
ha;c  dabum  tria  alia  ct  unde  df  rcntur  undecini 
conditioncs  ad  figuram  d^terminaudain,  qu»  nimtfe, 

funt* 


Digitized  by  Google 


PROPRIETATIBITS  CSNBllAUBVS,  413 

fant.    Similiter  dato  puii^o  flexus  contrarii  A  cum  ^ 
puniSlis  F»  G»  (adeoque  tangentibus  AF  et      )  et  pua- 
Blis  M  et  m  quibufcunque»  dacur  reda  FG»  adeoque 
pun&  N  et    &  deceraioatur  curva« 

^  73.  Ginp/.  4.  Conttngantfefiae  HB,  HC,  curvam  Fig.  40^ 
in  B  &  C,  &  junaa  CB  tranfibit  per  A,  junte  CG  k  ^ 
FB  concurrent  in  pun^o  cnrvae  V,  &  du^  VH  curvarn 

continget  in  V.  Tangcns  autem  ad  purnflum  flexus 
contrarii  A  determiiiatur  cluccnJo  A  \' ,  cui  occurrat  in  I# 
rccla  PL  ipfi  AH  par*illelai^  bilccanda  PL  in  jund* 
cnim  AX  erit  tangens  ad  pundum  A.  Occurrat  enim 

t  9 

(tangens  ad  A  ttB»  FH  in  Ss  eritque  ps  +  pH 
I       I  'j.*— -L  ' 

PH  ^  PG  FF^  adeoque  p§  +  pH  "  pg  *~  pf 
(quoAiam  AC  fecatur  harmoaicc  ini^  ^  adeoque 

VA,  VF,  VP,  ct  VG,  hamionicales)  =:  —^.  Eft 

igltur  PK  medium  harmonicum  inter  PS  et  PHi  unde 
fi  PL  parallela  re^x  AH  occurraf  reclis  AV  et  AS  ia 
Xetl^.critPX  =  XL.  _  ^  •  ■ 

§  74.  Prop.  XII.   Ex  pun^  Yxnts^  tercii  Fig.  41« 

ordinis  A  ducantur  du2  re<5^a2  curvam  contin* 
gentes  in  F  &  G,  jun6ta  FG  curv^e  occurrat  in 
H,  &  tangens  ad  pun^tum  A  fecet  curvam  ia 
M  i  jungatur  HM«  cui  occurrat  FLK  ipti  AH 
parailda  in  &  fumatur  FK  ='2FL;  turn 
juncla  HK,  reft  a  quxvis  A  B  ex  A  du6la  har- 
monice  fecabitur  a  redis  HK  et  HF  ia  N,  P,  et 
a  curva  in  B»  C  j  ica  u(  NB  eric  ad  NC  ut  JBf 
«dPC.  , 

'Occurrat 
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Occur  rat  eniro  re<Sla  AB  tangent!  HM  in  T|  eritquo 

^  Tk'^  TV        cwiftniaioiiero,  4c  harmmce) 

s=  PX^*  Unde  fequitor  fefbrni  NC  fecm  harmonlce 
in  puflaf»  B  ^  ?i  velNBeHeadNCutJgf  ad^C, 

{  75.  CJpr^)/.  I,  Hinc  fi  duae  qun^vis  rc&x  ex  A  duflaj 
iecentur  in  N  harmonice  ita  ut  FC  fit  ad  PB  ut  CN  ad 
SN»  omnes  refuse  cx  A  edudsp  »  re^U  HF  &HK.ii* 
nilitcr  hanoonice  fecabuntur. 

.  f  76.  Cr^A  9*  Si  curva  pundupi  duplex  npn  habeas 
famqtie  i^cet  redaHK  m  duobus  piso^i^/ 8^g^  ^uSt^s 
A/  $C'Ag  erunt  re&x  cutvam  coi\tingentqt  in,  bis  puni- 
£^8.    Coincidat  enim  punAutn'  B  cum  pun^o 
quando  N  pemnil  ad  /  occurfiim  K^Bis  WL  cum 

curVaj  adeoque  cu^      ^  ^  ^  M>  ^  ^ 

&  coincidtt  C  cum  B,  ^  re£ia  «3| « A  du^  air^ 

vam  tunc  contingit.    Ex  ahera  parte,  fi  re^  A/ cur- 
vam  cnntingat  trai^Hbit  rei^U  HK  per  /*;  ob  xquales 
enim  PB,  PC)  m  hoc  cafu,  coiacidunt  puncla  B 
C  cum  N.'  -  *  .\   ,    •  •  r 

j  77.  C<?r«!/.  3,  Si  rev^a  HK  in  folo  punclo  H  curvae 
occurrat,  <lu^t:  tantuni  tangentes  duci  potcrunt  a  pun<5^o 
A  ad  cui  vam,  viz.  Ak^  6i  AG.  Quatuor  tantum  ad 
fummum  tangentcs  di|Ci  poflunt  a  pun^lo  qiiovis  lines» 
tertii  ordinis  ad  curvam  ut  AF,  AG,  Afy  Ag,  St  enitai 
aUa  quaevis  tangens  duci  peifet  a  pun<Sko  A  ad  curvani 
ttt  Af,  re&  HK  t^niiret  per  pun^tum  f ,  quatuor 

pun^ 
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l^mfta  Itim  tertii  onKms  fyxMintaAaittBif  vis* 

%  78.  Prop.  XIII,  Si  ex  punAo  lincae  tertii 
ordinis  duci  poiRint  quatuor  redae  curvam  con- 
f  tingentesi  red^e  cpncadus  caajungentes  canine* 

nient  iemper  ia  punfto  aliq'uo  cunrse»  &  nefta 
quxvis  a  pritno  piindto  dudbt  hmoomce  fiscabU 
cur  a  curva  &  reftis  binos  concaftus  conjungea« 
tibus*  ,  > 

Sit  A  pun£lutn  curvK,  AF,  AG,  A^  &  A^,  rc£be 
curvam  contingentes  in  pundis  F,  G,  Ug*  Jun^ 
gantur  FG  ^fgt  quibiks  occurrat  re(!h  quaevis  ABC 
(ex  A  du£ia  curvamque  fecans  in  6  &  C)  inP^cN^^C 
re^ta  NC  harmonice  fecabitur  in  B  &  P,  ita  ut  femper 
at  N<C  ad  NB  ut  CP  ad  PB  :  fequitur  ex  Cord.  a. 
prascedentis.  Reftae  autem  FG  &cfg  concutmot  itx 
punAo  Gtirvs  H ;  &  iimititer  reds  F/  &c  Gg  -conve- 
niunt  In  £,  ati|tte  &  'Q/*  in  It  $  &  £,  R  crunt  pirnda 
cunw^  per  idem  cdrdlariwn. '  Atque  haec  eft  poflerior 
dnarinn  proprietatimi  Imeanim  tertu  ordinis  qiias  de* 
.  icripfimos  in  traAatu  de  4unonibu%  Airt.  403U  QooJ 
fi  re&  AM  curvam  'concuigat  in  A,  tt  fecet  in  iA^ 
iun£liK  M£,  'MR«  MU,  curvam  tangent  in  pun6fcis 
\  Hs  &re£brumA£&HR»AR&H£,AH&RK 
Qccorfut  eium  quoque  in  curva** 

* 

§  79.  arol.  Cum  igitur  fmt  rea«  HK,  HB,  HP,  Ct 
HC,  harmonicales ;  fl  recElse  HB  &c  HC  curvae  occur* 
rant  in  b  &c  c;  erunt  pun£la  A,  £f  in  eadem  re^bi 
(joea.   Of:currat  enim  Jun^la  A^  curvse  in  ^  &  f  ac« 

•  Supple       dcfunt  in  Schemace;      ^  ' 
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que  ipfi  HF  in  py  h  HFC  ia  n  ;  cumque  fit  nc  ad  ut 
ad     patet  c  elle  in  recta  KC    &  rcciproce,  (i  f  iit 
in  4reda  HC  &  ^  in  re^  HB^  eriint  A,       in  eadeai 

4^    §  So.  Prop.  XIV.  Habeat  linea  tcrtii  ordinis 

|>un6tuin  duplex  0«  £x  punfto  qtiovis  cur-  \ 
Vde  A  dticantur  duft  rete  AF  &  AG  curvam 

Contingentes  in.F  &  G;  du^ta  FG  curvam  fecct 
in  Hi  jungatur  OH.  Refta  quievis  AB  ex  A 
du6ta  curvse  occurrat  in  pun<5bis  B  &  C,  redse  . 
'  FG  in  &  rcdag  OH  in  N ,  &  rca»  NP  har- 
siiK>nice  fecabitur  in  pun£^is  B  &  ita  uc  PB 
fit  ad  PC  ut  BN  ad  NC. 

Jungatur  cnim  AO  qu.T  reche  FG  occurrat  in  ^& 
taiigenti  HL  in  t  ;  cumque  fit  O  puncium  duplex,  cat 

catur  igitur/^A  harmonice  in  /  ^  O,  ita  ut  pt  fit  ad  />A 
ut  ad  OA,  &  harmonic^lcs  funt  H/»,  H/,  HO,  & 
HA.   Occurrat  re^  PA  tangeati  LH  in  T,  cumque  , 

"*"Ei'*'FA""PA    Pi^  ^"^  PC  PB 

?X  +      ~      i  confequcntcr  PC  eft  ad  NC  at 
PBadBN. 

§  8i«  CoroL  Si  tangcns  HL  occurrat  re<2aB  GZ  ipfi 
AH  parallfla!  in  Z>  &  fumatur  GV  =z  2GZ,  duaa  HV 
tranfibit  per  pun£lum  duplex  O,  fi  modb  curva  tale  ' 
punilum  habeat,  Vel  fi  re£la  Gra  occurrat  redtis  AH 
&  HR  in  r,  jund^e  rA  &  Via  fe  decuflent  in  if^ 
jun&      t^anilbit  per  pundhim  duplex  0» 

^  S2« 
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I  8a«  Prop.  XV.  Ex  pundo  lines  teitii 
ordinls  ducantur  duas  tangCDtes»  &  ex  alio 
quovis  ejuldcm  punfto  ducantur  redae  ad  con- 

tadus  curvam  in  duobus  aliis  pundis  fecantcs; 
tangcntes  ad  hsec  duo  nova.punda  in  eodeiii  . 
Iiuodo  curvae  convenient 

£x  puivSlo  A  ducantur  re6be  AF  &  AG  curvam  con-  Flg«  41; 
tingentes  in  F  et  G.  Sumatur  pun£biin  quodvis  curvae  . 

jitngantur  PF  &  PG  curvam  fecances  In  pun&is  K 
4e  L  s  at<|iie  tang^ntes  ad  punda  K  h  L  conturieac  m 
pttn^  aliquo  curvae  B.  Determinatur  autem  pundum 
B,  dttcendo  nsdam  PC  que  cOrvam  contingit  in  P,  U 
iecat  in  C ;  ii  cnim  j  ungatiir  AC  occurret  dcnuo  cartse 
in  pua&  fi; 

Cani  «him  piin£la  P,  K|  P,^  fint  in  eadem  redil,  & 
tangentes  ad  pun^  F  &  P  curvam  fecent  in  A  &  C  $ 
feqaitur  tang^ntem  fA  punftum  K  tninflturam  per  B« 
/Etob  re£bm  ,LGP>  Ungens  ad  pun^m  L  tranfibit 
quoque  per  B» 

§  83.  CoroL  Sint  igitur  A  &  B  duo  quaevis  pun£la  in  ^ 
lineatertii  ordinis;  ex  utroque  ducantur  quatuor 
curvaai  in  aliis  quatuor  pundtis  contingentcs,  viz.  AK, 
AG,  A/;  A^;  &  BK,  BL,  B/^,  B/.  Jun^a  FK  &  GL, 
FL  &  GK,  F  /  &  G     G  /  &  Fi,  fibi  mutuo  occurreiit 
in  quatuor  pun6lis  curvie,  P,  Q,,  f>  />;  ^  ^  ducantur 
tangentes  ad  hxc  quatuor  pun6Va,  hae  occurrcnt  curvae 
&  fibi  mutuo  in  pun6^o  C  ubi  rec^a  AB  curvam  fccat^^ 
Undc  fi  fmt  tria  pundta  lincs^-  tcrtii  ordinis  in  eaden^ 
refta,  &  ex  fingulis  ducantur  quatuor  rectas  curvam  con-  , 
tingcntes  in  quatuor  alits  pundlis,  icEk^  per  duo  quxvis 
punda  centals  du£U  curvam  Temper  fe^bit  in  aiio 
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aliquo  punflo  contact Ljs ;  Sc  quatuor  hujufmodi  k^Xm 
per  idem  pun^um  contadtus  Temper  tranfibunt. 

*  * 

f%.43»  %  84«  Prop.  XVI.  Sint  F  &  G  punda  duo 
fitiMB  tettit  oidinis^  ica  fumpta  tit  re&st  FA  8r 
GA  cunram  in  his  punAis  contingetites  conve*  * 

niant  in  pun6lo  aliquo  curvai  A.  Sumatur  in 
curva  aliud  quodvis  pundum  P,  unde  ducantur 
ad  pun^a  f  G  re^^  PF  &  PC  quas  oirvse 
occummt  in  K  ec  L;  juQgaotiir  fL  &  GK» 
mqac  hanim  occurfus  Q^erit  in  ciirva.  Tan- 
gentcs  autem  ad  punda  K  &  L  fibi  mutuo  6C 
curvjt  occurrent  in  punLlo  aliquo  curvas  B,  at- 
que  ungentes  ad  pun6U  P  &  Q^convcnicnt  in 
piinfto  cume  iu  uc  triapunAa  A,  fint 
10  cadem  re£b» 

Diicatiir  emm  tangens  ad  pun^m  P  quae  cmvx  oc« 
currat  in  &  du£b  AC  fecet  eandcm  in  B  ;  &  du^se 
BK,  BL,  erunt  tangentes  ad  pundh  K  ct  L,  per  pr:e- 
ccdentem.  Occiin  :it  rcda  LF  curvae  in  Q ;  &  fi  reda 
GK  Kuii  traaleat  per  Q,,  twjcurrat  curvac  in  q.  Quo- 
nram  igitur  tria  punda  L,  l\  fint  in  cadem  re£ta, 
tangentes  vero  ad  L  &  F  curvam  fecent  in  B  &  A,  fe* 
quitur  (per  Prop.  VII.)  tangentcm  ad  pun6T:um  Qjrranf- 
ire  per  pundum  C.  Similiter,  cum  fmt  punda  G,  K, 
€t  in  eadem  rccla,  taqgentes  autem  ad  pun^  G  &  K 
tranieant  per  A  et  B,  tangens  ad  piiiidl.uin  q  tranfibit  quo- 
%ue  pqr  punaum  C.  Utraqoc  igitur  reda  CQ.,  Cft 
curvam contingit  prior  in  poftcrior  in  CdncidunC 
igitur  i^nda  Q^et  f ,  fi  entoi;  dimia  eflc  ppnamu^  fe* 
quitur  per  Frqp.  VIIL  ^ures  quam. quatuor  tai^ntes 
dttci  fiG^  ad  curvam  cx  eodem  pun^o  C*  Sint  enim 
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A/ et  Ag  reclai  quae  curvnm  contingant  in  f  ^  & 
du(^ae  Lfi  Lgj  curvam  iecent  in  m  6c  n  3  &c  tc^tx  Ctn^ 
Qh^  enaot  tangeotes  ad  pun^ta  m  et ».  Quare  habere- 
mus  quioque  tangentes  ex  C  ad  curvam  du^s,  C  P» 
CQ,,  Cm,  Cuf  etCf  I  quodrepugnat  Coroi*  3.  Prpp* 

§  85.  Corel.  I.  Dato  pun£to  P,  ubicunque  fumantur 
puii£U  F  &  G,  modo  tangentes  ad  bsc  pun^a  in  curva 
cimvemant»  datur  pun^m  ubi  jundae  FL  ^  GK 
occurntnt  fibi  mutuo  k  curvx*  £t  fi  a  punfko  P  du« 
catur  re£ta  quaevis  PNM  quae  curvs  occuriat  in  N  et 
M|  & jundae  QM^  QN,  earn fecent Inmetni  erunt 
pun^  e(  «iy  in  eadem  reda  linea.  Oftendimus 
emin  tangentes  ad  piuida  P  &  Q^ie  mutuo  decufllure 
jn  punAo  curne**  - 

§  86.  C/roL  2.  Si  fumantur  qoatuor  pan^  F,  G»  Fig. 
K,  in  linea  tertii  ordinis»  ita  ut  tangentes  ad  pundla 
F  &  G  convemant  in  aliquapunfko  curvse,  &  tangen* 
teS)  ad  punfta  K  et  L»  conveniant  quoque  in  aliquo . 
.  pun^o  ourvse^  dudae  FK  et  GL  concurrent  in  pundo 
curvacy  ic  dudae  FL  &  GK  fibi  mutuo  occunrent  in 
punfto  curvse* 

§87.  Prop.  XVII.  Sint  F  ct  G  duo  quaevis 

punfla  lineae  tertii  ordinis,  ubi  li  re6lse  ducan- 
tur  ciuvam  contingentes,  has  fc  mutua  iecabunt 
•in  pundo  aliquo  curvae.  Sumantur  alia  quatuor 
pundta  curvse  K»  /,  ita  lit  duftx  LF  et  GK 
conveDiant  in  curra,  atque  rcAs  ec  in 
c4  quoquc  convemant  j  tunc  dudtse  L/et  fe 
mutuo  fecabunc  in  curva^  ut  6c  dudlae  I^.  et  1^* 

•  Supple  qaod  deeft  m  Schexnate. 
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Tangentcs  cnim  ad  puncia  fctg  (c  mutuo  dccuflant 
in  curva,  per  Prop.  XIV.  ut  et  tangentes  ad  punda  K 
et  per  eandcm .  Adeoque  per  Corol.  2*  prsccedcntis, 
juii£bB  /L  et      contcnhint  ia  cmva»  ut  et  JTL  et 

i'jg-  45-  §  88.  Lemma.  Demur  trcs  reaae  IC,  IH,  ct  CH, 
pofitione  ;  et  triapunda  F»  S,  qux  Tint  in  eadem 
reda  linea*  Sumatur  punAum  qupdvis  Q^in  reda  IC»; 
juii£b  QP  occurrat  n&m  IH  in L»  etiunda Qp redae 
HC  in  Pj  jungatur  FP»  diiaai  SL  odAirrat  leais  FP  ct 
QP  in i et N;  at<(ue punBm ietlf  eriint ad redas po- 
fitione H]aca»i  Jungatnr  entm  IN,  quae  occurrat 
GS  in  et  ducatur  per  N  parafida  reAse  FS  quaeoc* 
ciiriat  redfs  IC,  I H,  et  LQ^  in  pun6tts  n,  et  r  i  oc- 
currat voda FG reab  IC|  IH,  et HC>  ma,  hyttJ^ 
Qttoniam  Njreft  ad  Nr  ut  0«  ad  OF,  et  Nr  ad  N«  ut 
SF  ad  S^,  eric  Kjit  ad  Niv  (adeoque  ma  ad  mh)  ut  Ga 
X  SF  ad  GF  x  S^,  i.  e.  in  data  ratione.  Datur  igitur 
pundlum  adeoque  re^  INw  pontione ,  6c  flmiliter 
eft  punctual  i  ad  puritioue  datam% 

n«  2.  §  89.  Cor/)!.  CoiYicidenfibas  puncSlis  S  ct  G,  coincidit 
quoque  puntitum  m  cum  pun£lo  G.  Jungatur  igitur 
IG  quae  reiiae  HC  occurrat  in  &  ducta  CF  occurrat 
re^x  HI  in  £,  turn  jun(5ia  DE  eric  locus  puntli  K  ubi 
dudbe  GL  et  FP  fe  mutuo  decu^t. 

Fig.  46.  §  90.  Pkof.  XVIU.  Sit  FGLFQX  quadri- 
lateram  inferipcum  figurae,  cujus  fex  anguli  tan- 
gant  lineacn  tenii  ordints  ut  in  Prop.  XVL 
Ducantur  re&»  curvam  contingentes  IC,  CH, 

Hly  in  tribus  pundtis  Q^,  P,  L,  quse  non  fint  in 
eadem  ledaj  jungatur  lj3  quae  tangent!  CFi^ 
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oecurrat  in  D»  ct  HF  quse  tangenti  CI  occuiv 
rat  in  E ;  cront  punAa  D,  K,  E»  in  eadem 

rcBz  linea^  quae  quidem  curyatii  in  pundko  K 
cpntingic,  > 

Supponamus  enim  redaa  XJEL  et  FKP  nunreri  ciica 
polumF,  &;  rcdas  L6P  et  QKG  circa  polum  G, 
pttn6b  autem  eC  P,  deferri  In  6uigentibiis 

LI  et  PC}  turn pundiiin  K  movcbitur  in  reda  D£> 
per  Corol.  pra^cedens.  Unde  ft  punda  Q,,  L,  fe- 
rantur  in  cur^a  quae  has  rc6bs  QJ,  LI,  ct  PC,  in  his 
punciis  coiitiiigit,  movcbitur  quoque  in  curva  quam 
re£b  DE  contingit.  Sed  per  Prop.  XV.  fi  pun(5la  Q^, 
P,  ferantur  in  linea  tertii  ordinis  propofita,  punc^ 
tirm  K  movebitur  in  eadenii  quam  igitur  reda  DE 
contingit  in  Kl« 

5  91*  Cfnl,  I.  Similiter  ii  redie  AF  et  AG  (quae 
curvam  contingunt  in  F  et  G)  occurrant  nBst  1 H 
(qua  curvam  contingit  in  L)  in  pu'ndis  M  et 
junda  MP  fecet  tangentem  AG  in  iii^  &  junda QH  * 
Cangentem  AF,  in  e ;  reda  ^  tranfibit  per  K>  &  Curvain 
^  in  hoc  punAo  contioget ;  atque  quadior  punfb  4 
£i  enint  in  eadem  re^  linea. 

§  92.  Carol,  2.  Ex  duobus  pun£iis  curv.e  quibukun- 
que  C  et  B  ducantur  ad  curvam  quatuor  contingentes. 
binae  ex  fingulis,  CQjet  CP  ex  pundo  C,  BL  ct  BK  ex 
pun6h>  B,  fiiitque  harum.tangentium  occurfus  I, 
et  D i  turn  du^  LQet  EH  mutuo  fecabunt  in  pun- 
do  curv«  Fi  atque  jundaram  LP  et  ID  occurfus  erit 
in  pundo  curve  G ;  tangentea  autem  ad  pun£ia  F  et  G 
fe  mutuo  iecabunt  in  puodo  cunrse  A  quod  eft  in  eadem 
nSb^  cum  panels  C  et  B. 

5  92'  3«  I^atis  tiibus  pdiidis  lincae  tertii  or- 

dinis quae  iint  in  eadem  rc£ii^  &  duabus  tangentibus  ex 

£  e  2  horum 
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horum  fingulis  du6lls  ad  curvam  pofitione  datis,  tcx 
puiK^acontaclus  dctcrmiiiantur  per  banc  propofitionem. 
Sint  A,  B,  C,  tria cur vae  pundta  data  in  eademrc<^  AM 
ct  AN  tangcntcs  cx  A,  BMI,  ct  BDE,  tangentes  tx  B 
quse  prioribus  occurrant  in  M,  N,  et  fintque  CD 
ct  C£  tangentes  cx  tertio  pun^o  C  du£be;  atque  oc- 
c«rrat  CD  ipfis  BM,  BD,  AM,  ct  AN,  in  H,  D,  ct 
f,  &  C£  iifdcm  In  I,  £,  ji  ct  His  pofttis,  junAa  N# 
fcca)>i(  tangcntcm  CI  in  pnn£toconta^as  M^leca- 
bit  tangcntem  CD  in  pundo  conta6liis  P,  ID  fccabit 
ungentem  AN  in  ptinAo  conUdus  G,  £H  tangcntem 
AM  tn  conta^u  F,  mb  fccabit  tangcntem  BH  in  L,  et 
dent  que  m  tangcntem  BE  In  Quamvis  autcm  pro* 
blcmik  in  hoc  cafu  determinatum  fit,  folutiones  tamen 
plures  admittit.  Diverfe  enim  line*  tertii  ordinis,  fed 
iiuniCio  iitiuiitae,  per  tria  puncia.  A,  B,  ct  C,  duci  pol- 
funt  contingentes  fex  re^ias  pofitione  datas  AM,  AN, 
BM,  BD,  CD,  et  CE.  Occurrat  enim  tangenti 
CD  in  />j  reda  tangenti  CE  in  ID  tangenti  AM 
in /,  EH  tangenti  AN  in^,  nc  tangenti  BM  in  /,  et  mh 
tangenti  BD  in  k ;  atque  linea  tertii  ordinis  qiirr  con- 
ditionibus  propolitis  Tatisfacit  continget  redas  CD  et 
CE  vel  in  P  et  Q_,  vcl  in  p  et  q.  Ea  continget  reiStas 
AM  ct  AN  vel  in  pundlis  F  et  G  vcl  in  fttg;  re(ftas 
lintem  BM  et  BD  vel  in  L  et  K,  vcl  in  /  et  i.  Conftat 
igitur  plures  linea*;  tertii  ordinis  problematis  conditioni* 
bus  fatisfocere  pofTe,  fed  numcrodcterminatas,  adcoque 
problcma  cilc  determinatum*. 

§  94«  OroL  4*  Datis  duo^us.  ptin^is  lineae  terttt 
«rdinis  A  et  B,  tangcntibus  quoque  AM,  AN,  BM, 
BD  pofitione  datis  cum  tribus  pun6fcts  contaAus  F,  G, 
et  L,  datur  pun^lum  K  ubi  reda  BD  curvam  contingit. 

*  SuppU  quae  dtfunt  in  S^cmatc*  ' 
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Si  eflim  ducantur  rete  Ve  et  LF>  hanim  occurfu  da-, 
bitur  *punduin  tc  duda  QG  fecabit  conttngentem 
BD  in  pundlo  contaftib  K,  Datnr  quoque  punftum  P 
cccurfus  redanim  LG  et  vel  re&arum  M^et  FK  ; 
tres  enim  redae  L(jf»  et  FK,  neceflario  conveniunt 
in  pun^  P.  Sit  MeM  quadrilatimm  quodvis,  fuma- 
Cur  pundum  quodvis  QJin  dtagonali  et  P  in  diago- 
nali  Mdf  re£la  quxvis  QFL  ex  Q^dufta  fecet  latera 
Me  et  MN  in  F  et  L,  du6la  PI.  fecet  latus  N^/  in  G, 
jungatur  Qjj  qu:e  latus  ll'cct  in  K  ;  atquc  puiitTti 
F,  K,  P,  erunt  iempcr  la  eadcin  re6\z  linea,  per  fupe- 
rius  oftenfa.  Unde  conftat  problema  non  ideo  fieri  im- 
poi£bile,  quod  oporteat  tres  ret^as  LG|  &C  FK»  in 
eodem  pun^o  convenire. 

§  95.  Prop.  XIX*  Sint  D,  E^.  F,  ptinda  Fig.  47. 
linese  tertii  ordinis  in  eadem  redta,  fintque  tres 
rcdae  curvam  in  his  pundis  contingentes  (ibi 
mutuo  paralielce.  In  reda  DF  fgmatur  punAum 
P  ita  uc  iVF  fit  medium  harmonicum  inter  PD 
et  P£  I  &  fi  alia  qusevis  reAa  per  P  du6:a  curve  * 
occurrat  in^  &  erit  fcmper  2P/  medium 
harmonicum  inter  6c  Fe,  Supponiirus  autem 
pun^a  li  &C  e  elie  ad  eafdem  partes  pundi  P, 
pundum  autem /  e0e  ad  cootrarias* 

* 

Occurrant  enim  tangentes  DX,  EL»  FM,  rtBm  df 
in  pun^s      L«  et  M  i  eritque  per  Art.  9*y^'^'fj  ' 

TT      m  "  R[  KiSa.  ungentt. 

bus  parallela  harmonice  fecet  rcdam  PD  ita  ut  P£  fit  ^ 
ad  EQ^ut  PD  ad  DQ,  &      occurrat  rea*  fd  in  q) 

E  c  3  •  s 
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=        "  ^  (quoniamPf  eftadPMutPQ^adPF, 

&  ex  hypothcfi  2PF  =  PQ^  adcoqiw  iPM  =.  Pj)  =s 

pSi  -  PS  =  °'  =  p7  +  ^>  adconue 

medium  harmonicuoi  inter  Fdet  Pe% 

§  96.  Carol,  I.  Jungantur  Dd  Sc  Ee  quae  convcniant 
in  pun£lo  V,  jundbe  VQ^et  V/  erunt  parallelae;  6c 
produfia  VQ^ donee  occurrat  re^ae  fdin  r,  crit  Py*  =: 
|Pr«  Re£bi  enim  P  D  fecatur  harmonice  in  £  et  Q^y 
ex  hypotbeii,  adeoque  etiam  red^a  ?d  fecatur  harmomce 
in  set  r,  per  Art.  21.  iinde  P/^  {Pr;  cumque  fit 
PF  .=  IPQ,;  fequicur  reaam  |y*pantUelain  eOe  har* 
monicaU  VQr.  '    -  ^ 

§  75.  Or«A  2.  Similiter  ft  fiimatur  In  rcAa  DF  puiu 
£tum  ^  ita  ut  2pD  fit  sequalis  medio  harmontco  inter 
^£  et^Fi^  &  re^  quievis  ex  p  duda  cu^vs^  occurrat  In 
tribus  punffcis,  erit  fegmentitm  hijus  jre£beex  una  parte 
pundi'  f  ad  curvam  terminatum  aequale  dimidio  medii 
harmonici  inter  duo  fegmentii  eodem  pundo  p  et  curvi 
ad  alteras  partes  Wmin^ta, 

Fig.  48,  §  9^*  LtmnutM  £x  centro  gravkatis  trianguli  duottur 
re^  quavis  quae  tribus  lateribus  trianguli  occurrat^'  & 
fegmcntum  hujus  re^be  centro  gravitatis  &  uno  trianguli 
latere  terminatum  erit  dimidium  medii  hanponici  inter 
iegmenta  ^uTdem  redap  centro  gravitatis  &  doobus  aliis 
triangult  lateribus  terminata.,  Sit  y  centrum  gravitatis 
trianguli  VTZ,  occurrat  reOa  FD£  per  P  du^  late- 
ribui  in  F>  D,  £ ;  fintque  pun&  D  et  £  ad  eafdem 

I  -     I  I 

partes. pun^  P;  eritque  pjjjF  ^  pg*  I^t^atur 

enim  per  pun<^uin  P  leda  MPL  lateri  VZ  parallela,^ 

quae 
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quae  lateribus  VT,  ZT,  occurrat  in  L  et  M  et  re£lae 
VN  paralleliip  lateri  ZT  in  N  ^  cumque  fit  MP  =  PL, 
^tTL  s  2VL,  ob  fitnilia  trianguta  1'LM,  VLN,  eric 
LM  .=:  2LN,  ixnk  LN  =  LP,  ct  PN  =  iPM,  pro- 
inde  ii  ?D  occtinst  leda?  VN  in  K,  erit  (per  Art.  2U 

§99«  PnQF.XX.  Concingant  tresrc6heVTj  Flg.  49. 
VZ,  TZ,  lineam  tcrtit  ordinis  tranfeacque  ca- 
dem  rcdla  linea  per  tres  contadtus  6c  per  P  cen- 
trum gravitatis  trianguli  VXZi  rcda  qusevia 
per  hoc  centrum  duAa  curvas  occurrat  m  punfto 
€  cx  una  parte  &  in  punftis  et  ^  ex  altera  cjuf- 
dem  cencri  gravitatis  parte,  eritque  iPc  medium 
hafnionicum  incer  legmea^      6c  PL  , 

Occurrat  enim  rc<5la  P^  lateribus  trianguli  VTZ  in 
y,  4  ct     &  rea«  VN  lateri  TZ  paraliei»  in  i  j  erit- 

qucaP/=P^  adcoque  •^=Fi  =  ^+  T7=Fi 

+      ^  ^  +  p7'  ¥7  =  ^7^  Tp"^ 

Fc  eft  dimidium  medli  harmonici  inter  re&as     et  F^* 

§  xoo.  Prop.  XXL  Sit  V  pundum  duplex  Fig.  50. 
in  linea  tertii  ordinis,  VT  et  VZ  re^a»  curvam 
in  hoc  pun&>  contingentes,  quibus  in  T  et  Z 
occurrat  rcda  TZ  curvam  contingens  in  F  ita  ut 
FT  3=  FZ  :  jungatur  FV,  in  qua  fumatur  FP  = 
j-FV;  &  fi  redta  qu^evis  per  P  duda  curvas  oc« 
currat  in  tribus  pundis  a,  c,  quorum  aSick 
fint  ad  ealSkm  partes  pundi  Pj  c  ad  paries  con* 

£  e  4  trarias. 
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trarias,  crit  femper  2?^  medium  hamionicum' 

III 
inter  fegmenu  P<?  ct  P^,       K  ^  FS* 

Cum  eniiD  biteceturTZ  in  F,  fitqueTP  =  ^FV, 
manifeftum  eft  pundlum  P  elTe  cmtruiii  gravitatis  trU 
anguli  VTZi  cumque  fie  punautn  P  in  re&i  FV 
qiKT  per  contadus  tranfit,  fcquitur  propofitio  cx  prae- 
ceilciitc. 

§  I  or.  QnL  i.  Si  jungantur  re6ix  Vj,  V^,  &  Fr, 
erit  F  quoque  centrunn  gravitatis  triahguli  hike  rc^is 
cont€nti»  ut  eC  trianguli  tribus  re£lis  curvam  in  hj 
/,  contingentibus  comprebenfi  i  6c  fi  dttdae  V«  ct 
occurraot  rc^  in  m.tt  tf^  erit,  femper  Fm  SBqualis 
F». 

$  102.  Ori?/.  2«  Re£b  per  pim£luni  duplex  du£ta 
pamllela  redae  F^  barmonice  fecabit  ipfaip  P«  in  i  iCa 
ut  erlt  ad  ak  ut  ad  Pi;  quae  vero  ducitur  a  pun« 
^  i  ad  4r  occurfum  re&rum  curvam  in  <r  et  ^  contin- 
genttttm  paraUela  eft  rt&x  cy  figuram  contingeuti  in  r« 

§  103.  CoroL  3.  Datis  duobus  pun(flis  act  c  ubi  re6la 
qusvis  ex  P  du£la  curvx  occurrit,  datur  tertium  b ;  jun<p 
gantur  enim  Va  et  F^  quae  fibi  mutuo  occurrant  in  m  j 
lumatur  F«ex  altera  parte  punfti  F  sequaiis  ipfi  Fui^et 
junclfi  Va  fecabit  red:«m  in 

fig*  51«  §  104»  Prop*. XXII.  Ducitur  per  punAum 
quodvts  P  redta  quae  dirigatur  in  plagam  crurum 
infinitorum  &  occurrat  curvae  in  pundlis  a 
ducatur  per  idem  pun^lum  redla  qua: vis  curvam 
fecans  in  puodtis  £>  quaeque  redis  curvam 
iiia^€  contingentibus  occujrrat  in 4: ct acque 

alymptoco 


Digitized  by  Google 


PROPRIETATIBUS  GENERALIBUS* 

afymptoto  cruris  infiniti  in  /;  &  fi  punAa  D,  E, 

A,  /,     fine  ad  eafdem  partes  pundli  P,  punduiu 

vcro  F  ad  contrarias,  =  ^  +  ~ 

"  1>7     F«*       termini  cujufvis  fignuin 

eft  mutandum  quoties  fegmentum  ad  oppolitas 
partes  pundt  P  plrotendttup. 

•  Sequitur  ex  Theor*  I.  Art*  9.  eft  enim  per  hoc  dieo* 


§  105.  Corel,  I.  Si  refia  PD  ducatur  per  concurfuo^ 

tangentium  ah  cm\  &  fumatur  PAl  ccqualis  medio 
harmonico  inter  redas  PD,  PE,  PF,  fecundum  Art.  28» 

erit  "pj  =         p;fi  a^eoquc  |.PM  erit  medium  bar* 

montcum  inter  P/  et  |  P^.  Quod  ft  tangentes  ak  et  cm 
concurrant  in  ipfo.puii^o  afymptotos  c^uo^ue  per 
M  uaniibit.  . 

§  106.  Corol  2.  In  c  a  fa  Prop.  XIX.  ubi  trescontac*  Fig.  47» 
tus  funt  in  eadem  recta  linea  &  tres  tangentes  parallelsBi 
fumatur  punaum  P  ut  in  Propofitione  XIX.  fitquc  a?c 
afj^mptoco  parallela,  occurnktit  ak  et  cm  tangentes  rete 

PD  in  i  et  w,  eritque  ~  =:      +  -L ^  five  P  /  acqualis 

dimidio  medii  harnionici  inter  Pi  et  ?m.  Quod  (1  tan«  • 
gentet^i  et  m  concurrant  in  eodem  pun6b  rete  PD, 

erit  P/  =  iP/f  i  quoniam  vero  in  Prop.  XIX.  ^  =  ^ 
+        erit  P<2  ==  P^,    •       '.  *  .  » 
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49-     §  107*  OrtL  3«  Ucm  dicendum  eft  de  cafu  Prop.  XX* 
ubi  trcs  contadus  p,  funt'in  eadem  refbiquae 

tranfit  per  P  centrnm  gravitatis  triaogtiU  VTZ  tangen^ 
tibiis  contenda  .  SI  autem  altera  redarum  curvam  in  a 
vel  r  contingentlum  (pofita  aFc  aiymptoto  parallela)  fit 
ft&st  DP  parallelai  abibit  aiympcotoa  in  iafinitimii  erit* 
eras  paraboticum*  ^  , 

%  iq8«  Cfrd,  4m  lifdem  pofitts  ac  in  Prop.  XXl«  Sit 
eVm  afymptoto  pkrallda,  occurrant  tangentes  «i»  r% 

rcdac  Vf  in  i  et  jw,  critquc  ^  =  yj^  +  -^.  Undc  fi 

curva  dianietrani  haber,  cum  haec  necef&rio  tnui&at  per 
Wig*  5  a.  pundum  duplex  &  per  pundum  curvse  F  ubi  bife- 
catur  tangens  TFZ,  fumatur  ab  F  verfus  V,  FP = |F  V, 
dttcatur  cPit  alymptoto  parallela,  &  tangens  ak  qusfi  diai> 
metro  occurrat  miy  &  ex  altera  parte  pun^  P  fuma* 
tur,  fuper  re£bm  PV,  P/  =:  iPi,  &  re6b  per  /  du^a 
ordinatim  applicatis  parallela  erit  afymptotos  curvae.  Si 
vero  tangens  iit  diamttio  parallela,  erit  cms  curvae 
generis  parabolici.  Propofitio  Newtoni  de  fegmentis 
redae  cujulvis  tribusafymptotis  &  curva  terminatis  facilc 
fequitur  ex  Art.  4«  ut  ab  aiiis  olim  ollenTuna  eft* 

Fig-  5>    §  109.  Paop.  XXIIL  £x  punAo  quovis  D 
lines  tertii  ordinis  ducan(ur  duac  qusvis  redhe 

DE1,DAB,  qu£e  curv^  occurrant  in  punAis,£>  I, 
et  A,  B;  ducantiir  tangentes  AK,  BL,  quas  recflse 
DE  occurrant  in  K  ec  L.  Sit  DG  nieciium  har- 
monicum  inter  fegmenta  DE>  DI,  ad  carvamter- 
minata,  acque  DH  medium  harmonicum  inter 
fegmenta  DK,  DL>  ejufdem  rete  tangentibus 
abfciiTa,    Sit  DV  medium  gcometrjcum  inter 

I  OG 
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DG  ec  DH,  ducttur  VQ^parallela  tangent!  DT» 

quae  occurrat  redlae  DA  in  Qj  &  fi  circulus  ejuf- 
dem  curvaturae  cum  linea  tertii  ordinis  propo- 
fita  in  pundo  D  occurrat  rtOx  DE  in  R,  erun( 
HG»  continue  propoition^es. 

Nam  per  Theor,  II.  (Art.  15.)  eft  py^^pn^  = 
1       I        I        *  _  *        2  _  2DH-1DQ 

'  =  ^  (quofliamDV*  =  DG  X  DHj)  undeXiV^s 
3tHG  X  DR,  adeoque  HG  ad  QV  ut  QV  ad  2DR. 

§  110«  CoroU  I*  Sumatur  igitur  Dr  in  re£la  D£  tertia 
proportionalis  tcStls  HG  et  iOV,  &  perpendtcularts 
re^ts  D£  ad  pun^um  r  fecabit  normalem  tangent! 
DT  ad  pun6luin  D  in  centro  circuU  ofculatorii  five 
circuli  ejuidem  curvaturx  cum  Itnea  propoiltai  in  pun6lo 
0»  Si  pan^  £,  I,  K,  L,  fint  ad  eafdem  partes  ejuf- 
dem  puniSli  prout  DH  major  eft  vel  minor  qtiam  DG>  . 
u  e*  prout  medium  harmonicum  inter  fegmenta  DK,' 
DL  tangentibus  abfci£&  majus.eft  vel  minus  me- 
dio -harmonico  inter  fegmenU  DE^Dlj  ad  curvam  ttr*' 
minata. 

§  1 1 1.  CoroL  2,  Si  angulus  EDT  bifecetur  re£la  DA, 
erit  QV  =  DV,  et  iHG  X  DR  -  DV^  =  DG  X  DH, 
adeoque  HG  ad  DG  ut  DH  ad  2DR. 

§  1 12«  OroL  3.  Revolvatur  re£b  DA  circa  polum 
manente  teOck  D£,  et  .HG,  difFeientia  mediorum  bar* 
monicorum  DH  et  DG>  augebitur  vel  minoetur  in 

duplicata  ratione  rc6\x  VQ^  Quippe  ob  datam  cbordam 

QV* 

circuii  ofculatorii  DR»  manet  quanticas  gg-*  quae  aequa* 
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lig.  54«  §  113.  Corol,  4.  Si  tangentium  AiC  h  BL  altera, 
ut  BL,  fit  redlas  D£  parallela,  ducantttr  GX  ct  KZ 
panllelie  re£be  DT  curvam  ia  D  contingenti,  quie  tpfi. 

OX  X  KZ 

AB  occurrant  in  X,       eritque  j>q  ^      ^  pfc  == 

GX  X  KZ 

que  — ^ —  =  2DK  —  DG,  &  proindc  crit  lit 

aDK  -  DG  ad  KZ  ita  GX  ad  DR.  Si  tangens  AK^ 

esradat  quoque  parallela  re£lse  D£  (quod  \^  his  figiiria 

contingere  poteft)  erit  DG  ad  GX  ut  GX  ad  aDR ; 

GX*  2 
naoa  in  hoc  cafu        ^      =  gg>  adeoquc  GX^ 

DG  X  2DR. 

§  1 14*  G^r^.  5«  Si  reda  D£  fit  afymptoto  parallelii 
adeoque  curvae  occurrat  in  uno  pun^o  E  praeter  ipfum 
Dy  fitque  fimul  tangens  BL  afymptoto  paraUela,i  duc^- 
tur  £Y  parallela  tangent!  DT  quae  occiiri^t  re^ae  DA 
in  Y,  entque  K£  ad  KZ  ut  £Y  ad  DR.* 

§  1 15.  Corei*  6«  Si  fit  D  pun^bim  flexus  contrarit, 
coincidet  pundum  H  ciim  G,  evanefcente  linea  PI  G, 
adeoque  evadit  DR  infinite  magna,  i.  e.  curvatura  mi- 
nor eft  ad  pun<ftum  flexus  contrarii  quam  in  circulo 
quaiitiinivi s  magno  i  ut  alibi  quoi^uc  olleiidimus,  trac- 
tatus  de  iiuxionibus,  Art.  jy8. 

Tvg*%$*     S  ^^^*  ^°^'>''  1'    Sit  V  pun^Slum  rfuplex,  DA  afym- 
ptoto parallela,  &  occurrant  recf^^  VCi,  KZ,  tangenti 
DT  parallelae  redtae  DA  in  Q^et  Z,  atque  occurrat  DV 
*  afymptoto  in  L,  fitque  DH  medium  harmonlcum  inter 
DK  et  DL)  eritqii«  2DH— DG  ad  KZ  ut  DL  ad  DK, 

*  Supple  figuram. 

atque 
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atqtte  VH  :  HN  ; :  VQ.:  DR.  Si  rc^  DA  biTeceC 
aiigttliim  TDV,  tnt  E|R  :  D V  : :  DH  :  2VH. 

§  1 17.  Prop.  XXIV.  Sit  D  punaum  quod*  Fig!  5«. 

vis  lines  tertii  ordinis,  occuirat  tangens  ad  D 
curvas  in  I,  fitque  DS  diameter  circuli  ofcula-. 
torii)  quae  curvae  occurrac  in  A  et  B  ;  unde  red^e 
dudbe  curvam  contingentes  fecent  DI  in  K  et  Li 
fit  DH  medium  harmonicum  inter  DK  et  DL» 
&  fumatur  DV  ad  DI  ut-DH  ad  difFerentiam 
reftarum  2DI  ecDHj  eritque  variatio  curva- 
turae  inverfe  ut  re^kangulum  SD  x  D  V  i  6c  junda 
VS,  variatio  radii  curvaturae  ut  tangens  angult 
DVS. 

r  ^ 

Nam  per  Tb cor.  TIL  (Art.  17,)  variatio  nirv-ifiTr^e 
ft      1        1    ,    I        P  _  I        2  I 

1       2DI— DH  I  .  . 

DS  ^  DHxPI  ==^5sir5v-  Variauoautemra- 

DS 

dii  ofculatorii  eft  ut        adeoque  ut  tangens  anguli 

DVS,  per  Art*  i8«  parabola  autem  qua  eandem  habebit 
curvaturatn  8c  eandem  variatlonem  curvaturse  cum  Itnea 
propoiit8>  decerminatur  ut  in  Art.  19. 

§  Il8.  Orel,  Si  tangens  BL  fit  tangent!  ad  D  pa*  Figw  57; 
rallela,  erit  DV  ad  DI  ut  DKl  ad  IK ;  &  fi  utraque 
tangentium  AK,  BL,  fiat  parallela  ipfi  DT,  erit  DV 
=  DI,  adeoque  variatio  curvatune  inverfe  ut  DS  X  DI. 
Quod  fi  in  hoc  cafii  fit  DT  parallela  afymptoto  curvae,  pj^, 
evanefcet  variatio  curvaturae.  Qucmadmodum  igitur 
evanefcit  variatio  curvaturae  in  verticibus  axitim  fcdio- 
nuin  conicarum  ^       u;riiliur  evanefcit  ia.  verticibus 

diacne- 
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diametroruiii  linearum  tertii  ordinis  qux  ad  retflos  an- 
gulos  ordiiutim  appiicuus  biiecanc, 

iig.  59.  Sl/juL  Sunt  autcm  alia  plurima  theoremata  dc  tangen- 
tibus  6c  curvatuni  lincai  um  tertii  ordinis.  Sint,  fx.  grl 
F  &  G  duo  pun6la  linex  tertii  ordinis  unde  tangente$ 
du(5la;  concurrunt  in  curva  in  A.  Producatur  FG  donee 
curv:c  occurrat  in  H«  Sit  TAC  tangens  ad  punctum 
U  coni^ituatur  angulus  FAN  =  GAT  ad  contrarias 
partes  rc£^arum  FA.G  A,  fccctque  AN  re(51:im  FG  in N. 

#  £t  fi  circuii  ofculatorii  occurrunt  redtx  FG  in  E  & 

crit  GB  ad  F^  ut  reaangulum  NFH  ad  NGH.  Sit 
enim  pun<5him  a  ipfi  A  quamproximum,  &  puniSta 
ipfis  F,  G,  H,  qiiamproxitna,  eritque*  fKYa  :  FG/ : ;  GF 
:FB.  FG/(  =  HGA)  :HFi&::  FH:  GH.  HFI  {=z 
GFg)  :  AGn  ::hG  :GF  ;  unde  AFa  iAGa  ::  FHx 
:  FB  K  GH  : :  GN :  FNs  undeFB :  Gk;;  NFH 
:NGH.  Sid^kisfatis. 


F  I  N  I  S« 
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GEOMETRICAL  LINES. 


C)NC£RNING  the  lines  ofthcfecofKl  order,  or  the 
conic  k€&on9i  the  «ncient  and  modern  geometers 

have  written  very  fully  ;  concerning  the  figures  which 
are  referred  to  the  fuperior  orders  of  lines,  little  has 

been  delivered  before  Newton.  That  moft  illuftri- 
ous  man,  in  his  traft  concerning  the  Enumeration  of 
Lines  of  the  Third  Order^  has  revived  this  fubje^l,  which 
had  long  lam  negle^led,  and  has  jQicwn  it  to  be  worthy 
of  the  geometer's  notice.  For  the  general  properties  of 
thefe  lines,  which  he  has  laid  down,  are  fo  confonant  to 
the  known  properties  of  the  ronic  fc^flions,  that  they 
feem  to  be  conformable  to  the  fame  law,  and  from  his 
example  many  others  have  been  (Ince  induced  to  make 
this  fubje<S^  their  ftudy,  and  have  clearly  comprehended 
and  explained  the  analogy  which  there  is  between  fi- 
gures  of  fuch  «very  different  kinds.  The  pains  which 
they  have  been  at  in  the  iUuftration  and  farther  invefti< 
gation  of  thefe  matters,  have  defervediy  met  with  ap- 
plaufe,  iince  there  is  nothing  in  pure  mathematics 
which  qui  be  called  more  beauttfuli  'oir  that  is  more 

Ff  2  H>S 
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apt  to  delight  a  mind  defirous  of  invlcftigating  trutb» 
than  the  agreement  and  harmony  of  different  things, 
and  the  admirable  conne£lion '  of  {he  fucceeding  with 
the  preceding,  where  the  more  fimple  always  open  the 
way  to  tnofe  which  are  oxMie  diftciUt. 

Moift  of  the  general  properties  of  lines  of  the  third 
order,  delivered  by  NtwUn^  relate  tofegments  ofpa^ 
rallds  and  aiymptotei*  Some  other  of  their  afl^ions, 
of  a  different  kiiid»  I  have  briefly  pointed  out  m  my 
Treatife  of  Fluxions,  lately  publiflied,  Art.  324,  and 
401.  t  The  famous  CsUt  formerly  difcoveced  a  moSt 
beautiful  property  of  geometrical  lines,  hitherto  un- 
publifhed,  which  has  been  communicated  to  me  by  the 
Rev.  Dr.  RjLdrt  Smithy  mafter  of  Trinity  College, 
Cambridge,  a  c^cntieman  not  Ids  rcmiirkablc  for  his 
learning  and  wo:k^,  than  (or  his  fidelity  and  regard 
for  his  friends.  VVhilii  I  had  thefe  under  coniidera- 
tion,  fome  other  general  theorems  offered  themfelvcs  j 
which,  as  they  feem  to  conduce  to  the  augmentation 
and  illuftration  of  this  difficult  part  of  geometry,  I  have 
thought  fit  to  throw  together^  and  brieHy  to  e^cpound  iq 
order,  and  demonllrate^ 

£  _  :  ■  ■   


S  E  C  T  I  O  N  I. 

0/  Geomelrical  Uftes  in  genfral, 

§  I.  T   IN£S  of  the  iecond  order  are  defined  by  th^ 
1-^  .fedion.of  a  geometrical  lUid,  viz.  a  cone, 
whence  their  properties  are  beft  derived  by  commoa 
geometryi,  6ut  die  nature  of  the  figures  which  ar^ 

♦     '     a  tc{er«4 
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teferred  to  the  fupenor  orders  of  Jincs  is  different.  To 
define  and  draw  out  their  properties,  general  equations 
ntuft  be  applied)  exprefling  the  relation  of  the  co- 
ordinntes.  Let  x  reprefcnt  the  abfcifla  AP,  y  the  or*  Fig,  1« 
dtnate  PM  of  the  figure  FMH,  and  let  tf,  k% 
denote  any  invariable  coefficients;  and  having  th« 
sngle  APM  given,  if  the  relation  of  the  co-ordinates  jr 
and  jr  be  defined  by  an  equation  whicfa»  befides  the  co- 
ordinates themfelves,  involves  only  invariable  coeffi- 

<    clentSy  the  line  FMH  is  called  a  geometrical  one^. 
which  indeed  i^y  fome  authors  is  called  an  algebraical 
line,  by  others  a  rj^tional  line*   But  the  order  of  the 
line  depeiKls  upon  the  Higheft  index  cfxory  in  the 
terms  of  the  equation  freed  from  fraiE^ion^  and  furds, 
or  upon  the  fum  of  the  indices  of  both  in  a  term  where 
tb.zt  lum  is  the  greateft.    For  the  terms  x\  xy^  ztq 
equally  referred  to  the  fecond  order    the  terms  x^^  ;c*y, 
xy\  y  to  die  third.  Therefoie  the  equation  ^  =:  t^A*  + 
or  y  —      —  ^  ~  o,  is  of  the  firft  order  and.  denotes  a 
line  or  the  locus  of  the  firA  order,  which  indeed  is  always 
a  right  line.    For  let  there  be  taken  in  the  ordinate  ^i/f •  - 
PM  the  right  line  PN,  fo  that  PN  be  to  AP  as  +  ^  to  ' 
unity;  let  AD,  parnllel  to  PM,  be  made  equal  to  -f-  hy 

.  and  DM,  drawn  parallel  to  AN,  will  be  the  locus  to 
which  the  propofed  equation  will  anfwcr.  For  PMsiPN 
+  NM  z=  (<7  X  AP  +  AD)  ax  +  But  if  the  equa- 
tion be  of  the  form  y  ax  —•  or  y  zz  ^  ax  +  th^ 
right  line  AD,  or  PN,  is  to  be  taken  on  the  other  fide 
of  the  abfctflk  AP ;  foi;  the  contrary  fituation  of  right 
lines  anfwers  to  the  contrary  figns  of  the  coefficients*,  ' 
If  the  affirmative  values  of  x  denote  right  h'nes  drawn 
from  A,  the  beginning  of  the  abfcifTs)  to  the  right  handy 
the  negative  values  will  denote  right  lines  drawn  from 
the  iame  beginning  to  the  left  i  and  in  like  inat|ner  if 

Ff3        ,  the,. 
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the  affirmative  values  of  >  r(  [^reicnt  the  ordinatcs  con- 
ilituted  above  the  abfciila,  the  negative  ones  will  tie- 
note  the  QrUinates  bebw  the  abicifla,  ^awn  the  op* 
polite  way. 

7'he  genend  equatioii  for  a  line  of  the  iccemi  order  is 
of  this  foroii 

«gr  Hr      —  o 

and  the  general  equation  for  lines  of  the  third  ordei  u 

y  ^  ax  b  X  +  cxx  —  dr  +  ^  X  v  — /v'  -f  ^-^* 
—  hx  -f  /(•  ~  0.  And  by  limilar  equations  geotnetri* 
cal  lines  of  fuperioi  orders  are  deiined* 

§  2.    A  geometrical  line  may  meet  a  right  line  in 
as  many  points  as  there  are  units  in  the  number  which 
denotes  the  order  of  the  equation  or  line,  and  never  in 
more*   The  number  of  times  that  any  curve  will  meet 
jts  abfcifla  AP  is  determined  by  putting  y  =5  6,  in 
which  cafe  there  remains  only  the  laft  term  of  the  equa^  , 
tton  into  which  y  4oes  not  enter.   For  example,  a  line 
of  the  third  order  meets  the  abfcifla  AP  when  fx*  w 
gjf*^  ^  hx      i  =  O)  of  which  'equation  if  there  be 
three  real  roots,  in  three  points.   In  like  manner  in 
the  general  equation  of  any'  order  the  highell  index 
of  the  abfcifla  x  is  equal  to  the  number  which  denous 
the  order  of  the  line,  but  never  greater,  and  of  courfe 
exprefles  the  number  of  times  that  the  curve  will  meet 
the  abfcifla  or  any  other  right  line.    But  fincc  one  root 
of  a  cubic  equation  Is  always  real,  and  that  the  fame 
is  true  of  an  equation  of  the  fifth  or  any  odd  order 
(becaufe  every  iiruiL  inary  root  lias  neccliarily  its  fel-  . 
low),  it  follows  ih^t  a  line  of  the  third  or  any  other 
odd  order  cuts  any  n»hc  line,  not  parallel  to  the 

afymptote 
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nfyrppMc  4rawii.in  tfat  6ine  pkncs  in  one  poLnt  at 
^  jeaft.  Bue  iftHtt  vigHl  luK  be  pinllel  to  the  afymptote, 

in  ibis  cafe  it  is  commonly  M  to  meet  the  curve  ac  - 
,  mn  ipfioite  diftance.   A  Mae  therefore  of  any  odd  order 
liaf neGei&trily  tWQ. branches  VK^ich  maybe  produced  . 
in  infinitum*   But  of  a  quftdratic>  or  any  other  equa- 
tion of  an  even  number  of  roots,  all  the  number  of  "  ' 
roots  maybe  rometimes  imaginary,  therefore  it  maybe 
that  a  right  Kne  drawn  in  the  plane  of  a  qurve  of  an 
even  order  may  never  meet  it. 

^  3.  An  equation  of  the  fecond,  or  of  any  higher 
^ '    .  order  is  fometimes  compounded  pf  fo  many  Ample  ones» 
freed  froni  furds  and  fra^ions»  multif^icd  into,  each 
'  Qttier  as  often  as  the  proposed  dtmenfions  of  that  equa- 
tion exprefr;.  in  which  cafe  the  figure  PMH  is  not  cur- 
i  vtlinear,  but  is  made  up  of  fo  many  ri^ht  lines  as  art  de- 

ibribed  by  the  fimple  equations  thus  determined*  as  in 
§  I»  /  In  like  manner  if  a  cubic  equation  be  compaond- 
ed  of  two  equations  multiplied  Into  each  other,  one  of 
vrhtch  is  a  quadratic  and  the  other  a  iimple  one,  the 
Jocus  will  not  be  a  \ipe  of  the  third  order,  properly 
fo  called,  but  a  conic  fe^ion  joined  with  a  right  Itne* 
Now  the  properties  \vhich  are  generally  demonftrated 
of  geometrical  lines  of  higher  orders  are  to  be  affirmed 
alio  of  lines  of  iii'i:rior  orucrs,  if  the  numbers  denoting 
their  ordt;is,  taken  together,  make  up  the  number 
which  denotes  the  order  of  the  faid  fuperior  line, 
Thofe  which,  for  example,  are  generally  dcmonitrated 
of  lines  of  the  third  order,  are  a^fo  to  be  affirmed  of 
three  right  lines  dras'/n  in  the  f.irpe  plane,  or  of  a  conic 
fe<5^ion  together  with  one  ri[rht  lir.e  dcfcribed  in  the 
fame  jplanc.  On  the  other  hand,  there  can  fcaree  any 
property  of  a  line  of  an  inferior  order  be  aifigned  fufH- 
'  ■  F  f  4  *        ■  cienily 
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cicntly  general  to  which  fome  afFedlion  of  lines  of  fu* 
perior  orders  does  not  cofrcipond.  But  to  derive  thefc 
•from  thofe,  it  is  not  ev  ery  one  that  can  take  the  pains. 
This  doctrine  in  a  great  meafure  depends  upon  the 
properties  of  general  «e^uatkms,  which  it  is  here  only 
proper  to  mention.  ^         '       \  - 

*  \  • 

§  4.  In  every  equation  the  coefHcient  of  the  fecond 
term  is  equal  to  the  cxcefsof  the  lum  of  the  aiHrmative 
foots  above  the  Turn  of  the  negative  ones ;  and  if  that 
term  be  wanting,  it  is  an  indication  that  the  fums  of 
the  affirmative  and  negative  rooCs,  or  the  fums  of  the 
ordinates  conftituted  on  different  fides  of  the  abfciiik» 
^eoqnal.  Let  the  general  equation  be  for  a  line  of 

the  order  ii|  y  —  <ijf  +  ^  x  '  -i-  cxx  —  dx  -i^  4 
X,  y^"^     etc,  s=  o,  fuppoie  u  zLy  <^   , 


let  be  fubfiitutcd  its  value  u 


for  y 
I  and  in  the 

n 

transformed  equation  the  fecond  term  will  be 

wanting}  as  appears  from  the  calculation,  or  from  the 
do6lrine  of  equations,  every  where  delivered :  and  from 
hence  it  alfo  appears,  that  by  bypotheiis  every 'value  of 

ax  '^-  b 

u  is  lefs  than  the  correfponding  value  of  y  by—  \ 

from  whence  It  follows  that  the  fum  of  the  ^ralues  of  ir 
(whole  number  is  n)  falls  ihort  of  the  fum  of  the  values 

oiy  (whole  fum  is  ax  +  t)  by  the  difference  r 

X  n  ziox-^  htCo  that  the  firft  fum  vaniflies,  and  the 
fecond  term  is  wanting  In  the  equation  by  which  u  is 
determined,  or  that  the  affirmative  and  negative Walues 
of  sr  make  equal  fums.  If  therelbie  FQ.  be  taken 
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£  — —y  fo  that  QM  may  s  Uy  right  lines  on  both 

fide^,  the  point  Q,,  terminated  at  the  curve,  wilt  malte  F^, 
the  lame  fum.  Now  the  locus  of  the  point      is  the 
right  line  BD  which  ciits  the  abfciffi^  produced  beyond 

it&  beginning  A»  iii  B,  fo  that  AB  =      and  the  or*  . 

dinateAD^  parallel  to  PMt  in  D»fo  that  AD  =  X^i 

for  if  this  right  line  meets  tibe  ordinate  PM  in  the  point  - 

& 

Q»  PQ.wiUbetoPB  (or-j  Hh      as  AD  to  AB,  or 

« to  IT  s  ib  that  PQ^s: -^^^,  as  it  ought  to  do»  And 

from  hence  it  appears,  that  a  right  line  may  always  be 
drawn  which  fliall  fo  cut  any  number  of  parallels,  meet- 
ing a  geometrical  line  in  as  many  points  as  the  diniea- 
fions  of  the  tigure  expreis,  that  the  iuoi  of  the  fcgments 
of  every  paraUcl,  terminated  at  the  curve  on  one  fide  of 
the  catting  line,  may  always  be  c(\u?\  to  tbe  fum  of  the 
fegments  of  the  fame  on  the  other  fide  the  cutting  line. 
Now  it  is  manifeft  that  a  right  line  which  cuts  any  two 
parallels  in  this  manner  is  necellarily  that  whbh  will 
cut  all  other  parallels  in  the  fame  manner.  And  from 
hence  appears  ttie  truth  of  the  Nevutntian  theorem^  in 
which 'is  contained  the  general  property  of  geometrical 
lines,  analogous  to  that  well  known  property  of  the 
conic  fc^tions.  For  in  thefe  a  right  line  which  bifeds 
any  two  parallels,  terminated  at  the  fedlion,  is  a  diamc-  ' 
ter,  and  b!fec%  all  others  parallel  to  thefe,  and  termi- 
nated at  the  ledion.  And,  in  liice  manner  a  light  line, 
which  cuts  any  two  parallels,  meeting  a  geometrical 
line  in  as  many  points  as  it  has  dimeniions,  fo  that  tfie  * 
iiim  of  the  parts  fianding  on  one  fide  of  the  cutting  line 

and 
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Fig.  I. 


and  terminated  at  the  curve  may  be  equal  tx>  the  firm 
of  the  parts  of  the  fame  parallel  Handing  on  the  other 
ilde  of  tl]ie_c^^tmg  line  terminates!  at  the  curve,  wiU 
in  th^^  fm^  nmm  cu(  aU  oitim  Mgh(  liiwt  paraiki  tg 
thcTe» 

{  5*  In  every  equation  the  laft  termt  or  that  into 
which  the  root  jr  does  not  enter,  is  equal  to  the  pro^  ' 
du^  of  all  the  roots  multiplied  into  each  other  3  from  . 

whence  we  arc  led  to  another  property  of  geometrical 
line?,  not  k  fs  general  than  that  above*  Let  the  right 
line  PM  meet  a  line  of  the  third  order  in  M,  m  and 

and  it  will  be  PM  X  Pm  X  iV  =       —  ^-^*  + 
—  i.    Let  the  ablcifTa  A  P  cut  the  curve  in  the  three 
points  I,  K,  L ;  and  A  I,  AlC,  AL  will  be  the  values  - 
o»f  the  abfcifia     the  ordinate  being  put  :^     in  Mfhicb 
cafe  the  general  equation  gives  fx^  ^  gx*     hx  ^  k 
=  0  for  deteraiintng'  Chefe  values,  as      explained  in 


Art*       7  herefore  of  the  equation  x^ 


f 


+  7- 


^  ^  0  tk^e  three  roq,ts  are  AI,  AK,  AL ;  and  fo  this 
equatieo  it  compounded  of  the  three  x     AI,  x  —  AK, 

X  AL  multiplied  into  each  other  \  and  x"^  ^  ^  -h 
^-issJITAi  x*-AK  Xa-AL^aP-TaI 

5f  AP  -       X  AP  -ALsIP  X  KPx  LP=;j 

X  PM  X  ?m  X  P/*.   Therefore  the  producl  of  the' 
ordinatcs  PM,  P;»,  P^j  terminated  bv  the  pomt  P  and 
the  curve,  is  to  the  pu)Jud  of  thcjcgmcnts  IP,.KP> 
.LP,  of  the  right  line  AP,  ternninated  by  the  fame  point 
and  the  curve)  in  .the  iiivariable  ratio  of  the  coefl^cienc 
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/  to  unity*  In^ike  manner  it  is  demonftnitedy  that 
having  gWtn  the  angle  APM,  if  the  ri^ht  lines  AP, 
PMt  cut  9  g^eometrical  line  of  any  order  in  as  many 
points  as  it  has  dimenfions,*  that  the  produft  of  the  feg- 

ments  of  the  tirft,  terminated  by  P  and  the  curve,  will 
always  be  to  ihc  product  of  the  fegments  of  the  latter, 
terminated  by  the  ikmc  point  and  the  curve,  in  an  :/iVa- 
dahle  raUQ. 

'  §  6.  In  the  preceding  article  we  have  fuppofed, 
with  Newton^  that  the  right  line  cuts  a  line  of  the 
third  order  in  three  points,  I,  K,  L  ;  -but  that  this  fa* 
mous  theorem  may  be  rendered  more  general,  let  us 
fiippo(b  that  the  abfcifTa  A  P  cuts  the  curve  in  only 
one  point  \  and  Jet  that  be  A.  Therefore  becauie  y  P 
vaniflies  let  «  vaniib  alio,,  the  lail  term  of  the  equa* 
tion,  in.this  cafe,  will  be/jr^  ^  gx^     hx  zz  fx  )C 

jpjf-^+ j=:>X  *  -  ^  +  j-|^{if  Atfbo 

'  f  ... 
taken  towards  P  equal       and  at  the  point  a  be  erc^- 

ed  a  pcrpcndicuijir  ab      ■  ^ )  =;,/x  AP  x 

flP*  +  ab'  =  /  X  AP  X  ^P'j  from  whence,  when 
PM  X  P;w  X  P/x  is  equal  to  the  laft  term  f:?  — 
•f  hx^  as  in  ihe  preceding  article,  PiVl  x  Pw  x  V 
will  be  to  AP  X  i^P*  in  the  conit^ant  ratio  oi  the  coefli* 
cicnt / to  unity.  Now  the  value  of  the  right  line  per- 
pendicular to  ah  is  always  real,  as. often  as  the  right 
line  APcuts  the  curve  in  one  point  only;  fcir  in  rl^ts 
cafe  the  roots  of  the  quadratic  equation  ^  gx  h 
are  necelTarily  imaginarytVo  that  s^fb  is  greater  than 

gg^  and  the  i^uautity  y/^Jh  — "7J  re^l.   When  there- 

'  '  fore 
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fore  any  right  line  cuts  a  line  ^  the  third  order  In  ^ai 
point  A  only,  the  folid  under  the  ordinates  PM,  P/w, 

I'l^  will  be  to  the  folid  under  the  abfcifTa  AP  and  the 
fquarc  of  the  diftance  of  the  point  P  from  a  given  point 
^  in  a  conftant  ratio'.    A5,  being  joined,  is  to  A^,  as^ 

radius  to  the  cofine  of  the  angle  MP|  as  to 

.  and  Kb  ==  »J y*'  P^^^**^  ^  always  agrees 

to  thcr  isune  right  Kne  AP,  whatever  be  the  angle  whkli 
,  uc(maiiicdbytheiUciflk»id<»«i»te. 

5  7.  Let  the  figure  be  a  conic  fe6lion,  whofe  general  " 

Fig»  5.  equation  ax  —  h  X  y  +  cxx  —      +  ^  n  o  as 

above^  and  if  the  roots  of  the  eq  aation  cxx  -^tix     e  zzO' 
be  imaginary,  the  right  line  AP  will  aot  meet  the  fee-* 
tbn* .  Now»  in  this  cafe  the  quantity      always  ex- 

•  ■ 

ceeds       whence»  when  cxje  —     4*  /  =  <  X  ^  ^  ^ 

tc 

dd  d 
<f  «         (if  A41  be  taken  a:  ^  and  ab  be  ereSed 

perpendicular  to  the  abfciila  at  tf,  fi>  that  in 

s/^c^dd\  _  ^  ^      +  ab- = c  X  ^P%  and  PM  X  P« 

~  fA';ir  —  ^.v  +  t\  then  PM  x  P^/i  is  to  b)^'^  as  t  to  unity. 
Therc/ore  in  any  conic  fcction,  if  the  right  line  AP  does 
not  meet  the  (^Sdon^  the  angle  APM  being  given,  the 
re£langle  contained  under  right  lines  ftanding  at  the 
point  P  and  i;erminated  at  the  ciirve  is  to  the  iquiare  of 
the  diftance  of  the  point  P  from  the  given  point  ^  in  a 
conftant  ratio,  which  in  a  circle  is  that  of  equality. 
Now  it  is  manifeft  that  the  fame  method  may  be  ap-- 
plied  to  a  line  of  the  fourth  order  which  the  abfcifla 
cuLi  iii  two  points  only,  or  to  a  fine  of  any  orJer  which  • 

the 
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the  abfciffa  cuts  in  points  lefs  by  two  than  the  number 
which  denotes  the  order  of  the  hgure, 

§  8«  This  being  premifed,  I  proceed  to  eaeplain  the< 
lefs  obvious  properties  of  geometrical  lines  almoft  in  the 
lame  order  in  which  they  occurred  to  me.  Now  I 
ufed  the  following  lemma,  derived  from  t)ie  do£trine  of 

fluxions,  and  which  I  have  demonftrated  in  my  treatife 

on  that  llibjcct,  lately  publifljed,  Art.  717.  yet  I  have 
fince  oblcrvcd  that  louae  of  them  m^y  be  deinqnilrated 
by  common  algebra. 

Lemma*  If  the  quantities  y,  t/,  Sec.  flowing  to- 
gether, and  alfo  the  quantities  X9  Y,  Z,  V,  kc,  the 
produd  of  the  former  be  to  the  produd  of  the  latter  In 

my  conftant  ratio,  then  -         +  -  +  ~  -|-  5tc. 

9i 

•         •  *  • 

X     Y      Z  V 
;=^+^  +  ^  +  ^+  &c.  Morwver,  for  brevity's 

fake  I  call  thofe  quantities  mutually  rsclprocal^  when, 
being  muUiplied  into  each  other,  the  produ(Si  is  unity, 

fo  —  I  call  th(^  redfrocaioi    and  —  ofy, 

§  9«  Theon  I.  Let  any  right  llney  drawn  through  0 
ftVfn  pointy  meet  a  geometrical  iine  of  any  order  in  as.mmif 
points  as  it  has  dimenfions  ;  andUt  right  Unesy  touching  the 
figure  in  thejk  points^  cut  off from  another  right  line  given 
inpojittoh  and  drawn  through  the  fame  given  pointy  as  many 
ferments  terminated  iy  this  point}  the  reciprocals  0/  theje 
Jegnunts  will  alw<:ys  make  the  fame  fum^  if  the  ferments 
lying  on  the  contrary  fide  of  the  given  point  be  offered  with 
the  mtrary  f^^s^         .       ,         '  . 

♦  Let 
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6.  Let  P  be  the  given  point,  PA  and  Fd  any  two  right 
]lncs  drawn  4roni  P,  of  which  both  tnM  the  curve  in 
as  many  points  A,  B>  C,  and  a,  &c*  as  it  has 
dio^eniions*  Let  the  tangenu  AK,'BLt  CM»  &C»  and 
gi^hi^ONfite,  cut  off  from  the  right  line  £P,  drawn 
through  the  point  P,  the  fegments  PK,  PL^  PM,  ^« 

aiidP^,  P/,  P«  +  &c.Ilay  that^  +  FL  ^ 

&c.  =r  ^  -f  ^  4  ^  -1-  and  that  this  fum  al- 
ways remains  the  lame,  the  point  P  remainingi  aad  the^ 
XJght  Ime  P£  being  given  m  pofition. 

For  let  us  fuppofe  the  right  lines  ABC,  ak  to  be 
carried  by  motions  parallel  to  themfeivcs,  to  that  their 
concourfe  P  proceeds  in  the  right  Jine  PE  given  in  po- 
rtion i  lince  AP  X  PB  X  CP  X  Uc,  is^lways  to  a?  X  * 

^  X  rP  in  a  conftant  «atio  by  Art.  5.  hk  AP  repre^ 

ient  the  fluxion  of  AP,  BP  the  fluxion  of  BP,  aud 

CP,  EP  &c.  rhefluxions  of  the  right  lines  CP,  EP,  &c. 
refpe^vely,  that  an  ufelefs  multiplication  of  fymbols 

AP    bT^  c5p 

inajr  be  avoided,  then  (by  Aft,  8.)  ^      BP  CP'*' 

tfP      ^P  ft 
&c.  =:      -f  73  +  -5  +  ^c.   But  when  the  right 

a,.        or  cr 

line  AP  is  carried  by  a  motion  parallel  to  itfelf^  it  is 

well  known  that  AP,  the  fluxion  of  the  right  lineAP,' 

is  to  hi\  the  fluxion  of  the  right  line  ti\  as  AP  to 

'  «  •  • 
AP  EP 

the  fubtangcnt  Pit,  and  fo  ^  =  In  like  manner 
BP      EP  C>  *P  _  EP   ^  _^  EP 

5f     PL*  CP     m*         2r*     -  FF  ' 

/P 
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;P     EP '  EP  .  EP  ^  E'P  ^  ,         EP  , 

whence  jgg  +  j-.  +  jjj +  &c.,=  .^  + 

E'p  ,'  E*P         '     .  1         I        I       -  I 

W  +  Pi; +  Tk  +  "FE  +  m F? 
+  F/+>  +  *^-  ■  '. 

Thinp  arr  fo  whenever  tbe  points  K|  M|  %e« 
9nd  /,  Slip  &c.  are  idl  on  the  fame  fide  of  the  point 
and  fo  the  fluxions  of  the  right  lines  AP,  BP,  CP,  &c. 
tfP,  f  P,  &c.  hare  all  the  ftme  fign.  But  if,  other 
things  remaining  the  fame,  fome  points  lA  and  m  fall  Fig.  y, 
on  the  contrary  fide  of  P,  then  while  the  reft  of  the 
ordinatcs  AP,  BP,  Sec,  increafe,  the  ordinates  CP  and 
eP  are  necefi'arily  dimiiiiflied,  and  their  fluxions  are  to 
be  accounted  fubtrai^ive^  or  negative ;  and  fo  in  this 

genera],  in  collecting  theie  fums^  the  terms  are  to 
be  affected  with  the  iaoie  or  contrary  iigns,  as  the. 
ftgnients  fall  on  th«  fame  0r  contrary  fide  of  the  given 
point  P. 

§  10.  If  a  right  line  P£  meets  a  curve  In  as  many 
points  D,  £,  I,  &c*  as  its  dimenfions  exprcf^,  the  fum 

jjj  4  ^  +       +  &c.  whick  W9  have  (hewn  to  be 

conftani  or  invariable,  will  be  equal  to  the  fum  o.r 
aggregate  —5  +      +  ^  +  &c.  j.  c.  to  the  fum  of 

the  reciprocals  to  the  fegmcnts  of  the  right  line  PE, 
given  in  pofition,^  and  determined  by  the  given  point 
F  and  the  curve  i  in  which»  ^f  any  fegmene  be  on  tbe 
Qtherftde  of  the  point  P|  its  reciprocal  is-  to  be  fub- 
traaed. 
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8«  §  II»  It  the  figure  be  a  conic  fedion,  which  the 
right  line  PE  no  where  meets,  let  the  point  b  be 
found  as  in  Art.  7.  and  P^  joined,  and  at  right  angles 
to  this  let  bd  be  drawn,  cuctiiig  the  right  line  P£  ia  ^ 

then  will  ^  +  ^  =        For  PA  X  PB  is  to  ^P^ 

AP     B*P  2^P 

Mi4C^iifta(itrati0i^fQ(byArt,8.)jj^  +  g|^=  ^ 

•  •  • 

whence  (bccaufe  AP  is  to  EP  as  AP  to  PK,  BP  to 

^  EP  as  BP  to  PL,  and  ^P  to  gP      ^P  to  di^i 
11^2 

PK     Pl4  - 


,  ^  §  12.  In  like  manner  if  the  right  line  EP  meets  a 
liiic  of  the  third  order  in  only  one  point  D,  let  the 
point  b  be  found  as  in  Art.  6.  and  let  the  right  line 
id,  perpendicular  to  bPy  meet  the  right  line  tP  in  ^ 
aild  becaufe  AP  X  BP  X  CP  is  to  DP  X  ^P^inacon^ 

Hant  ratio  (M,)  ^+^  +  ^-  ^tgj^ 

'  2 
But  if  Vb  be  perpendicular  to  the  ri^bt  line  £P,  |^ 

win  vaniih* 

t  * 

■ 

10«  S  13*  Tl^c  afyniptotes  of  geometrical  lines  are  deter-* 
mined  from  the  given  direii^on  of  their  infinite  brancheft 
'  or  legs  by  this  propofition  i  for  they  may  be  codtdered 
as  tangents  to  the  legs  produced  in  infinittimm  Let  the 
right  line  PA^  parallel  to  the  afymptote,  meet  the 
curve  in  the  points  A,  B,  &c.  but  the  right  line  BEl 
cut  the  curve  in  D,      I,  &c.   L?t  PM  be  taken 

in  this  fo  that  ^  may  be  e<{ual  to  the  eacceft  b^ 

whi^H 
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ivhich  the  fttm  |^     p£  "f"  pi  exceeds  the 

fum  ^  +  ]^  "f"  ^  afymptote  will  pafs 

through  M  >  but  if  thefe  funis  be  equals  the  curve  will 
#  foe  a  parabolai»  the  afymptjote  going  off  in  infimtumm 


§  14.  To  determine  the  curvature  of  geometrical 
lines  by  one  general  theorem,  let  CDR  be  a  circle 
which  the  right  line  PR  meets  in  D  and  R,  and  the  right 
fine  PC  in  C  and  N  j  let  the  tangent  CiM  cut  the  right 
line  PD  in  .M,  and  the  right  line  DR  remaining 
fixed,  hi  us  fuppoife  the  right  line  TC^  to  be  carried 
by  a  motion  always  parallel  to  itfelf  till  the  points 
D.^  C,  coincide,,  and  let  the  laft  value  of  the  dillerence 
II 

jrjj  —      be  required*   In  the  right  line  PN  take 

any  point  let  qv^  parallel  to  the  tangent  CM,  meet 
the  right  line  DR  in  vi  let  DQ_  be  drawn  parallel 
to  PN,  and  let  QV  (parallel  to  a,  line  touching  the 

I  *  I 

circle  in  D)  cut  DR  in  V.  Therefore  ^  —  rs 
(becaufcDM  xMRxCM')  =  p^^.^^^,^^^ 

_  fv*X  PM 

Pv»  >c  MR  X  PM  +  Pif»  X  MR  X  MD  i**"*^®^^^^ 
X  MD,  or  CM%  is  to  PM»  as  qv*  'to  Pw»)  =2 
yp*^x  PM 


P«*  X  MR  X PM  +  X  PM*  Pv*xMR+fw*xPM» 
whofe  laft  value,  PM  vaoiihing,  and  qv  and  Pv  co- 

inciding  with .  QV  and  D  V,  is  ^^7^-   And  this 

is  alfo  the  laft  valuf  of  the  difference  ^  — >  PD  ^ 

G  g    .  and 
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and  C  are  in  the  arc  of  any  line  of  tb»  fame  curvature 
with *the  circle  CDR. 


§  1 5.  Theor.  II.  Fnm  any  point  D  of  a  r^GmctrUal 
line  let  there  be  clrawH  any  tw§  rilht  lines  DE,  DA,  and 
hfh  ihcm  cut  it  in  as  many  points  D,  I,  E,  and 
A,  B,  Uc»  0s  it  has  ds^nfiensi  Ut  thi  tangents  AK, 
BL^  l^c^  tui  vffrtm  tbt  right  line  DE  thf  figments  DK, 
DL>  &c»  Utmiy  right  Unt  QV,  paredhl  to  the  tangent 
DT,  meet  DA  vmf  DE  in  Q^and  V,  and  let  QV* 
/tf  DV*  as  m  to  1 1  moreover  let  there  he  tak^n  in  D£  ih^ 

right  line  DR  fticb  thai  ^  nuy  he  equal  to  the  excefs  ef 

thefum  ~  +  &c.  tf^mr  thefmn  ---i-—^ 

^L.  and  a  circle  defer ihed  upon  the  chord  DR,  touching  the 
right  line  DT  will  be  the  ofculatory  circle^  or  of  the 

fme  curuature  with  the  geometrical  dine  fropofed^at  the^ 

point 

For  we  have  (hewn  in  general.  Art.  10.  (Fig.  6.) 

thttihefum    +  n;  +  fb-  +    =  TO  +  m 

p2  4-  ^c.  and  in  the  preceding  Art.  we  have  found 
the  laft  value  . of  the  diiFerence  -L  ^        when  the 

points  P,  D  and  C  coincide,  to  be  —  -J!l 

if  a  9irclc  of  the  fame  curvature  with  the  geometrical  * 
line  At  the  point  D  meets  the  right  line  DE  in  R. 

From  whence  it  folio  a  s  that       will  be  =:   '   +  J- 
kc,  — —  pj,  or  fbit  the  recrprocal 

4>f 


of      X  DR  is  equal  Co  the  excefs  by  which  the  fum 

•  of  the  reciprocals  of  the  fegments  tcrminnted  by  the 
point  D  and  the  curve,  furpafies  the  Turn  of  the  reci- 
procals o{ the  fegments  terminated  by  the  fame  point  . 
and  the  tangents  AK,  BI^  &c.    But  as  often  as  this  , 
excefs  Comes  out  negative^  the  chord  DR  is  to  be  taken  - 
on  the  other  fide  of.  the  point     and  the  rule  above  do* 
icribed  is  always  to'  be  applied  for  diftinguifhing  the 
%ns  of  the  terms.   If  the  right  line  DA  bifeAs  the 
angle  EDT,  made  by  the  right  line  DE  and  the  liian- 
geut  DTy  the  theorem  becomes  a  liide  more  Timple. 

For  in  this  cafe  QV  sn  DV, «  s    and  =^  ir  the 


DR 

excefs  by  which  ]^  +  exceeds  jjj^  +  ^ 


§  16.  From  the  fame  principle  follows  a  general 
theorem  by  vvhioh  the  variation  of  curvature  is  deter- 
niiQed,  or  the  meafure  of  the  angle  of  coutati  contain^  ^ 
by  the  curve  jjind  the  ofculatory  circle,  in  any  geome-» 
trical  line ;  yet  a  brief  explication  of  the  variation  of 
curvature  mud  be  premiled,  iince  this-  is  not  clearly 
defcribed  by  authors*  Every  curve  i$  b<;nt  from  itt 
tangent  by  its  curvature^  of  which  the  meafure  is  thi^ 
iame  as  of  the  angle  of  coMaft  contained  by  the  curve 
and  tangent ;  and  in  lilcc  manner  a  curve  is  bent  from 
its  o-*.uIatory  circle  by  ihe  variation  ut  iis  curvatuie, 
of  wiiich  variation  the  meaiure  is  the  fame  as  of  tlie 
angle' of  conta<5t  contained  by  the  curve  and  ofculatory 
circle.  Let  the  right  line  TE  perpendicular  to  the  Fig. 
tangent  Dt  meet  the  curve  in  £  and  the  ofculatory 
circle  ta     and.  the  variation  of  curvature  will  be 

Gga  ttltimately 
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ultimately  as  Er  the  fubtcnfc  of  the  angle  of  conta^l 
EDr,  if  D T  bi'  given  ;   and  fiiice,  when  the  single  of 
contact  EDr  is  given,  Er  is  ultimately 'as  DT^,  as. 
may  be  colle^ed  from  ,Art.  ^9.  of  the  Treat!  fe  of 
Fluxions  I  in  general  the  variation  of  curvature  will  be 

Er 

ultimately  <is  g:p»    ^        ^  circle  fpr  determining 

the  curvature  of  other  frggr,e6  j  but  to  meafure  the  va- 
riation of  curvature,  which  is  nothing  in  a  circle»  a  para- 
bola or  Tome  conic  iedion  is  to  be  applied.  Now  as  of 
the  circles  indefinite  in  number  which  may  touch  a 

given  curve  in.  a  given  point,  one  only  is  called  olcu* 
latory,  which  fo  clofely  touches  the  curve  that  no  . 
other  can  be  drawn  between  this  and  the  curve  ;  in  like 
manner  of  all  parabolas  which  have  the  fame  curvature 
with  the  li/ie  prcjpofcd  at  a  given  point  (for  thcfe  are 
alfo  infinite  in  number)  that  only  has  the  fame  varia- 
tion of  curvature,  which  not  only  touches  the  arc  of 
the  curve  and  kifles  it,  but  preHes  fo  clofe  that  no 
other  parabclic  arc  can  be  drawn  between  them,  all 
other  parabolic  arcs  paflihg  either  without  or  within 
'  both.  By  what  method  this  parabola  is  to  be  deter- 
mined may  be  eafily  undterfiood  from  what  I  have  elfe- 
where  more  fully  explained.'  , 

Let  DE  be  the  arc  of  a  curve,  DT  a  tangent,  TEK  x 
.  a  right  line  perpendicular  to  the  tangent,  and  let  the 
redangle  ET  x  TK  be  always  equal  to  the  fquare  of 
.  the  tangent  DT,  anfi  the  curve  SKF  the  locus  of  the 
.point  K,  which  meets  the  line  DS  perpendicular  to 
the  curve  in  S,  and  which  (ouches  the  right  line  SV.  - 
ia  S  cutting  the  tangent  TD  in  V.    The  r igh  t  line  DS 
will  be  the  diametei  of  the  ofculator^  circle,  and  DS  be* 
ing  bifcdied  in  /  /  will  be  the  centre  of  curvature  $ 
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BOW  y/'being  joined,  if  the  angle  SDK  be  made  equal 
to  the  angle /VD  on  the  other  Hde  of  the  right  line 
DS,  and  the  nght  line  D^N  meet  the  oiculatoty  circle 
in  N  i  then  the  parabola  defcribed  with  the  diameter 

and  parameter  DN,  and  which  touches  the  right  line 
DT  ill  D,  will  be  that  wliok  contadt  with  the  line 
propofed  in  D  will  be  the  clorcll  and  moft  perfe<^  or 
ni^aren-  that  can  be  defcribed.  But  all  other  parabolas, 
delc^ibed  with  anv  other  chord  of  the  oTculatory  circle 
although  defcribed  with, the  diameter  and  parameter^ 
and  touching  the  right  line  >n  D,  have  the  iame  curva- 
ture in  D  with  the  line  propofed*  The  Quality  of 
curvature  explained  by  Jtfewton  in  a  poftfaumoua  work 
lately  publiOied»  is  ,  rather  a  variation  of  the  radius  of 
curvature }  for  it  is  as  the  fluxion  of  the  radius  of  cur- 
vatulre  divided  by  the  fluxion  of  the  curve,  or  (if  R  de- 
notes the  radius  of  the  'ofcutatory  circle  and  S  the  are 

ft  I 
ofthis  curve) 'as        Now  the  curvature  is  inverfely 

s  . 

«s  the  radius  R,  and  the  variation  of  curvature  as 

_R  "      '  '  ' 

,  — r*  which  is  the  meafurc  of  the  angle  of  cental 

'contained  between  the  curve  and  the  ovulatory  circle. 

Now  of  thefe  the  one  is  eafily  derived  from  the  other. 

The  vanalioa  ot  the  ratiius  oi  curvature  m  any  curve 
DB  is  as  the  tangent  of  the  angle  DVS  or  DVy,  and, 
*in  any  parabola  it  is  always  as^he  tangent  of  the  angle 
contaihed  by  a  diameter  pafTing  tluough  the  point  of 
conta<5l  and  a  right  line  perpendicular  to  the  curve. 
Theft  things  may  be  deduced  irom  the  following  gene** 
iral  theorem*' 


J  • 
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Fig.  14*     §  *7»  Theor.  III.    Let  there  be  a  point  D  given  in 
any  gtmetrieal  Hne^  and  let  DS,  the  diamtUr  rftbi  efiuU^ 
'  Ury  circUy  draivn  through  D>  meet  the  curve  in  as  many 
points  D,  A,  B,        as  it  has  dimenfms  j  let  DT 
drawn  iMr^iyf  tife  curve  in  D,  and  let  it  cut  the  curve  in 
the  pottos  It^c.  fewer  tj  iwo^  end  met  ihfe  tangents  AK, 
BL)  f^c*  in  Ky  L»  (^c*  and  the  variation  of  mfftr- 
ture^  or  the  meafitre  if  the  angle  of  contaH  made  kf  the  cursue  - 
«    and  the  dfculatory  circle^  will  be  direSfly  as  the  exe^s  'hy 
which  the  j'um  of  the  reciptoaais  to  the  Jegments  of  the  tangtnt 
DT,  terminated  by  the  point  of  cental  D  and  the  tangents 
AK,  BL,  {sTr.  exceeds  the  Jum  of  the  reciprocals  to  the 
fegatents  terminated  hy  the  fame  foint  and  the  curuiy  and 


inverfely  as  the  raSus  of  curvature^  u  e*  as 


JDS 


For  let  there l)e  drawn  Dk  cutting  the  curve  in  % 
tec,  and  the  ofculatory  circle  in  R  ;  and  let  the  angle 
IDT  be  very  fmall,  let  the  fupplemeiit  of  this  to  two 
right  angles  be  bifedtcd  by  the  right  line  Tiahj  which 
let  meet  the  propofed  geometrical  line  in  the  poin^  D» 
^  hy  &c.  and  let  the  tangents  ak^  Hy  Sid  when  drawn » 
cut  the  right  line  Di  in  the  points  kyi^  &c.  then  by 

the  preceding  propofitioa  ^  ~  5i  +  5i*  5i 
i,^.c.         Whence  j^-^  (or  = 

^     ^  -^,     —  &c.    Therefore  the  right  lines 

Di'and  DK  coinciding,  or  the  angle  /(DK  vanilhingj. 
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^  5cC.  Let  £/T  be  perpendicular  to  the  tangent  at 
.  T>  and  tncet  the  ofculatory  circle  in  rr,  and  iince  re 

as  ultimately  to  Re  as  eT  to  D/j  liltimatcly  0j^-j^ 

fure^of  the  angle  of  conta(5l  rDe  contained  by  the 
curve  aiul  ofculatory cirde»  or  the  variation  of  curvatufe, 

is  as        and  therefore  as      x  gjj  ^  ~ , 

§  18.  Now  the  vailatioii  of  the  radius  of  curvature, 
or  the  quality  of  it  defcribed  by  Newton^  is  moft  eaGly 
colle<^led  from  the  former.  For  SI,  SK,  SL,  &c.  being 
joined,  this  variation  of  the  ofculatorv  radius  will  be  as 
'  the  excefs  by  v/hich  the  lugi  of  the  tangents  of  the 
angles  DKSf  DLS,  he  exceeds  the  fum  of  theftan- 
g«at8  of  the  angles  DiS,  &c.  Now  the  curvatlirc  in* 
creafes  from  the  point  D.  towards  and^the  ofculatxsty 
radius  is  dimiqiflied,  as  often  as  the  arc  D/  touches  the 

oiculatbry  circle  DR  intemally)  or  when  -f 

^  &c.  exceeds  ~  -f-  Boc.  and  on  the  cotttnty  the. 

curvature  from  D  towards  e  is  diminifhed,  and  the  ra- 
dius of  the  ofculatory  circle  is  increafed,  as  often  as 
,tiie  arc  De  of  the  curve  touches  the  circular  arc  ex- 
jternally  or  pafles  between  the  circle  and  tangent,  there- 
fore wheii  DR  is  ultimately  left  than  Dv,  or  whcfi 

■ 

Gg4  §19. 

'  .        *  ■ 
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§  19.  Let  therefore  the  line  DV  be  taken  in  the  tangent 

DT  fo  that 


+  &c.  —  ^  —  &c. 


DV  -  DK  ■**  DL 
let /V  be  joined,  let  the  angle  SDN  be  made  equal 
DV/;  and  the  line  DN  meet  the  ofculatory  circle  in 
N ;  and  a  parabola  defcribed  with  the  diameter  DN 
v/hok  parameter  is  DN,  and  which  touches  the  right 
line  DT  in  will  have  the  iame  variation  of  -curva*  • 
ture  with  the  prt^ofed  geometrical  line  in  the  point  D« 
From  the  fame  principles  other'  theorems  are  alfo  de- 
duced)  by  which  the  Variation  of  curvature  in  geome- 
trical lines  is  in  gener^  determined. 


tig. 


§  20.  That  thcfe  theorems  may  be  reduced  into  a 
^more  geometrical  form,  fome  lemmas  are  to  be  pre- 
tnifed,  by  which  the  do^fcriae  of  the  harmonical  di* 
vifion  of  right  lines  is.  made  more  full  and  generaU  In 
any  right  DI  having  taken  equal  fegments  DF  and 
FG)  let  there  be  drawn  from  ;iny  point  V,"  which  is  not 
in  the  light  line  DI,  three  right  lines  VD,  VF,  VG, 
and  a  fourth  VL  parallel  to  DI,  ahd  thefe  four  right 
lines  are,  by  De  k  Htn^  called  Harmonicals.  But 
any  right  line  which  meets  four  harmonicals  is  cut  by. 
the  fame  harmonically.  Let  the  right  line' DC  meet 
the  hfirmonicalb  YD,  VF,  VG,  and  VL  in  the  points 
D,  A,  B,  C  i  and  ic  will  be  DA  to  DC  as  AJi  to 
.  BC.  For  through  the  point  A  let  there  be  drawn  the 
line  MAN  parallel  to  DI,  which  meets  the  lines  VD 
and  V(j  in  M  and  N }  and  becaufe  of  the  equals  DF 
and  FG,  MA  and  AN  will  be  equal.  Now  DA  is  to 
DC  as  AM  (or  AN)  to  VC,  and  therefore  as  AB  to 
BC.  It  is  manifeft  that  a  right  line,  which  is  parallel  to  • 
qq^;  of .  ithe  harmonl€alS|>  is  divided  Into  equal  &g* 

'  •   -  menti 
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iftents  by  the  remaining:  three.   Let  the  lint  BH  paral-  • 
Icl  to  VF  meet  the  remaining  lines  VG,  VC,  VD  in 
B,  K,  and  H ;  and  it  will  be  as  VK  to  KB,  fo  FG  ' 
(or  DF)  to  VF,  and  therefore  as  VK.to  KH,  and 
coAfequendy-  BK  =:  KH. 

§  21.  Hence  it  follows,  if  any  right  line  be  cut  har- 
monically by  four  right  lines  drawn  from  the  fame 
point,  that  any  right  line  wliich  meets  thcfe  four  Imes  . 
will  aUb  be  cut  harmonically  by  the  fame;  but  that 
that  which  is  parallel  to  one  of  the  four  is  divided  into 
equal  fegments  by  the  remaining  three.  ^  Let  DA  be 
to  DC  as  AB  to  BC,  let  VA,  VB,  VC,  and  VD  be 
Joined s  let  the  right  lines  MAN,  DFG  parallel  to  VC 
meet  the  lines  VD,  VA,  and  VB  in  M,  A,  N,  and 
D,  F»  Gi  and  it  will  be  MA  to  VC  asDA  toDC  or  • 
AB  to  BC,  and  therefore  as  AN  to  VC  \  hence  MA 
=:  AN)  and  DF  :=  FG  \  and,  by  the  preceding,  any 
right  line  which  meets  VD,  VA,  V£^  VC  wiU  be 
harmonically  cut  by  the  fame* 

%  22.  From  the  point  D  let  there  be  drawn  two  right  p»  j| 
lines  DAC,  Viae  cutting  the  lines  VA  and  VC  in  the 
tx>ints  A,  C  and  c\  let  Ac  and  iiC  joined  meet  each 
in  Q,  and  VQ^drawn  will  cut  the  linelDAti  harmoni- 
cally, or  any  other  right  line  drawn  from  the  point  D 
to  the  &me  right  lines.  For  let  VQjcut  the  line  AC 
in  B,  and  through  the  point  Q^let  there  be  drawn  the 
•  line  MQN  parallel  to  DC,  which  meets  the  lines  D^, 
VA  and  VC  in  the  points  M,  R,  and  N;  and  Ancc 
MR  is  to  MCLas  DA  to  DC,  and  MQ^to  MN  in  the 
fame  ratio,  RCt  will  be  to  QN  as  DA  to  DC.  But 
RQ^is  to  QN  as  AB  to  BC.   Wherefore  DA  is  to 

•  DC  ' 

\  »• 

s  • 

J 
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.DC  as  AB  to  BC.   This  is  the  %Oih  Prop,  of  iSr 
*  Hin*s  fifft  Book  of  conic  kai^. 

4 

§  23.  Let  DA  be  to  DC  as  AB  to  BC,  aod  ^ 

'  wiU  be  the  fum  or  the  difference  tf  ^  and  ac- 

CQiding  as  the  points  A  anJ  C  arc  on  the  fame  or  con- 
trary Tides  of  the  point  D*  Firft  let  the  points  A  and 
C  be  on  the  fame  HJc  of  the  point  D,  aild  fince  DA 

X  BC  nPC  x  AB,  ue.  DA  x  DC->D5r:DC 
'    xDd-DA,orDAxDB-DCcbCx  DA-OB, 

it  will  be  2D  A  X  DC  _  DA  y  DB  +  DC  X  DB,  and 

k  3t  therelbi'e  ^  =  —  "'"•'pc'  ^**'  Points  A  and 

C  be  on  the  contrary  fides  of  the  point  D>  and  it  will 
be  cither  DA  x  DB  —  DC  =  DC  x  UB  4-  UAy  or 

DA  X  DB  +  OS  =  DC  X  DB  ^  DA,  and  there* 

2  11 

fore  jjj  =      —  —  when  the  points  &  and  C  are 

2      'I  I 
,    on  the  fame  fide  of  D,  or  jjg  ~  jj^  —  jjj  when  thct 

|ioints  A  and  B  arc  on  the  fame  fide  of  the  point  D.  If 

therefore,  hiu  ifig  given  the  poi:)t  I)  and  the  right  lines 
.VF  and  \  C  in  poiltion,  any  ligiu  line  be  drawn 
through  the  point  D  meeting  them  in  the  points  A  and 
^       ar.d  m  the  fame  right  line  DB  be  always  taken  fo 

.that      =  ^  jj^  *^       where  the  terms  ^and  ^ 

jire  fuppofed'  to  be  afFc^^ed  with  the"  fame  or  contrary , 
i  ^figtfs  as  the  points  A  and  C  are  on  the  fame  or  con* 
*  trary  fides  of  the  point  D>  the  locus  of  the  pmnt  B  will  ■ 
!  be  the  harnsoni^al  VG  which  cuts  the  line  DFG  pa* 
I   ^     '  ^  ralfcl 
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rallel  to  VC  in  G  fo  that  F6  =  DF;  9ni  wVich 
pafl'es  through  the  point     where  (Dac  being  drawn 

which  meets  the  fame  right  lines  VF  «nd  VC  in  a  wod 

c)  Ac  and  aC  bejng  joined,  crofs  each  other. 

§  24.  If  in  a  right  line  DA,  be  always  taken  fo  Fig.  17* 
that     =  5^     i5c  *  drawn  parallel  to 

line  VC  which  meets  VF  in  E,  and  DH  parallel 
to  the  line  VF  which  meets  the  line  VC  ii;i  H,  and  the 
diagonal  HF  being  drawn 'will  be  the  locus  -of  the  - 

point  hi  for  by  hypothefis       =  ^9  and  DB  si 

2  D  ^ ;  therefore  fince  VG  is  the  locus  d  the  point  B, 

,  the  point  b  will  be  in  the  right  line  HF,  if  the  points 

A  aad  C  are  on  the  fame  fide  oi  the  pouit  D.    But  if 

it  be  fuppofed  that  ^  ;=  ^  —  —^,  the  Tame  con- 

ftru£i:ion'wiIl  ferve  for  determining  the  point  Z*,  If  In- 
llead  of  the  right  line  VC  be  fuMHtuted  another  vc^^ 
parallel  to  VC  at  an  equal  ,di£Lance  kom  ,(he  point 
but  on  the  contrary  ii^e.  •  .  ^ 

$  25.  If  from  a  giveii*  point  D  be  dra.wn  any  rig|ht 
line  DM  which  meets  three  lines  given  in  pofitton  in ' 
the  points  A>  C,  £  ^  and  DM  be  always  taken  fo'fhat 

~  =  rrr  4-  TT^  +  TTU  (where  the  terms  are  to  be 

JJ.vi      DA  Dh  ^  ■ 

affected  with- the  contrary  figns  as  often  as  the  lines 
pA,  -DC,  or  DE  are  on  the  contrary  fide  of  the  point 

D)  5  let  it  be  fuppofed  that  ^  +  ^  =       and  L  ' '  ♦ 
will  be  in  a  line  given  in  poiition  by  the  pi^ecedlng ;  and 

thereforc  .whcn       =       +         the  point  M  will 

,  be^ 
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be  in  a  line  given  in  pofition,  by  the  fame.  Now  the 
compofition  of  the  problem  is  eafily  performed  from 
.what  has  been  faid.  Let  V^,  VC  and  ^£  be  three 
lines  given  in  pofition,  and  let  the  parallclogranl  DF  VH 
be  completed,  by  dniuing  DF  and  DH  rcfpc^tivcly 
parallel  to  VC  and  VF>  and  let  vB  meet  the  diagonal 
ir^Vi  then  let  the  parallelogram  Dfuk  be  completed 
hf  drawing  D/  and  Db  parallel  to  the  lines  v£  and 
HFy  whiph  meet  the-  lines  HE  and  vE  in  the  points 
f  atxi  b ;  and  the  diagonal  b/  will  be  the  locus  of  the 
point  M  y  and  it  will  be,  from  what  goes  before. 


1 

DM 


1 


I 

DC 


DL       DE  DA 
coiiftrutSlion  is  deduced  ifom  ^n.  2.2. 


+  Another 


§  26.  Let  any  right  line  drawn  from  the  given  point 
D  meet  right  lines  given  in  pofition  in  the  points  Ay  By 

Cy  Ey  &CC*  and  in  this  right  line  let  there  be  taken 

always  =  ^  ^  fib     61»  ^*'-  the  lociis  of 

the  point  M  will  always  be  in  a  right  line  given  in 
pofition.  It  is  demonihated  in  tl;e  fame  manner  as  the 
preceding. 


Fig.  1 8*  5  27.  Theor.  IV.  Abota  the  given  point  P  let  the 
right  line  PD  revolve  which  ?ncets  a  geometrical  line  of  any 
er^er  in  as  many  peints  D,  £,  I,  i^c»  as  it  has  dimenftonsy 
emd  ^  in  tbe  fame  right  Jine  be  always  taken  PM  fi  that 


?Si  ^  ^  Pi  Fx  '^"^*  ('^^^'^^  the 
Jigns  of  tbe  terms  to  hip  tbe  rttle  repeatedly  giveft)  tbe  locus 
ef  tbe  point  M  will  be  a  right  Kne* 

F05 
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For  let  there  be  drawn  from  the  pole  P  any  right  tine 
given  in  pofition  PA,  which  let  mict  the  cfirve  In  as 

many  points  A,  B,  C,  tcc.  as  it  has  diinenfions.  Letther» 
be^lfo  diavva  the  right  lines  AK,  BJ^,  CN  touching  the 
curve  iu  thefe  points,  which  let  mqet  PD  in  as  mmy 

poin^  Ky  L,  N,  &c.  antl  by  Art.  lo.  ^  ^  FE  ^ 

i:i:&c.=:^4=;^T.^:p  &c.   Whence  5^ 

is  equal  to  this  fum,  and  when  the  line  PA  is  given  in 
pofition,  and  the  right  lines  AK,  BL,  CN,  &c.  re- 
main fixed,  whilft'the  right  Jtne  PD  revolves  about  the 
pole  P,  the  point  M  wilt  be  in  a  right  line,  by  the  pre- 
ceding Articles  which  may  be  determined  by  what 
has  been  ibewn  above  from  the  given  tan^cjits  AlC, 

§  ?8.  As  the  right  line  Pm  is  a  mean  harmonical 

2  I 

between  the  two  lines  PD  and  PE,  when  77-  =  ttt^ 

-f  ^ ;  in  lilce  manner  ?m  may  be  called  a  man  har<- 

monical  between  any  right  lines  PD,  PE,  PI,  Sec, 

whofe^  number  is  if,  whien  i.  =  J.  q:  J-     1  ip  ' 

Sec,  And  it  ajiy  right  line  drawn  trom  a  given  point 
P  cut  a  geometrical  line  in  as  many  points  as  it  has 
dimeniions,  in  which  let  Fm  be  always  taken  an  har« 
monical  'mean  between  all  the  Tegments  of  the  drawn 
.line  terminated  by  the  point  P  and  the  curve,  the  point 

m  will  be  in  a  right  line.    For       will  =  and 

therefore  ^1»  is  to  PM  as  n  to  unity ;  and  fince  the 
(loiht  M  is  In  a  right  line,  by  the  preceding,  the  point 

^  <  m  will 
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m  will  alio  be  in  a  right  line.  And  this  U  OUs'i  theo* 
resn,  or  umljr  fcJated  to  it* 

^  29.  Let  a,  by  Cy  dy  &c,  be  die  rooct  of  an  equa- 
tion of  ihc  order  «,  V  its  laft  tefm  into  which  the 
ordinate  or  root  y  does  not  enter,  P  the  coefficient  of 
the  UU  term  but  one,  M  the  harmonical  mean  be* 

«•  ■  »1111. 
tweeirail  the  tooth  ^**"  JJ  ~  ^  +        7  5 

Therefore  iince  V  is  the  product  of  all  th6  roots 

<V  &c.  multiplied  into  each  otherj  and  P  is  the  fum  of 

the  ^odu&  when  all  the  roots,  ^one.  exce|ited,  are 

V       V  V 
multiplied  into  each  other,  P  will  =  —  4-  -r-  + 

-h  ^  +       =       and  therefore  M  So,  if 

the  equation  be  a  quadratic,  whofe  two  roots  are  a  and 
Tab 


M  wiU  = 


(having  aiTomed  the  general  equa* 


tion for  conic  fecbons  given  m  Art.  i . )  =   ^  ; 

«    In  a  cubic  equation,  who&  three  roots  are       <*,  M  will 

-7 — -2-. — — 7-  (if  there  be  afiumed  the  general 
a»  +  ac      PC  ^  .  ° 

equation  for  lines  of  the  third'  order  there  given)  ^ 

f  1^.  ip.     §  30»  Let  any  two  line^  P;n  and  Pf*,  drawn  from 
/         the  point  P,  meet  a  geometrical  line  in  the  points  D, 
£,  I,  Sic.  >nd  ^     /,  ^'c.  and  let  Fm  be  an  harmo-. 
nical  mean  between  the  fegments  of  the  former  teraii-  • 
nated  by  the  point  P  and  the  curve,  and  Pft  an  harmo- 
nical mean  between  the  like  fegments  of  the  latter 

iinei 
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line  i  le^t  f^it  being  joiutd,  meet  tbfi  abfciflk  AP  ia 

then  will  PH  =  —  or  PH  is  to  ?m  as  P  to  For 

let  the  Mctff*  cut  the  curve  in  as  many  points  B,  C» 
as  it  has  dimcnfions;  and  fmcethclait  term 
of  the  equation  (i.e.  V)  is  to  LP  x  CP  x  FP  x  »xc. 
in  a  conftant  ratio,  as  we  have  Ihewn  above  (Art.  5,)^ 

itwill  be  (by  Aru8.)  -y^^^CP^^^ 

and  therefore  ]^  =  gp  +  J^p^"*"  ^      &c.  =: 

and  PH^c:  ^  (becaufe  the  line  PM  =  y  j  =  P/ji 

X  rr^.   In  conic  legions  it  is  PH  to  P  m  as  ax^^ 
V 

to  2£x-^di  and,  in  lines  of  the  third  order  as  cxx^ 


§  31.  If  a  demonftradon  of  the  preceding  propor- 
tion be  delired  from  ppnciplcs  purely  algebraical,  it 
may  be  had  by  help  of  the  following  Lcmmq,  Let  t|ie 
abfcifla  AP  =  a-^  the  ordinate  PD  ^zz     V  the  laft  term 

of  the  equation  defining  the  geometrical  line  —  Aa^ 

+  B*"""'  4-  C*"*^*  +  kQ.  P  the  coefficient  of  tha 

laft  term  but  one  =  ex'""^  +  bx"^'*'  +  cx"""^  -I-  5cc. 
and  let  Q^be  the 'ouantjty  which  arifes  from  multiply* 
ing,  every  term  01  the  quantity  V  into  the  index  of  x 

in  this  term,  and  dividing  by  a-,  i.  e.  let  0.=  wA*"""* 


+  «  —  X  X  Bj^"""*  +  «  -  2  X  0*""^+  &c.  (which 

lit-).  Let 

the 


is  the  quantity  which  we  call  -r- y.  Let  there  be  drawn 
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the  ordinate  which  makes  any  given  angle  A^D  with 
the  abfcifia,  and  let  the  right  lines  PD,  p  D,  and  ?p 

be  as  the  given  ones  /,  r  and  k  ;  !ct  ^Y)  m  Uy  Ap  =  z ; 
and  let  the  propolcd  equation  be  transformed  into  an- 
other exprcffing  the  relation  between  the  ordinate  n 
and  abfci/Ia  %  ;  and  fince  z  —  A  the  laft  term  v  of 
the  new  equation  will  be  equal  but  p  the  co- 
efficient of  the  laft  tenn  but  one,  wiU  be  equal  'to 


r 


For  ftncc  PD  (=:  v)  is  to^D  (=  «)  as  /.  to  r,  >  =: 

—  i  but  let  rp  be  to  />D  (=«)  as  i  tor,  then  Pp 

=  ^  >  and  A?  :=  X     Ap  ±  Fp  zz  z  ±  -jm  Now 

thefe  values  being  fubftituted  for  jr  and  jr.  in  the  pro* 
pofed  equation  of  the  geometrical  line,  there  will  come 
out  an  equation  determining  the  relation  of  the  co«> 
ordinates  z  and  u.  ,To  determine  the  laft  term  of  this 

•'u  and  the  bll  but  one  pu,  it  is  luiEcient  to  rubflitutc 
thele  vahies  in  the  Uil  V,  and  in  tlic  Uil  but  one  Pjj, 
of  the  proj/ofed  equation,  and  to  colic<Sl  the  refuiting 
terms  in  which  t!^e  ordinate  •/  is  cither  not  found,  or 
of  one  dimcniion  only ;  for  the  luni  of  thele  gives 
pii^  an4  of  tbofe  v*  Let  for  it  be  fubilituted  its  value 

a  ±  —  in  the  quantity  V  or  Aa"  4-  B*"""*  +  Cj^^ 
+^ ^c.  and  the  refuiting  terms  A»"  ±  • 


C  si,"^^iu 

X    '   -  +  &c.  will  alone  ferve  for  the  purpofe 

we 

3 
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we  are  about.  Then  let  be  fubfticuted  for  x  the  fatnie 
value,  and  for  y  its  value      in  the  quantity  ?y  a 

+  +  fflr""'  +  &c.  Xjf5  and  the  refult^ 

ing  terms  alone  +  hT''-  +  ^  &c.  X 

--are  to      retained.    Let.  it  be  fuppofcd  now  that 

QJem 

'%  zr     and  the  Tum  of  the  fir  ft  be  equal  to  V  :t 

?Iu 

and  of  the  latter  the  fum  =  .    From  whence  it  is 

r 

nnkiieft  cte  the  hft  lem  of  the  new  isquation  V  = 
and  the  laft  but  one  pu  s  ~-       x  Um  " 

§  32.  Let  now  be  an  harmonical  mean  between 
the  fegmehts  PD,  P£,  PI»  &c.  and  Pft  an  htrmonical 

mean  between  the  fcgments  P^  P?,  P/,  &c»'as  in 
Art,  30.  let  ft;w,  being  joined,  cut  the  ahfcifTa  in  H  5 
and  let  us  fuppofe  P^  to  be  parallel  to  tl^e  oftlinatc7>D. 
Let  i*.s  be  drawn  pnrallel  to  the  abfcilTa,  which  let  meet 
the  right  line  Pm  in  i ;  and  Pj  will  be  to  P?*  as  PD  to 
pD  or  as  /  to    and  1*1  to  P^  as  i  to  r.   And  lince 

•=.—  (by  the  preceding  Article)  ms  wilf 

5=  Pm  ±  i^f  -  T  ^  TT     "F  P/+Qd 

.   Now  OTi  is  to  f/*  as  Pjw  to  PH,  i.  e; 

P  X  P/±  Qi 

.-S^-to-:^  as  PmtoPH  j  and  foCListo 
PxP/±Q*  W±Q* 

P  as  P«  to  PH,  or  PH  =  Pw  X  ^^or  Since 

H  h  tbew 
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therefore  the  value  of  the  right  line  PH  does  not  if* 
pend  upon  the  quantities  /,  i  and  r  \  but,  thefe  being 
changed,  is  always  the  fame,  the  point  jit  will  be  at  a 

right  line  given  in  pofition,  as  we  have  otherwife  fhewn 

.  in  Thcor.  4.  Moreover  alio  lIil:  vauic  of  the  line  PH 
is  that  which  in  Art.  29.  we  have  determined  by  an- 
other method  ;  and  the  right  line  H;/j  cuts  all  right 
lines  drawn  through  P  harmonically,  according  to  the 
definition  of  harmonicai  fedion  given  in  general  ia 
Art.  aS. 


.  S  E  C  T  I  0  N  IL 

* 

Of  Unes  of  the  fetond  Order ^  or  tbe  Conic 

Sextons. 

§  33'  T^^^'^^*'^^  whut  has  bcun  demonftratcd  in  gcne- 
X     ral  concerning  geometrical  lines  in  the  firft 

-  fe^liofj,  the  properties  of  lines  of  fccond,  third,  and  . 
luperior  orders  naturally  flow.    What  relate  to  the 
conic  fe^^icns  are  bed  derived  from  the  properties  of 

*  the  circle,  which  figure  is  the  bafe  of  the  c<mip.  But 
that  the  ufe  of  the  preceding  theorems  may  more  clearly 
appear,  and  the  analogy  of  the  figures  be  iliuilraced,  it 
wiil  be  worth  wliile  co  deduce  the  properties  of  thefe 
alfo  fron)  what  has  been  premifcd.  Now  the  whole 
conic  dodirine  about  diameters^  and  their  ordinatea  (to 
which  right  lilies  touching  the  ft£tlon,at  the  vertices 
.  of  the  diameters  are  paridlel)  and  about  the  fegments 
of  parallels  which  meet  ^ny  righc  Haes^  and  about 

afymp* 
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ftfymptotesi  flows  very  eaiily  from  what  has  been  ihewi^ 
.  m  Art.  4.  and  5.  '  ' 

s  ,  I  34«  Let  the  right  lines  AB  and  FG  infcribed  in  a  Fig.  ao* 
conic  fe^lion  meet  each  other  in  the  point  P ;  let  AKy 
BL|  FM,  GN  drawn  touching  th^  fe^ion  meet  P£, 
drawn  through  P  in  the  points  K,  L,  M,  K    and  it 

wiU  always  be  ±  =  p~j  ±  ^  (if  the  right 
line  P£  meets  the  carve  in  points  D  and  £)  r:  JL 
:t        But  to  the  fegments  which  are  on  the  fame 

fide  of  the  point  P  the  fame  figns  are  to  be  prefixed, 

and  to  thofe  which  are  on  the  oppofite  fides  of  P  contrary 

figns  are  to  be  prefixed.    Hence  if  DE  be  bifecled  in  P,  ^'fi'< 

and  from  the  point  P  be  drawn  any  right  line  cutting 

the  feclion  in  the  points  A  and      from  whence  let 

be  drawn  the  right  lines  AK  and  BL  touching  the 

curve  which  cut  D£  in  K  and  L  $  PKl  will  always  =: 

PL.   But  if  DE  does  not  meet  the  fedlon,  and  P  be  Fig,  ^it 

the  point  where  the  diameter  which  bifedts  right  lines 

parallel  to  DE  meets  the  fame  ^  In  this  cafe  alfo  PKl 

will  =  PL*  .  .      '  . 

,  §  35.  Let  the  right  lines  AB  and  FG  infcribed  in  Fig.  ajv 
a  conic  feftion  meet  in  the  point  Pi  let  right  lines  ' 
touching  the  tedion  in  the  points  A  and  F  being 
drawn  meet  each  other  in  K,  and  PK.  being  joined, 
will  pafs  through  the  concourfc  of  right  lines  which 
touch  the  fedlion  in  the  points  B  and  G.  For  if  the 
line  PK.  does  not  pafs  through  the  concourfe  of  the 
lines  touching  the  fb^ion  in  B  and  G)  let  it  meet  one 

of  them  in      and  the  other  in  L  s  and  fince  «n?  ^ 

H  h  2  ,1 
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^  =  —^.^:  1^  by  the  preceding,  PL  will  =  FN ; 

and  the  paints  L  and  N  coincide  contrary  to  the  hy» 
pothefis, 

^  36.  For  the  fame  rcafon  It  appears  that  the  right 
lines  AG  and  HF  meet  each  other  in  the  point  tt  ©r 
the  right  line  LK  ;  and  therefore  the  points  P,  K,  «^, 
L  are  in  the  fame  right  line    [fence  h^.vin^r  threes 
points  of  contact  A,  13,  and  F  given,  with  two  tan- 
gents AK  and  FK,  the  conic  fedlion  Is  eafily  dcfcribed* 
For  kt  the  right  line  KwP  revolve  about  the  con- 
courfe  of  the  tangents  K  as  a  pole,  which  let  meet  the 
Fight  lines  AB  and  FB  in  the  points  P  and      ao^  - 
Av,  FP  being  joined  wil]^  by  their  concourfe  G,  de« 
Icribe  the  conic  fe^ion  which  will  pafs  through  Ae 
three  given  points  A,  B,  F,  and  touch  the  ri^l^t  liner 
AK  and  FK  in  the  points  A  and  F* 

§  37*  'T^^  iame  things  rcmaiiiin*,  let  the  right. < 
Jig.  24.  lines  AF  and  EG  meet  each  other  in  the- point/?,  the 
tangents  AK  and  BL  in  R,  and  tangents  FK  and  GL 
in  Qjy  and  the  points  R,  Qj  and  p  will  be  in  the  fame 
right  line in  like  manner  let  the  tangents- AK  and  GQ. 
meet  .HI  the  tangents  BR  and  FK  in  n;  and  the 
.  points  P,  ;;/,  p  will  be  in  the  fame  right  line.  This 
is  demonftrated  in  the  iame  manner  as  in  Art,  35« 

§  38.  Flence  having  four  points  of  conta£b  A,  B,  F, 
G  given,  with  one  tangent  AK,  the  concourfe  of  the 
right  Uiies  AB  and  FG,  A  F  and  BG,  and  of  AG  and 
BF  will  .give  the  points  PJ  ^  and  »5  and  P^,  Pw,  pw 
being  joined  will  cut  the  given  tangent  AK  in  three, 
points  my  K,  and     frodi  whence  i»G,  KF,  R6  being 
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^iawo,  will  touch  the  cphk  fe^a  in  the  given  points 
F  and  9. 

§  39.  Having  four  tangents  RFL,  KQ,  QL,  LR 
given  and  one  point  of  contadt  A,  the*coiicourfe  of  the 
tangents  RK  and  LQ^,  LR  and  QK  will  give  the 
points  m  and  Let  LK  and  r/in  be  joined,  and  the 
cojicourle  of  the  right  lines  LK  and  RQ^,  LK  and  mn^ 
KQ^and  mny  wili  give  the  points  P,  but  PA» 
vrA  and  being  joined  will  cut  the  tangents  RL| 
QK  and  QL  in  the  points  of  conta^  and  F« 

^  40.  Having  given  five  points  of  contain  A,  F| 
G  and  ft  let  GF  and  G/  being  joined  meet  the  line 
AB  iathe  points  P  and  X ;  let  AF  and  A/  being  joined 
meet  the  line  EG  in  p  and  >x^  and  Ff^  Xx  being  joined 
will  by  their  concourfe  givie  the  point  m ;  from  whence 
/»A  and  mO  being  drawn  will  touch' the  conic  fcctioii 
in  A  and  G  ;  and  in  like  manner  are  determined  the 
lines  which  will  touch  the  curve  in  the  remaining  points 
By  F,  and  /: 

§  41.  Let  there  be  five  lines  given  touching  a  conic 
fefkion^  VK»  KQ^  QL»  Lv,  and  uV ;  the  concourfe 
of  the  tangents  VK  and  LQwill  give  the  point  m  \  the 
concourfe  of  the  tangents  KQ^and  L«  ynW  give  the 

rnnt  n ,  let  be  joined  mn^  LK»  VL  and  mu  i-  the  line 
K  will  cut  the  line  mn  in  P  i  and  the  line  LV  will 
cut  mu  in  X ;  now  PX  being  joined  will  cut  the  tan« 
gents  VK  aiid  uh  in  the  points  of  qonra<flt  A  and  B. 
And  in  like  manner  the  remaining  points  of  contaift  ate 
determined* 

§  42.  Having  three  tangent  AK,  BK,  and  RL  FI 
given,  and  two  points  of  contact  A  and  B,  the  third  . 
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is  vr.\:'.y  dclcrniincd,  by  Art.  35.  For  let  the  tangent 
KL  liKCt  the  others  in  R  and  L,  and  let  AL  and  BR 
bcinL^  joined  crofs  each  other  in  fr,  K-ar  being  joined 
will  cut  the  tangent  RL  in  the  third  point  of  contact 
F  ;  and  the  conic  fedtion  may  be  dercribed  as  in 
Art.  36« 

Fig.  26.  §  43*  Let  there  be  given  four  tangents  KQ.^  QL, 
LR,  and  RK  with  one  point  of  co/ita<ft  D  of  the  conic 
fc£lion  which  is  not  in  any  of  the  four  tangents.  Let  be 
found  the  points  P,  />,  and  as  in  Art.  39.  Let  there 
be  joined  PD,  />D,  aiiJ  ttD  i  and  let  PZ,  being  drawn 
parallel  to  />D,  meet  the  line  RQ^in  Z  j  and  let  PZ  be 
bifeifled  ia  S  i  and  pS  being  drawn  will  cut  the  line 
PD  in  E  a  point  of  the  curve ;  or  let  PD  meet  the  line 
RQ_in  z,  and  (by  Art.  23.)  let  PD  be  cut  harmoni- 
cally in  z  and  £.  Now  Dtt  being  drawn  will  cut  ^£ 
being  joined  in  fy  and  £«■  cut  pD  in  fo  that  alfo  thefe 
points    e  may  be  alfo  in  the  curve. 

Fig.  §  44«      ^iom  the  point  K  be  drawn  two  lines  touch- 

u.  1.      '  ing  a  conic  fefiiioa  in  A  and  B ;  from  the  point  A  let 
be  drawn  alfo  two  lines  AF,  AG  meeting  the  feclion 
in  F  and  G  ;  let  BG  being  joined  cut  AF  in  P,  and 
BF  being  joined  cut  AG  in  v ;  then  will  the  points  P,' 
K>  «■  be  in  the  fame  right  line,  by  Art.  36. 
*• 

But  this  propofition  is  more  general.   For  if  from 

a.  9.  *^'^y  p^^'-^  ^  drawn  twa  lines  KA<7,  KB^  cutting 
the  fcctit^n  in  the  points  A,  tf,  and  B,  b',  and  from  the  ' 
points  A  and  a  be  drawn  to  the  fe<Slion  the  lines  AF 
and  aG  ;  now  let  BF  being  joined  cut  aG  in  P,  and 
bG  being  drawn  cut  AF  in  « ;  the  poinjts  P,  K,  «r 
will  be  in  the  fame  right  line :  which  we  have  in  va<» 

rious 

* 


Google 


GEOMETRICAL  LIKES.  47 1 

rioug  ways  otherwife  demonftrated,  from  whence  I 
formerly  deduced  an  expeditious  method  of  defcrlbing  a 
conic  fe^tion  tbrough  any  five  given  points.  Let  A,  d> 
B»  h  and  F  be  the  five  given  points,  let  the  lines  4^ 
and  meet  in  K  j  let  AF  and  BF  be  joined ;  let  the . 
line  PKt  revolve  about  the  pole  K,  and  let  it  meet 
thcfe  lines  in  nr  and  P  ;  'and  ^7?,  bx  being  drawn  will| 
hy  their  concourre  G,  dckiibc  the  kdion. 

k. 

§  45.  If  P  be  a  given  point  out  of  a  conic  fedion  Fig.  28« 

from  whence  any  right  line  drawn  to  the  it€don  meets    ,  > 

2^11 
it  in  D  and  £  i  and  if  ^  =  ^     jg,  M  will  be  at 

a  right  line  which  meets  the  feif^ion  in  the  points  A  and 

B,  fo  that  PA  and  PB  being  drawn,  they  will  be  tan- 
gents to  the  i'ectiog.    But  it  the  puiiic  p  be  the  middle 

point  of  AB  within  the  (e&ion,  and  it  be  alfo  —  =: 
=P  -^,  the  locus  of  the  point  m  will  be  a  right  line 

pM       pe  ^  . 

aby  drawn  through  P  parallel  to  AB.  Tangents  at  the 
points  D  and  E  always  meet  in  the  right  line  AB,  and 
tangents  at  the  points  d  and  e  in  the  right  line  ah* 

\  '         -  • 

.  §  46*  Let  a  right  line  DT  touch  a  feiSUon  in  D,  Fig.  2^ 
from  whence  let  be  drawn  any  twor  right  lines  DE  and  ti.  i* 

DA,  which  meet  the  feiSliun  in  K  and  A.  Lei. 
meet  in  K  the  line  AK  which  tuachc^  the  fe»5tion  ; 
and  let  LN,  KM  drawn  parallel  to  the  tangent  DT 
cut  DA  in  N  and  M,  let  be  taken  in  the  line  DE, 
DR  to  EN  as  KM  to  KE,  and  a  circle  of  the  fame 
curvature  with  the  fedion  in  D  will  pafs  through  R* 

For  by  Aft.  15.  It  i^-pv>  x  DR  =  M  "  DK  = 

Hh4  K& 
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andDR  =  — x        (becaufc  QV 

ti.  1.    :  D V  ; ;  KM  :  DK  : :  EN  :  DE)  =  ^^^^  But 

ir  the  tangent  AK  wai  parallel  to  the  line  D£  (!•  if 
0£  was  an  oi^mate  to  the'  diimieter  paffing  tfaroitgli 

r^r.  EN* 

the  point  A)  then  DR  would  =:        or  DR  would 

be  to  DE  as  EN*  to  DE* ;  as  I  have  elfewhere  de- 

monftrated  in  Art.  373.  of  the  I  re  a ilc  of  FluxioQs, 

EN*  ' 

If  in  this  cafe  DE  be  a  diametef^  -j^,  and  (o  DR^ 

will  be  equal  to  the  parameter  of  the  diameter  DEj  as 
is  well  known. 


Fig.  30. 
n.  i. 


fl«  a. 


§  47.  %M  be  drawn  the  right  Itoet  DT,  DE,  of 
which  let  the  firft  touch  a  conic  fe<5lion  in  D,  and  the 

latter  meet  it  in  E.  Let  DA  be  drawn  which  bikcts  the 
angle  EDT  and  meets  the  fccSlion  in  A  i  let  AE  be 
joined,  which  let  meet  in  V  the  line  DV  parallel  to 
the  line  which  touches  the  curve  in  A  j  and  VR  being 
drawn  parallel  to  DA,  it  will  cut  D£  in  R  where  the 
ofculatory  circle  meets  the  line  DE ;  and  DR  will  b# 
the  diameter  of  curvature»  if  the  angle  EDT  be  a  right 
one.  *  For  VR  will  be  to  AD  as  ^R  to  DE,  and  as 
DR  to  ^Ki  whence  DR  is  to  DK  as  D£  to  £K» 

and  fo       =  ^  —        as  it  ought,  by.  ^Art.  15, 

Now  if  the  tangent  AK  be  parallel  to  DE'  (in  which 

cAc  the  taniients  AK  and  DT  rr.akc  equal  aiii»lcs 
with  the  line  DA  which  i$  therefore  perpendicular  to 
the  axis  of  the  figure)  the  points  R  and  E  will  co- 
incide, and  the  ofculatorv  circle  will  pafs  through  the 

point  E..   It  follows  alfo  tsoai  yatsit  has  been  faid  that 
y  the 
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the  lines  £K,  DE»  and  £R  are  in  geometrical  pro- 
greflloi]. 

§  48.  Let  any  right  line  DE  meet  a  conic  fe£lion  in  Fig,  jj^, 
D  and  E>  let  tangents  to  the  curve  at  D  and  E  meet  . 
in  the  point  V.    Let  DOA  be  a  diameter  of  the  curv«  , 
through  D,  and  if  the, angle  DVr  be  confticutcd  = 
EDO,  DR  ( =  %Dr)  will  be  a  chord  o^the  ofculatory 
circle.    For  let  AK  be  drawn  touching  the  fedtioa 
which  meets  D£  in     end  tbe  tm^gcnt  £  V  in  Z  $  le( 
£N  l>e  drawn  parallel  to  the  tangent  DT  catting  DA 
.in  N;  and  fince  DR  is  to  KA  ^s  £N  to  £lCs  and 
KZ  (=  i  AKl)  to  £K  as  VD  to  D£,  it  will  be  as 
VD  to  DE  fo  t  DR  to  EN  ;  and  fo  the  triangles  DVr 
and  EDN  will  be  iiinllar,  and  the  angle  DVr  equal  to,  « 
the  angle  EDO.    This  mtthod  of  determining  the  of- 
culatory circle  I  have  demonftratcd  in  the  Treacife  of 
I'luxiopsy  Aft*  375*  hMt  not  io  Ihof  tly. 

§  49«  The  variation  of  curvature,  or  the  tangent  of 
lihe  angle  of  conta^l  made  by  a  cqnic  fedion  and  the* 
ofculatory  circle,  is  diredly  as  the  tangent  of  the  angle 
contained  by  the  diameter  which  is  draWn  through  the 
poinit  of  contad  and  perpendicular  to  the  curve,  and 
inverfely  as  t|ie  fquare  of  the^  radius  of  curvature.  For 
kt  DR  be  tbe  diameter  of  curvature*  and  this  varia-  ^ 

lion  at  Ae  point  D  will  be  as      ^  j^^,  by  Art.  17. 

fo  that,  fincc  DV  is  to  Dr  as  DE  to  EN,  it  will  be 
EN 

Tn-  rrnr*  2**^  ^  variation  of  the  radius  of  cur* 

vatuic  is  as  the  tangent  of  the  angle  EDO.  But  if 
the  line  DO  meets  the  ofculatory  circle  in  a  para- 
bola defcnb^d  with  th;  diameter  and  parameter  D/i, 

and 
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and  which  touched  the  line  DT  in  D^  will  be  tha^^ 
whole  contact  with  the  (e£lioii  is  the  dofeft,  by  Art.  19. 

fig.  32«     §  50.  The  reft  remaining^  let  from  the  point  V  be 
drawn  VH  touching  the  ofculatory  circle  in  H ;  let 

HD  be  joinevl,  a:ui  i;;icc  the  angle  RDH  is  the  com* 
plcment  of  the  angle  DrV  to  a  ilghn  one,  RDH  will 
zz  DVr  !ir  EDCl;  and  to  the  variation  of  the  radius 
of  curvature  will  be  as  the  tangent  of  the  angle  RDH^ 
and  the  right  lines  DR.  and  DH  coinciding,  chat  varia*- 
tion  vaniihes. 


SECTION  III. 

Concerning  Lines  of  the  ibird  Order. 

^  51*  \ yCr^  ^^^^^  movt  fully  about  lines  of 
V  V  the  third  order  or  curves  .of  the  fecond 
kind*  Very  many  have  handled  the  do£lrlne  of  cbnics, 
.  and  in  (iich  various  methods  as  almbft  to  cloy.*  But 
lew  have  touched  upon  this  part  of  univerfal  geometry  s 
yet  it  will  appear  from  vrhat  follows,  as  I  hope,  to  be 
neither  barren  nor  unpleafant,  fince  befides  the  pro- 
perties of  thefc  figures  iormeily  delivered  by  JSnit^dy 
there  are  many  others  not  unwurthy  the  attention  of 
geometers,  I  have  (hewn  above,  that  a  right  line  may 
cut  a  line  of  the  third  order  in  three  points,  bccaufe 
there  are  three  roots  of  a  cubic  equation,  which  may 
all  be  real.  Now  a  right  line  which  cuts  a  line  of  the 
third  order  in  two  points,  necelTarily  meets  the  fame 
in  Tome  third  point,  or  is  parallel  to  the  afymptote  of 

the 
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the  curve,  in  which  cafe  it  is  laid  to  meet  it  at  an  in«< ' 

finite  diftance:  for  if  two  roots  of  a  cubic  equation 
are  real,  the  third  will  ncctiiarily  be  ical.  Hence  d 
right  line  which  touches  a  line  of  the  third  order,  al- 
ways cuts  it  in  fo me  point,  fince  the  contact  is  to  be 
looked  upon  as  two  coincident  interfedtions.  But  a 
right  line  which  touches  the  curve  in  the  point  of  con- 
trary  flexurCi  is  at  the  fame  time  to  be  efteemed  a  fe- 
cant.  When  two  arcs  of  the  curve  meet,  each  othe'ri 
there  is  a  doM  point  formed,  and  a  right  line  whicli 
'touches  either  arc  there,  in  the  lame  point  cuts  the 
other*  But  any  other  right  line  diawn  from  the  dduble 
point  cuts  the  curve  in  oqe  other  point  but  not  in 
more. 

§  52.  Prop.  I.  Let  thfr^  be  two  parallels, 
each  of  which  let  cut  a  line  of  the  third  order 
in  three  points ;  a  right  line*  which  fo  cuts  both 
of  the  parallels,  that  the  fum  of  the  two  parts 
of  the  parallel  terminated  at  the  curve  on  one 
fide  of  the  cutcmg  line  nnay  be  equal  to  the 
third  part  of  the  fame  terminated  at  the  curve 
on  the  other  ,  fide  of  the  cutting  line>  will  in 
like  manner  cut  all  other  right  lines  parallel 
to  thefe  which  meet  the  curve  in  three  points  j 
by  Art.  4. 

§  53*  Prop.  II.  Let  a  right  line  given  in 
pofition  meet  a  line  of  the  third  order  in  three 

points}  let  any  two  parallels  be  drawn,  boch 
of  which  let  cut  the  curve  in  as  many  points ; 
and  the  foUds  contained  under  the  fegments  of 
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the  parallels  terminated  by  the  curve  and  the 
line  given  in  pofition,  will  be  in  tlie  fame  ratio 
.    as  the  folids  under  the  fegmencs  of  this  right  line 
terminated  by  the  parallels^  by  Art«  5« 

Thefe  t^o  properties  were  forio^rlj'  exhibited  bj 

^Z*  15*  ^  Fa^op,  III.  The  red  remaining  as  ii| 
the  pr^cdiog  pofittpnA  le(  the  right  line  givea 
in  pofition  meet  a  line  of  the  third  order  in 

one  only  point  A,  and  the  folic!  contained  under 
the  fcgmcnts  PM,  Vm,  Fh-  of  one  parallel  wUl 
'    always  be  to  the  folid  under  the  fegments  ^N, 
fn,  p»,  of  th<  other  paraUeiy  as  the  fdid  AP 
X  iP*  contained  under  the  fcghnent  AP  an4 
the  fquare  of  the  diflance       cf  the  point  P 
from'  a  certain  point      to  the  folid  Ap  x 
-contained  under  the  iegment  Ap  and  the  fquare  - 
'  *of  the  diftance  of  the  point  p  from  the  fame 
point     by  Arc.  6. 

34»      §  55*  P^^op.  IV.  From  any  point  P  let  be 
iJrawn  a  right  line  PD  which  may  meet  a  line 
-   of  the  third  order  in  three  points  D,  E»  F,  and 

any  other  right  line  PA  which  may  cut  the 
fame  in  three  points  A,  B3  C.  Let  be  drawn 
the  tangents  AK,  BL,  CM,  which  let  mee( 
FD  in  K,       and  M$  and  the  harmonical 

-  mean  between  the  three  lines  PK,  PL,  PM, 

coincides  with  the  harmonical  mean  between 

the  . 
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the  tkrce  lines  PD,  PE,  PF,  by  Art,  lo*  and 
s8.  Byt  if  the  right  tkie  PD  meets  the  ciirve  ^ 
in  one  only  point  D,  let  be  found  the  point 
-  dy  as  in  Art.  6.  and  the  harmonical  mean  be- 
tween the  three  lines  PK,  PL|  PM,  will*  be 
to  the  harmonicnl  mean  between  the  two  riglit 
lines  PD  and  j  P^  in  the  ratio  of  3  to  2,  by 
Art,  12. 

§  56.  Prop.  V.  Let  -the  right  line  PD  r€- 
ynitt  aboot  the  pole  P,  *  let  PM  be  always 
taken  in  PD  equal  to  the  harmonical  mean  bci^ 

tween  the  three  lines  PD,  PE,  and  PF,  and 
the  locus  of  the  point  M  will  be  a  right  iine^ 
by  Art.  IZ.  ^ 

And  tilts  IS  a  property  ef  >  thefe  lines  invepted  by 
Cats. 

§  57',  iPaop.  VI.   Let  there  be  three  points  Fig. 

of  a  line  of  the  third  oidcr  in  the  fame  right  . 
line  I  let  right  lines  touching  the  curve  in  thefe 
points  be  drawn^  which  may  cut  the  fame  in 
three  other  points  %  thefe  three  points  will  alfo 
be  m  a  right  line. 

Let  the  right  h'ne  FGH  meet  a  line  of  the  third  or- 
der in  the  points  1*\  G,  and  H.  Let  the  lines  FA, 
GB,  HC  touching  the  curve  in  thcfc  points  cut  the 
fame  in  the  points  A,  B,  Cj  and  thefe  points  will  be 
in  a  right  line.  For  let  AB  be  joined,  and  this  will 
l^fs  through  C  %  for  iC  it  be  poi^ble»  let  it  meet  the 

curve 
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curve  in  any  other  point       the  tangent  HC  in 

and  the  right  line  FGH  in  P  ^  and  ilnce       +  ^  ~^ 

fjj  =  ^  +  pg  +  Prop..XV.  PN  wiU  = . 

PM  $  which  cannot  be,  unkfs  the  ppints  N,  M,  and  C 
coincide.  Therefore  the  right  line  AB  paiTes  through  C. 

§  58.  CoroU  Hence  if  A,  B,  C  be  thrcu  points  of  a 
line  of  the  third  order  in  the  lame  right  Iin«,  and  AP 
and  BG  being  drawn  touch  the  curve  in  F  and  G,  and 
FG,  being  joined,  cut  the  curve  again  in  H,  CH  be- 
ing joined,  will  touch  the  curve  inH.  Far  if  a  right 
line  fhould  touch  the  curve  in  H,  which  fhould  not 
cut  it  in  C  but  in  fooie  other  point,  this  point  would 
be  with  the  three  others  A,  in  the  £une  right 

line  which  would  therefore  cut  a  line  of  the  third  order 
in  four  points.  'But  this  cannot  be.  I  firft  bit  upon 
this  propoiition  in  a  different  way,  but  lefs  expeditious, 
by  deducing  the  fame  from  Prop.  II.  In  like  manner  if 
the  right  line  A/  alfo  touches  the  curve  inyi  and  G  f 
benig  drawn,  meets  the  curve  in  C/^,  being  joined, 
will  be  a  tangent  at  the  point  And  if  from  the 
points  A,  B,  C,  of  a  line  of  thp  third  order  iituated 
in  the  fame  right  line,  be  drawn  as  many  right  lines 
touching  the  curire  as  can  be  drawn,  there  will  always 
be  three  points  of  contat^  in  the  fame  right  line* 

36.  §  59»  Prop.  Vn.,  From  any  point  of  aline 
of  the  third  order  let  be  drawn  two  lines  touch- 
ing the  curve,  and  let  the  line  joining  the  points 
of  contat^  cut  the  curve  iii.  another  point,  the 
tangents  ID  the  curve  at  this  other  point  and 

■  at 
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'  at  the  firft  point  will  cue  each  in  fome  point  of 
the  curve. 

s 

From  the  point  A  I^t  be  drawn  lines  teaching  the 
curve  an  F  and  let  FG>  being  joined,  cut  the 
curve  in  H,  and  let  touch  the  fiime  in  H  the  line  HC 
which  meets  the  curve  in  C,  and  AC  brfng  drawn  will 

be  a  tangent  to  the  curve  at  A.  It  follows  from' the 
preceding  Corollary^  for  A  and  B  coinciding  the  line 
CA  i&  a  tangent  at  the  point  A. 

J  60.  Coroh  I.  If  from  the  point  C  of  the  curve  be 
drawn  two  lines  touching  the  iame  in  A  and  H,  and 
from  either  point  A  tangents  to  the  curve  AF  and  AG 
be  drawn,  the  line  drawn  through  F  and  G  the  points 
of  ccmta6t  will  pa&  through  the  other  point 

§  61.  Corol.  2.  Let  the  line  AC  touch  the  curve  in  Fig.  37. 

A,  and  cut  it  in  C,  :;nd  let  AF  and  CH  touch  the 
curve  in  F  and  H,  and  the  line  drawn  through  the 
points  of  contact  cut  it  again  in  G,  AG,  being  joined, 
will  touch  the  curve  in  G.  But  if  there  be  any  other 
line  drawn  from  C  as  iZh  touching  the  curve  in  h  \  and 
h¥y  hGy  being  joined,  meet  the  curve  in  f  an'd  Af 
and  A^  being  drawn  will  be  tangents  at  the  points  / 

,  f  62«  OroL  3.  liCt  A  be  a  point  of  contrary  flexure,  Fig.  38« 
from  whence  let  AF  and  AG  beino-  drawn  touch  the  * 
curve  in  F  and  Ci,  and  kt  FG,  being  joined,  cut  the 
curve  in  H,  and  AH  being  drawn  will  touch  the  curve 
in  H.  For  if  the  tangent  at  the  point  H  (hould  meet 
the  curve  in  any  other  point  different  from  A,  the  1  ighc 
iiae  diawa  from  this  pgiut  of  meeting  to  the  point  of» 

contrary 
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contrary  flexnne  A  woerM  toutfh  the  cirrve  in  A,  which 

cannot  be.  Now  it  is  manifcft  that  only  three  lines 
oan  be  drawn  from  the  pouu  of  contrary  flexure  touch- 
ing the  curve  befidcs  that  which  both  touches  and  cuts 
it  in  that  fdnie  point,  and  that  the  three  ponits  of  cwi* 
tad  fall  in  the  fame  right  line.  From  the  point  of  con* 
trary  flexure  aioiie  three  right  lines  can  be  drawn  (o  to 
touch  the  curve,  that  the  three  points  of  contat^l  can  bd 
in  the  lame  right  line.  For  let  F,  G|  H,  be  in  the 
lame  right  line,  from  which  tangents  being  drawn^  ma^ 
meet  in  the  fame  point  of  the  curve  tf,  which  is  not  the 
point  of  contrary  flexure  5  itt  ae  be  drawn  touching  the 
curve  i;i  a,  and  which  meets  it  in  t-,  and  ^11,  being 
joined,  will  touch  the  curve  .in  H,  by  this  proportion  s 
and  fo  the  lines  and  aH  would  touch  the  curve  in 
the  fame  point      which  is  abfurd, 

§  63,  Prop.  VIII.  From  ahy  point  of  « Ifaie 
of  the  third  order  let  be  drawn  three  lines 

"  touching  the  curve  in  three  points ;  let  a  righc 
line  joining  two  of  the  points  of  contadt  meet 
the  curve  again>  and  a  righc  line  drawn  from 
that  point  of  meeting  to  the  third  p(Hnt  of 
contafb  will  again  cut  the  curve  in  a  point 
where  a  right  line  to  the  firCt  poinc  will  touch 
the  curve. 

* 

27,     From  the  point  A  of  a  line  ©f  the  third  order  let  ♦ 

be  drawn  th.cc  lines  AF,  AG,  iu;u  Af^  touching  the 
curve  in  the  three  points  F,  G,  and  let  the  line 
G/i  which  juir.s  two  of  them,  meet  the  curve  again 
in  N,  and  a  line  drawn  from  this  point  to  the  third 
point  of  contact  F  cut  the  curve  in     then  A^,  being 

joined^ 
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joine^i  will  touch  the  curve  in  g.  For  let  there  be 
drawn  AC  tCKtching  the  curve  in  A  and  cutting  it  in 
C  i  and  fiiice  paints  G»  and  /  are  in  the  fame 
tight  liiw»  and  the  tangents  at  the  points  G  and  /  fmfe 
through  A»  it  follows  (by  Prop*  VIL)  that  the  taa- 
gent  at  the  point  N  pafies  through  C«  And  Imce  the 
points  F,  N,  ^  are  in  a  right  line,  4iut  the  tangents 
FA  and  NC  meet  the  curve  in  A  and  C,  and  AC  is  a 
tangent  at  the  point  A>  the  tangent  at  the  point  g  will 
pai3  through  A.  ,      ,  ^ 

• 

§  64.  Cfffol.    Hence  if  a  curve  be  dcfcribed,  from 

three  given  points  of  contadl  where  tincc  lines  tlfawn  * 
from  the  fame  point  of  the  curve  touch  it,  a  fourth 
point  of  contact  is  found  where  a  line  drawn  from  the 
lame  point  of  the  curve  touches  it.  And  from  hence 
it  is  coliei^ed  that  only  four  lines  can  be  drawn  from 
the  fame  point  of  the  curve  touching  a  line  of  the  third 
order  befides  that  which  touches  it  in  that  fame  point* 
For  if  Hnes  might  be  drawn  .from  tho  fame  point  of  the 
curve  touching  in  five  points^  more  lines  indefinite  in 
number  might  be  drawn  firom  .the  dime  point  touching 
the  curve ;  as  is  eafily  gathered  from  what  goes  before. 
Now  this  Corollary  we  fhall  aftci  wards  deiiionftrate 
more  eafily.    See  beloW|  Art.  77* 

§  65.  Prop.  IX.    Lec  three  tangents  to  Fig.  3$. 
the  curve  be  drawn  from  a  point  of  contranr 
flexure,  and  a  right  light  lin^  joining  the  points  of 

comaft  will  cut  harmoiiically  any  right  line 
drawn  froin  the  point  of  contrary  flexure  and 
.terminated  by  the  curve. 

Let  A  be  the  point  of  contrary  flexure,  AF,  AG, 
AH  tangents  to  the  curve  at  the  points  and  H. 

li  From 
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From  the  point  A  let  be  drawn  any  right  line  cutting 
the  curve  in  B  ami  C,  and  the  right  line  FH  in  P| 
and  it  wiU  be  as  PB  ta  PC  as  BA  to  AC.  For  fince 
three  tangents  at  the  points  F|  G9  and  H  meet  in  the 

faase  point  A,  by  Prop.  IV.  ^  ^  J-  ^  ^  = 

therefore^  «-  ^  r=       t.  e.  PA  is  an  harippinical 

mean  between  the  two  lines  PB  and  PC  terminated  at 
the  curve.  Which  is  a  property  of  lines  pf  the  third 
order  of  admirable  ilmpiicity, 

§  66«  Cord,  I»  A  line  which  cut^  any  right 
fines  drawn  from  a  point  of  contrary  flexure  to  the 
curve  harmpnical]y>  will  alio  cut  any  othe<  two  lines 
drawn  from  the  point  and  terminated  by  the  curve  har« 

uionically. 

%  67.  C9i:oL  2^  If  aright  Unie  parallel  to  the  afymp.'« 
tote  drawn  through  a  point,  of  contrary  flexure  meets 

I  2 

the  line  FH  in  R  and  the  curve  in  O,  then  57;  =  srs  1 
imdroRA  =  2RO. 

<    •     I         -  4         t       .  .  , 

r  ^  •  ' 

t 

Fig.  59«  §  68«  P&op.  X*  A  right  line  joining  two^ 
points  of  contrary  flexure  cither  pafles  through 
a  3d  point  of  contrary  flexure  or  is  in  the  fame 
dire&ion  with  an  infinite  kg  of  the  curve. 

*  i  - 

Let  A  aiid  a  be  two  points  of  contrary  flexure,  let 
Aa  joined  meet  the  curve  in  a,  a  will  alio  be  a  pol^t 
of  contrary  flexure.    For  if  a  tangent  to  the  figure  in 
Jthe  point  a  (hould  meet  the  curve  in  any  other  point 
Ai        would  be  in  the  iame  light  line,    But  by 

*  hypo-* 
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hypothefis  A,  and  a  are  in  the  fame  right  line,  which 
therefore  would  meet  a  iiiieof,  the  third  order  in  lour 
points.  Let  A  be  a  point  of  contrary  flexure,  and  let 
the  line  AO  parallel  to  the  afymptote  meet  the  curve 
in  Of  let  OQ^be  drawn  touching  the  curve  in  O,  and 
cutting  it  in  Q^»  AQ^  being  joined,  will  pais  througl) 
D  where  the  curve  cuts  the  aiymptote* 

$  £9^  P^op.  XI.  Haviog  drawo  from  a  point  Fig*  at* 
of  contrary  flexure  A  the  tangents  to  the  curve 

AF,  AG,  AH  i  and  any  two  cutting  it  ABC, 
Khc^  then      and  Cr  or  Br  and  hO,  will  mutually 
cut  each  other  in  the  right  line  FH  which  joins 
.  the  points  of  contaft. 

For  let  the  line  meet  FH  in  Q^,  and  BC  the  fame 
in  P  ;  let  be  joined  QA  and  QC  ;  and  fmce  it  is  as 
AB  to  AC  fo  PB  to  PC,  by  Prop.  IX.  Q^,  QB, 
QP  and  QC  will  be  harmonicals,  and  fo  kh  will  cut 
the  line  QC  in  c  and  FH  in  ^  (o  that  A^  is  to  Ac  as 
fhtopc  i  and  therefore  c  will  be  a  point  of  the  curvet 
by  Prop.  IX*  from  which  it  follows  converfely  that  the  < 
lines  3^  and  Cc  meet  in  the  point  Q^of  the  line  FH  % 
and  in  like  inanner  it  is  Ihewo  that  Be  and  meet 
each  in  a  point  q  of  the  lame  line« 

1 

§  70.  CorcL  I.    From  any  point  Q,of  the  line  FH 
let  be  drawn  to  the  carve  the  lines  QB,  QC  cutting 
it  in  the  points  B,      M  and  C,     N  j  then  CB,  r^, 
MN,  will  meet  in  the  point  of  contrary  flexure  A  ; 
\  Be  and  ^C,  Mr  and  and      NB  and  MC  will 

meet  in  the  line  FH>  . 

§  71.  Corel,  2.  Tangents  at  the  points  B  and  C 
O^e^t  i^  feme  point  T  of  the  line  FH  )  and  if  from  any 

lia  poin^ 
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point  T  fituated  in  FH  be  drawn  tangents  to  the  curve 
they  will  pafs  through  the  point  of  contrary  ilexure, 
or  meet  in  the  line  FH. 

f  72.  CorcL  3«  Having  given  the  pioint  of  contrary 
flexure  A»  and  the  point  B»  C,  where  two  right 
lines  drawn  from  it  cut  the'  curve,  the  right  line  FH 
is  given  in  pofition ;  for  and  joined  will  by 
'  their  concourfe  give  the  point  Qj,  and  the  concourfe  of 
Be  and  3C  joined  wtU  give  qy  and  Q^^  joined  is  that 
which  joins  the  points  of  conta^  F,  G,  and  H.  Now 
thefe  five  points  being  given  with  other  two  M  and 
a  iiJie  of  the  third  order  is  Jctcrnniied  which  paiics 
through  thefe  feven  poiiits  A,  li,  C,  i?,  M,  m,  and  . 
has  Its  contrary  flexure  in  A.  For  from  the  points  M 
and  m  are  given  the  points  N  and  where  AM  and 
A.V.'  being  drawn  cut  the  curve,  and  from  thefe  nine 
conditions  the  line  is  determined.  Now  if  three  points 
M)  ffh  and  S  were  given  i  thefe  would  give  thre^ 
others  N,  and  i;  whence  would  be  given  eleven 
conditions  to  determine  the  figure,  which  are  too  manjr* 
In  like  manner  having  given  the  point  of  contrary 
flexure  A  with  the  points  F,  (and  fo  the  tangents 
AF  and  AG)  and  the  points  M  and  m  any  whatever^ 
the  right  line  FG  is  given,  and  fo  the  points  N  and  n^' 
and  the  curve  is  determined. 

I.  §  73-  Cord.  4.  Let  the  lines  HB,  HC  touch  the 
curve  in  the  points  B  and  C,  and  CB  joined  will  pafs 
through  A,  GG  and  FB  will  meet  in  a  point  of  the 
curve  V%  and  VH  drawn  will  touch  the  curve  in  V. 
Now  the  tangent  at  the  point  ot  contrary  Eexure  A  is 
determined  by  drawing  AV,  which  let  PL  parallel  to 
AH  meet  in  Ly  and  by  bife^ng  PL  in  Xi  for  AX, 
being  joined,  will  be  the  tangent  at  the  point  A*  For 
■  let 
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let  tiie  tangent  at  A  meet  the  line  FH  in  S  5  and  it 

=  (becaufe  AC  is  harmonically  cut  in 

Pand  B,  and  therefore  VA,  VF,  VP,  and  VG  arc 

harmouicala)  =:  Therefore  PK  is  an  harmonical 

mean  between  PS  and  PFI ;  whence  if  PL  parallel  to 
AH  meets  the  lines  AV  anil  AS  in  X  and  L|  PX 
wiUszXL* 

§  74«  Prop.  XII.  From  a  point  of  a  line  of  fig-  4i< 
the  third  order  A  let  be  drawn  two  lines  touch- 
ing the  curve  in  F  and  G,  and  let  FG  joined 

meet  the  curve  in  H,  and  let  a  tangent  at  the 
point  A  cue  the  curve  in  M ;  let  HM  be 
joined,  which  let  meet  in  L  the  line  FLK  pa« 
rallel  to  AH>  and  let  FK  be  taken  :?  aFL  $ 
then  HK  being  joined,  any  right  line  AB 
drawn  from  A  will  be  cut  harmonically  by  the 
lines  HK  and  HF  in  N,  P,  and  by  the  curve 
in  B,  C  j  fo  that  NB  will  be  to  NC  as  BP 
to  PC, 

For  let  AB  meet  the  tangent  HM  in     and  it  will 

-  ^  a  +  PA  -  PC  -  PA  +  Pf '  ^'''^    PB  p5 
-p^  -i-       (by  conftru^ion,  and  barmonically)  zi 

2 

|^«    Whence  it  follows  that  the  Une  NC  is  cut  har- 
monically in  the  points  B  and  P,  or  that  NB  is  to  NC  . 
asBPtoPC.- 

1^3  .  §75- 


486  CESkRAL  P&OPtRTii-S  OF 

§  75»  drol  f  •  Hence  if  any  two  lines  drawn  firm 
A  are  cut  in  N  harmonically  fo  that  PC  be  toPB  as 
CN  toBN  i  all  lines  drawn  from  A  will  in  like  man- 
ner be  cut  harmonically  by  the  lines  HF  and  HK. 

§  76«  Cfroi.  2.   If  the  curve  has  not  a  double  point, 

and  the  right  line  HK  cuts  it  in  two  points  y  and 

Af  and       being  drawn  will  be  tangents  to  the  curve 

in  theie  points.    For  let  the  point  B  coincide  with  N 

when  N  comes  to  /  the  CQncottrfe  of  HK  with  the 

112 
curve  ;  and  therefore  when       -F  ST^  =  om»  will 

be  ^  =        and  C  coincides  with  B,  and  the  line 

drawn  from  A  then  touches  the  curve*  On  the  other 
fide,  if  the  line  Af  touches  the  curve,  the  line  HK 

will  pafs  through  / ;  for  becaufe  of  PB,  PC  being 
equal  in  this  caic'i  the  points  B  and  C  will  coincide 
WKh  N. 

^77,  CoroL  3.  If  the  line  HK  meets  the  curve  in 
only  one  point  H,  only  two  tangents  can  be  drawn 
from  the  point  A  to  the  curve,  viz.  AF  and  AG.  Four 
tangents  at  moft  can  be  drawn  from  any  point  of  a  line 
of  the  third  order  to  die  curve  as  AF,  AG,  A;^  A^« 
For  if  any  other  tangent  could  be  drawn  from  A  as 
A^,  the  line  HK  would  pafs  through  the  point  and 
four  points  of  a  line  of  the  third  order  would  be  in  the , 
fame  right  line,  viz.  H,/,^,  9,  which  is  abiuxJ. 

§  78.  Prop.  XIIL  Iffroma  pointof  alineof 
the  third  order  four  tangents  to  the  curve  may 

be  drawn,  the  lines  joining  the  points  of  con- 
tact will  always  meet  in  fgine  point  of  the 

curve* 
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curve,       any  right  line  drawn  from  the  firft  # 

point  will  be  cut  harmonically  by  the  curve  and 
the  Unesjoiaing  two  points  of  concad. 

Let  A  be  a  point  of  the  curve,  AF,  AG,  Af^  Ag 
tangents  in  the  points  F,  G>j^  f  «   Let  be  joined  FG 
mndfgj  which  let  meet  any  right  line  ABC  (drawn 
'  from  A  and  cutting  the  curve «in  B  and  C)  in  P  and  N  i 

and  the  line  NC  will  be  harmonically  cut  in  B  and  P, 
fo  that  always  NC  is  to  NB  as  CP  to  PB  :  this  fol- 
lows from  Corol.  2.  of  the  preceding.  Now  the  lines 
FG  and  fg  meet  in  the  point  of  the  curve  Hj  and  in 
like  mnnner  the  lines  Fy*and  Gr  meet  in  and 
and  G/  in  R  i  and  E  and  R  will  be  points  of  the  curve, 
bf  theJame  corollary.  And  this  is  the  latter  of  the 
two  properties  of  lines  of  the  third  order  i/rhkh  I  de- 
ktihed  in  the  Treatife  of  Fluxions^  Art.  402.  But  if 
the  line  AM  touches  the  curve  in  A,  and  cuts  it  in  M» 
ME,  MR,  MH,  being  joined,  will  touch  the  curve 
in  the  points  £,  R,  H  ^  and  the  concourfe  of  ithe  lines 
A£  and  HR,  AR  and  HE,  AH  and  EE  will  be  alfo  in 
the  curve  *. 

§  79.  Coroi,  Therefore  lince  the  1  ines  HKl)  FfB^  HP, 
and  UC  are  barmoniods ;  if  the  lines  HE  and  HC  meet 
the  curve  in  h  and  c ;  the  points  A,  ^    will  be  in  the 
,  lame  right  line.   For  let  Adjoined  meet  the  curve  In 
.  ^and    and  HF  in     and  HK  in  ji;  and  iince  nt  is 
tank  9$  ft  to  pkt  it  appears  that  r  is  in  the  line  HC; 
.  and  reciprocally  if  ^  be  in  the  line  HC  and  h  in  the 
line  HB,  A,  by    will  be  in  the  fame  right  line. 

§  80.  Prop.  XIV.    Let  a  line  of  the  third  pig.  41, 
order  have  a  double  point  O.   From  any  point 

*  Supply  what  is  wantiog  ia  the  fchemet 

I  i  4  •    A  of 
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A  of  the  curve  let  be  drawn  two  lines  AF  and 
AG  touching  the  curve  iiiF  and  G  $  let  FG  joined 
cut  the  curve  in  H ;  let  OH  be  joined.  Let 

any  ligliL  line  AB,  drawn  from  A,  meet  the 
curve  in  the  points  B  and  C,  the  line  FG  in  P, 
and  the  line  OH  in  N  j  and  the  line  NP  will 
be  cut  hannonically  in  the  points  B  and  C, 
fo  diat  PB  is  to  PC  as  BN  to  NC. 

For  let  AO  joined  meet  FG  in  p  and  the  tangent 
HL  in       and  iince  O  is  a  double  pointy  it  will 

Therefore b  cut  barmonically.in  /  and  fo  that 
pt  is  to  a$  tO  to  OA,  and  Hf,  HO,  and  HA 
are  harmontcals.   Let  the  lihe  PA  meet  the  tangent  LH 

m  T,  and  tince^     PB      PA  ^  PA  PT' 
waibe  ^  +  ^  =      +  ^  =  confequentl/ 
PC  is  to  NC  as  PB  to  BN. 

§  8i.  Corof.  If  the  tangent  HL  meets  the  line  (5 Z 
parallel  to  AH  in  7,  and  GV  be  taken  =:  2GZ,  HV 
drawn  will  pais  -  through  the  double  point  O,  if  the 
curve  has  fuch  a  point.  Or  if  the  line  Gra  meets 
the  lines  AH  and  HR  in  a  and  r,  let  rA  and  Ra  crofs 
each  other  in  1»,  tlKn  Hm  joined  will  pals  through  th^ 
doable  point  O, 

f  82.  Prop.  XV.  Front  a  point  of  a  line  of  - 

the  third  order  let  be  drawn  two  tangents, 
and  from  any  other  point  of  the  fame  let  be 
drawn  lines  to  the  points  of  contaft  cutting  the 
•    .    •  curve 
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curve  in  two  other  points ;  tangents  to  dicic 
new  points  will  meet  the  curve  in  the  (kmc 
pdnt. 

From  the  point  A  let  be  drawn  AF  and  AG,  touch-  Fig<4l« 

ing  the  curve  in  I  and  G.  Let  any  point  ct  the  curve 
Pbc  taken,  let  PF  and  PG  be  joined  cutting  the  curve 
in  the  points  K  and  L;  and  the  tangents  at  the  points 
K  .and  L  will  meet  In  fome  po^nt  of  the  curve 
Now  the  point  B  is  determined,  by  drawing  the  line 
PC,  which  touches  the  curve  in  and  cuts  it  in  C  ; 
for  if  AC  be  joined,  it  will  meet  again  the  curve  in  the 
point  B* 

1  01  fince  the  points  F,  K,  P,  are  in  the  fame  right 
line,  and  tangents  at  the  points  F  and  P  cut  tiu  cu.  vc 
in  A  and  C  ;  it  follows  that  the  tangent  at  the  point  K 
wnil  pafs  through  B.  And  becaufe  LGP  is  a  right  line, 
the  tangent  at  L  will  pafs  alio  through  B. 

^  83.  Cord.  Therefore  let  A  and  B  be  any  two  Fig.  ^ 
'  points  in  a  line  of  the  third  order ;  from  both  of  them 
let  be  drawn  four  lines  touching  the  curve  in  four 
other  points,  viz.  AF,  AG,  A/,  A  c ;  and  BK,  BL, 
Bi,  B/.  Let  FK  and  GL,  FL  and  GK,  F/  and  Gi^ 
Gl  and  Fi,  meet  each  o^her  in  four  points  of  the  curve 
P>  0.9  1*  pi  if  tangents  be  drawn  to  thefe  four 
points,  thefe  will  meet  the  curve  and  each  other  in  the 
point  C,  where  the  line  AB  cuts  the  curve*  Whence 
if  there  be  three  points  of  a  line  of  the  third  order  in 
the  fame  right  line,  and  from  each  of  them  be  drawn 
four  lines  touching  the  curve  in  four  o'hcr  points,  a 
ritiht  line  drawn  throu^^h  anv  two  points  of  contac\  will 
always  cut  the  curve  m  fomc  other  point  of  contact; 
and  four  of  thefe  lines  will  always  pais  through  the  fame 
jpoint  of  contact. 
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Fig.  43«    ^  84.  Prop.  XVI.  Let  F  and  G  be  two 

points  of  d  line  oi  tuc  tiiiru  order  fo  taken  that 
FA  and  GA  touching  the  curve  in  thcfc  points 
may  meet  in  any  poijlt  A  of  the  curve.  Let 
be  taken  in  the  curve  aiiy  other  point  P,  from 
^hich  let  be  drawn  to  the  points  F  and  G  the 
lines  PF  and  FG,  which  may  meet  the  curve  in 
IC.aod  h  i  let  FL  and  GK  be  joined^  and  their 
concourfe  Q^wili  be  in  the  curve.  Now  die 
tangents  at  the  points  K  and  L  will  meet  each 
other  and  the  curve  in  fonic  poiiU  of  the  curve 
B,  and  the  tangents  at  the  points  P  and  Q^will 
meet  in  a  point  of  the  curve  C,  fo  that  the 
three  points  Aj  may  be  in  die  fame  right 

line; 

For  let  the  tangent  at  the  point  P  be  drjv/n,  uhicli 
let  meet  the  curve  in  C,  ariJ  let  AC  cut  the  tame  in 
L  i  and  BK,  BL  being  drawn  will  be  tangents  at  the 
.  points  K  and  L,  by  the  preceding.  Let  the  line  I/F 
meet  the  curve  in  and  if  the  line  GK  does  not 
pafs  throcjgh  Q^,  let  it  meet  the  curve  in  There- 
fore, becaufe  the  three  points  L,  F,  Q,^  are  in  the 
£ime  right  line,  but  the  tangents  at  L  and  F  cut  in  B 
and  A)  it  follows  (by  Prop.  VIL)  that  the  tangent  at 
the  point  q  will  pafs  alfo  through  the  point  C.  There- 
fore both  lines  CQ.)  touch  the  curve,  the  firfl;  in 
Q_,  the  latter  in  q.  Therefore  the  points  Q^and  q  co- 
incide, for  if  we  put  them  difFcrcnr,  it  follows  from 
Prop.  VIII.  that  more  than  four  tangents  might  be 
drawn  to  the  curve  from  the  fiimc  point  C.  For  let 
A/and       be  tangents, at  /  and  gy  and  let  L/,  Lg 

drawn 
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drawn  eat  tlie  curve  in  m  and  » ;  aod  Cm,  Cn  wall 
be  tangenti  at  m  and  «•   Wherefore  we  (hotild  have" 
£ve  tangents  drawn  firom  C  to  the  curve  CP,  C(2^ 
Cm,  Cfty  and  Cf  |  which^^h  contrary  to  Cord.  3(. 

Prup.  XiL 

•  ^  85.  Corol.  I.  The  point  P  being  given,  and  thm 
points  F  and  G  taken  any  where,  fo  that  tangents  at 
thefe  points  meet  in  the  curve,  the  point  Q^is  given, 
where  FL  and  GK  joined  nneet  each  other  and  the 
curve*  And  if  from  the  point  P  any  right  line  PMN 
be  drawn  to  meet  the  curve  in  N  and  M,  and  QM^ 
Qhl  joined  cut,it  in  m  and  iv ;  the  points  1%  and 
will  be  in  ^e  iame  right  line.  For  we  have  ihewn 
that  tangents  at  the  points  P  and  Q^croft  each  other  in 
a  point  of  the  curve** 

§  86«  CoroL  2.  If  four  points  F,  G,  K,  L,  be  Fig.  45, 
taken  in  a  line  of  the  third  order,  fo  that  tangents  at 
the  points  F  and  G  meet  in  fome  point  of  the  curve, 
and  tangents  at  the  points  K  and  L  meet  alfo  in  fome 
point  oi  the  curve,  FK  and  GL  drawn  will  meet  m  a 
point  of  the  curve,  and  ¥L  and  GK  drawn  will  meet 
each  other  in  a  point  of  the  curve* 

i  87.  Prop.  XVII.  Let  F  and  G  be  two 
points  of  a  line  of  the  third  order,  where,  if 

lines  be  drawn  touching  the  curve,  thcfc  fliall 
cue  each  other  in  fome  point  of  the  curve. 
Let  be  taken  four  other  points  of  the  curve  L» 
K»  />  gy  ^  that  LF  and  GK  drawn  may  meet 

ia  the  curve,  and  F/  and  G^  may  meet  in  it 

*  Supply  whst  b  wsttdng  ia  the  Scheme. 

alfoi' 
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alfo;  then  /L  and  drawn  will  cut  each 
other  in  the  curve,  as  alib  and  K/  when 
drawn. 

For  tangents  at  the  points  f  and  g  crofs  each  other 

in  the  curve,  by  Prop.  XIV.  as  alfo  tangents  at  the 
points  K  and  L,  by  the  fame.    And  therefore,  by  Co- 
rel. 2,  of  the  preceduig,  f\a  and      meet  in  the  curve, 
'  a$  alib/K  and^L* 

45»  §  88.  Lemma.  Let  there  be  three  right  lines  given 
in  pofition  IC,  IH,  and  CH  ;  and  three  points  F,  G, 
S,  which  are  in  the  fame  right  line.  Let  any  point 
be  taken  in  the  line  IC,  and  let  QF  joined  meet  the 
line  IH  in  L,  and  Qp  joined  meet  HC  in  P  j  let  FP 
be  joined,  let  SL  drawn  meet  FP  and  QP  in  h  and  N  \ 
and  ^  and  N  will  be  at  right  lines  given  in  pofition. 
For  let  IN  be  joined,  whidi  let  meet  GS  in  m,  and 
through  N  let  be  drawn  a  parallel  to  FS,  which  let 
meet  the  lines  IC,  IH,  and  LQ^  in  the  points  k, 
and  r  J  let  the  line  PG  meet  the  lines  IC,  IH,  and  HC 
ill  the  points  ay  and  Jr.  Becaufe  is  to  Nr  as  Ga 
to  GFj  and  Nr  to  Nm  as  SF  to  8/5-,  it  will  be  as  Njc^ 
to  Nz<:  (and  therefore  ma  to  fnb)  as  Ga  X  SF  to  GF 
X  S^,  i.  e.  in  a  given  ratio.  Therefore  the  point  m 
is  given,  and  fo  the  right  line  INm  is  given  in  pofi* 
tion ;  and  in  like  manner  the  point  i  is  at  a  line  given 
in  pofition* 

.  n.  a.  f  ^9*  ^^''^^*  '^he  points  G  and  S  coinciding,  the 
point  m  will  alfo  coincide  with  the  point  G.  There- 
-  fore  let  IG  be  joined  and  m^et  HC  in  D,  and  CF 
drawn  and  meet  the  line  HI  in  £,  the  tine  DE  joined 
will  be  the  locus  of  the  point  K,  where  GL  and  FP 
Qiots  each  other, 

4  §90* 
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%  90.  Pmop.  XVIIL   lAX  PGLFQK  be  a  Kg-  4^ 

quadrilateral  infcribcd  in  a  figure,  whofe  fix 
angles  touch  a  line  of  the  third  order,  as  ia 
Prop.  XVI.  Let  lines  IC,  CH,  HI  be  drawn 
touching  the  curve  in  three  points  Q^,  P,  L, 
which  arc  not  in  the  fame  right  line  5  let  IG 
joined  meet  the  tangent  CH  in  D,  and  HF  meet 
the  tangent  CI  in  E  {  the  points  D,  K,  E,  will 
be  in  the  £une  right  lincj  which  will  touch  the 
Curve  in  the  point  K. 

For  let  us  fuppofe  the  lines  QFL  and  FKP  to  be 
moved  about  the  pole  F,  and  the  lines  LGP  and  QGKl 
about  the  pole  G,  but  the  points  Q,  L,  and  P,  to  be 
carried  along  in  the  tangents  QJ,  LI,  and  PC ;  then 
the  point  K  will  be  carried  in  the  line  D£,  by  the 
preceding  CoroU  Whence,  if  the  points  Q^,  1^  be 
carried  in  a  carve  which  couches  thefe  lines  QI,  LI,  ' 
and  PG«  in  thefe  points,  K  will  alfo  be  carried  in  a 
curve  which  the  line  DE  touches.  But  by  Prop.  XV. 
if  the  points  Qj,  L,  P,  be  tarried  in  the  propofcd  line 
of  the  third  order,  the  point  K  will  be  carried  in  tae 
(kmc,  which  therefore  the  line  D£  touches  in  K. 

§  91.  Cdroi*  r.  In  Irkc  manner  if  the  lines  AF  and 
AG  (which  touch  the  curve  in  ¥  asid  G)  meet  the  . 
line  IH  (which  touches  the  curve  in  L)  in  the  points 
M  and  N;  let  MP  joined  cut  the  tangent  AG  in 
and  QN  joined  the  taijgcnt  Ar^  u\  r,  de  will  pafs 
through  K,  and  touch  the  curve  in  that  point  j  and 
the  four  points  D>  ^  £,  wiU  be  in  the  fame  right 
line. 

§  92.  CoroL  1,  Let  be  drawn  from  nny  two  points 
of  the  curve  C  and  B  four  taDgcats  two  froai  each, 


Digitized  by  Google 


4^4  GBlfBlLAt  PltOPBRTtBS  OT 

CQ.and  CP  from  the  point  C,  BL  and  BK  from 
point  B,  nnd  !ct  the  interfecElions  of  thefe  tangents  be 
1,  H,  E,  and  D  j  then  LQ_and  EH  drawn  will  cut 
«acb  other  in  a  point  of  the  curve  F  i  and  the  con-r 
coiirfe  of  LP  and  ID  joined  will  be  in  a  point  of  the 
curve  G ;  but  the  tangents  at  tbe  points  F  and  G  will 
cut  eacli  other  in  a  point  of  the  curve  A,  which  will 
be  in  tlie  lame  right  line  with  the  pmnts  C  and  B. 
§  9^.  CM*  3«  Having  given  three  points  of  aJIne  of 
third  order  which  are  in  the  lame  right  line,  and  two 
tangents  drawh  from  each  of  thefe  to  the  curve  being 
given  in  pofition,  the  fix  points  of  contaiSl  are  deter- 
mined by  this  propofition.    Let  A,  B,  C  be  the  three 
given  points  of  the  curve  in  one  right  line,  AM  and 
AN  tangcjits  from  A,  BMI  and  BDE  tangents  from  B, 
which  meet  the  former  in  M,  N,      and  d  i  and  let 
CD  and  C£  be  tangents  from  the  third  point  C;  and 
let  Cp  meet  BM,  BD,  AM,  and  AN,  in  H,  D, 
and     and  C£  the  fame  in  I»       fty  and  m,  Thele 
^ngs  fuppoied,      joined  will  cut  the  tangent  CI  in 
the  point  of  conta^  Q^j  Md  will  cut  the  tangent  CP 
In  rtie  point  of  conta^l:  P,  ID  will  cut  the  tangent 
AN  in  the  point  of  (;onta£t      £H  the  tangent  AlVf 
in  the  point  of  cpntaA  F,  mb  will  cut  the  tangent  BH 
in  L,  and  laftlyirr  the  tangent  Bf2  in  K,    Now  though 
the  problem  in  this  cafe  is  determinate,  yet  it  admits 
of  fevcriil  foluttons.    For^  different  lines  of  the  third 
order,  but  definite  in  number,  may  be  drawn  through 
the  three  points  A,  B,  C,  touching  the  fix  right  lines 
given  in  pofition  AM,  AN,  BM,  BD,  CD,  and  CE. 
For  let  Ntf  meet  the  ungent  CD  in  ^  M,d  the  Ungent 
C£  in  qy  ID  the  tangent  AM  in  fy  £H  the  tai^ent 
AN  \n  gyuc  the  tangent  BM  in  /|  and  f^b  the  tangetit 
BD  in  k  \  and  a  line  of  the  third  order  which  ^tisfies 
the  propofed  conditions  will  touch  the  lines  >nd 
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CE  either  in  P  and  Q_,  or  in  p  and  q.  That  will  touch 
the  lines  AM  and  AN  either  in  the  points  F  and  G,  or 
in / and  ;  but  the  lines  BM  and  BD  either  in  L  and 
Kf  or  in  /  and  i*  }t  appears  therefore  that  (everal  lines 
of  the  third  order  mAy  ratisfj  the  conditions  of  tiie  pro* 
blem»  but  determinate  in  number,  ^nd  ^erefo^fe  thp 
probieiii  is  d^terqiiinate 

%  94«  (krol*  4«  Having  given  two  points  A  and  B  of 
a  line  of  tl^e  third  order,  alfo  the  tangents  AM,  AN, 
PM,  BD  given  inpofition,  with  three  points  of  contaft 
Fy  G»  and  L»  the  point  K  is  given  where  the  line  Bp 
touches  the  curve.  For  to  i^  let  be  drawn  the  lines 
Ntf  and  LF,  by  their  concourfc  the  point  Q^will  bs 
given,  and  QG  dfiwn  will  cut  thu  taiigent  lip  in  the 
point  of  contadt  K,  P  the  poipt  of  concourfc  of  the 
lines  LG  and  or  the  lines         and  FK,  is  allb 

given  J  for  the  three  lines  I^G,  M^/,  and  FK  neceffariiy 
meet  in  the  point  P.  Let  M^^N  be  any  quadrilateral, 
tetany  point  Q  be  taken  in  the  diagonal  and  P  in 
the  diagonal  lAdy  let  any  right  line  drawn  from  Q^cut 
the  fides  Mf  and  MN  in  F  and  L»  let  PL  cut  the  fide 
in  G»  let  QG  be  joined,  which  let  cut  the  fide  in 
K  i  and  the  points  F,  will  be  always  in  the  fame 
right  line,  by  what  is  fliewn  above.  Whence  it  ap* 
pears  that  the  problem  does  not  become  impoffiblc,  be- 
caufe  it  is  neceflary  that  three  right  lines  LG^  A-la',  ai\d 
FK  muft  meet  ia  the  fame  pointy 

« 

§  95.  Prop.  XIX.    L,et  D,  E,  F,  be  points  Fig.  47, 
in  a  line  of  the  third  order  in  the  fame  right 
fine,  and  let  there  be  three  lines  touching  the 
curve  in  thefe  points  parallel  to  each  other*  In 

*  Sappl/  vkM  it  warning  ia.  the  Scheme. 
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the  line  DF  let  be  taken  the  point  P  fo  that 
dFF  may  be  an  harmonical  mean  between  PD 
andPE;  and  if  any  other  right  line  drawn 
through  P  meets  the  €urve  in  /,  and  €y  2P/ 
will  always  be  an  harmonical  mean  between 
Vd  and  iV.  But  we  fiippofe  that  the  points  d 
and  i  are  on  the  lame  fide  the  point  P,  buc 
the  point  /  on  the  contrary. 

For  let  the  tangents  DK,  EL,  FM,  meet  the  line  dj 
in  the  points  Kj,  L,  and  M  i  and  it  will  be  by  Art,  9. 

^""F/^TT'^HJ""  ^C»f»hcIineQf 
parallel  to  the  tangents  harmonically  cut  PD  fo  that 
F£  be  to  £Q.as  PD  to  DQ.,  and  Q^f  meet  the  line fd 

in  =pij  -  ^  (bctaufeP^is  toPxMasPCttoPF, 
txA  by  bypothefis  aPF  =:  PQ^  sud  fo  2PM  r:  Pf )  s 

Hi  ^  Fia=  ^^''^^  W-TJ-^  ^>  and  there, 
ibre  2^  is  an  harmonical  mean  between  P«f  and  P/» 

,f  96.  Cn-oh  I*   Let      and  £#  joined  meet  in  the 
point  V,  VQ^and  F/  joined  will  he  parallel ;  and  -VQ^ 
being  produced  to  meet  the  line  /din     ?f  will 
f  Pr.    For  PD  is  cut  harmonically  in  E  and  Q_,  by 

hvpothefib,  and  therefA'e  the  line  Fd  is  alio  cut  har- 
niunically  in  e  and  r,  by  Art.  21.  whence  P/ zz  j Pri 
anUiince  PF  =:  |PQ,;  it  follows  that  the  line 
parallel  to  the  harmonical  VQr. 

§  97.  jCcr^I.  7»  In  like  manner  if  be  taken  the  pomt 
p  in  the  line  DF  fo  that  a^D  be  equal  to  the  harmo* 
nical  mean  between  p'E  and  ^F,  ^  any  line  drawn 
from^  meet  the  curve  in  three  pointS;^  the  fegmentof 

this 


I 

I 
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this  line  on  one  fide  tbt  poim  f  tisnftinftted  al  Hbe  curve 
will  be  equal  to  half  the  hamomoal  iiic«i  between  the 

two  fegments  on  the  other  fidc  tte  &fn«  (wnt  tcrmi- 
jvUed  by  it  and  the  curve* 

§  9&  Lmm»  Fro»  the  centfc  of  gravity  of  a  tri-  Fig.  48. 
angle  let  be  drawn  any  right  line  which  meets  the  three, 
ftdes  of  the  triangle,  and  the  fegment  of  this  line  ter- 
minated by  the  centre  of  gravity  and  one  fide  of  the 
triangle  will  be  half  an  harmonieii  mean  between  the 
fegments  of  the  fame  line  terminated  by  the  centre  of 
gravity  and  the  two  other  fides  of  the  triangle*  Let  P 
be  the  centre  of  gravity  of  the  triangle  VTZ,  let  the 
line  FDE  drawn  through  P  meet  the  fides  in  F,  D,  E  ; 
and  let  the         O  and  £  be  on  the  faoie  fide  of  the 

point  P;  it  will  bfi  ^  =  ^ 
drawn  through  the  point  P  the  line  MPL  parallel  to  the 
fide  which  may  meet*thc  fides  VT,  ZT,  in  L  and 
M  and  ifae  line  VN  parallel  to  ZT  in  N  i  and  fmce  MP 
=  PL>  and  TL  2VL>  becaii^  of  the  ftmilar  trian- 
glea  TLM,  VLN,  LM  will  s  aLN,  whence  LN  as 
LP,  and  PN  50  aPM,  tberdbre  if  PD  meet  the  line 

VN  in     It  will  be  {by  Art.  %U  and  23.)      +  ^ 
^  PK  ^  PF* 

I  99»  Pao»«  XX.  Let  three  Hnea  VT»  VZ,  Fig.  49. 
TZ,  touch  a  line  of  the  third  order^  and  let  the 

fame  right  line  pals  through  the  three  points  of 
contact  and  the  centre  of  gravity  of  the  triangle 
VTZ  {  let  any  right  line  drawn  through  this 
centre  meet  the  curve  in  €  on  one  fide  and  in  a 
and  h  on  the  other  of  the  centre  of  gravity,  and  - 
%?c  will  be  an  haroionical  mean  between  the 
fegoncats  f  4  and 

for 
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^For  let  Pf  meet  the  fiilea  ofcbc  triiiiig^e  in^  £$'9md 
and  the  iine  VN  pvaHel  ta  TZ  ia  i }  and  aF/* will 

=  Fi,  and  fo  ^  -      =      +  ^ .  -  _  + -y - 

hali  the  harmonical  mean  between  Va  and  P/;. 

^fr  5^  .  §  100.  Prop.  XXI.  Let  V  be  a  double  point 
in  a  line  of  the  third  order»  VT  and  VZ  lines 
touching  the  curve  in  that  point,  which  let  the 
line  1  Z  couching  the  cui  vc  in  F  fo  mecc  in  T 
and  Z  that  FT  =  FZ  ^  let  FV  be  joined,  in 
which  let  be  taken  FP  =  i^Y; ;  and  if  any  right 
line  drawn  through  P  meet  the  curve  in  three 
points  a,  r,  of  which  «  and  h  are  on  the  fame  * 
fide  of  the  point  P,  c  on  the  contrary,  iVc  will 
always  be  an  harmooical  mean  between  the  leg* 

ments  Va  and  F^,     =      +  pj. 

For  fince  TZ  is  btfeaed  in  F,  and  FP  z=  |  FV,  it  is 
maaifei^  that  the  point  f  is  the  centre  of  gravity  of  the 

triangle  \' TZj  and  fmce  the  point  P  is  in  the  liiiQ 
F  V  which  paffes  through  the  points  of  conta<5l,  the  pro- 
pofition  follows  from  the  preceding. 

§  loi.  CoroL  I.  If  the  lines  V^,  V^,  and  Fc  be  ioinecJ, 
P  will  alfo  be  the  ceotre  of  gravity  ol  the  triangle  con- 
tained by  them;  as  alfo  of  the  trianglQ  contained  by 
three  lines  touching  the  curve  in  by  c ;  and  if  Wa  and 
meet  the  line  fc  in  m  and  Fm  Will  be  always  equal 
to  F»« 

^  IC4.  CoroL  2.  A  line  drawn  through  the  double 

point  paic^lkl  to  Ft  will  cut  Va  harmonically  in  i,  fo 
that  ¥a  will  be  to  ak  as  Pi*  to  Pij  but  the  line  which  is 
drawn  from  i  to  jf  the  concourfc  of  the  'tangents  at  a  and 
h  is  parallel  to  the  line  cy  touching  the  iigure  in 
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§  tO'^.  C'iroL  3.  Two  points  a  and  *:  being  givtfn 
\vherc  any  line  drawn  from  P  meets  the  curve,  the  third 
h  is  alfo  given  ;  for  let  be  joined  Va  and  which  meet 
each  other  in  w  ;  let  be  taken  on  the  other  fide  F  the 
line  F/i  ec{uai  to  Fii^  and  Vti  joiiKd  will  cut  the  liae 

I  104*  Prop.  XXII.  Let  be  drawn  through  Fig.  51» 
any  point  P  in  the  diredion  of  the  infinite  legs 
a  line  to  meet  the  curve  in  a  and  r;  and  through 

the  fame  point  any  line  cutting  the  curve  in  the 
points  D,  E,  F,  and  which  may  meet  the  lines 
touching  the  curve  in  a  and  in  k  and  and 
the  aiymptote  of  the  infinite  leg  in  / ;  and  if  the 
points     £,    m,  ly  are  on  the  fame  fide  bf  Pj 

but  the  point  F  on  the  contrary,  it  will  be  —  = 

.  •         •  *  * 

Pi?  +  A  ^  1^  -       where  the  fign 

of  every  term  is  to  be  changed  as  often  as  the 
fegment  goes  off  to  the  oppolite  fide  of  P.  . 

This  follows  froia  Theor.  I.  Art«  9.  for  by  that 
theorem  ^  +  ^  +  +  — 

105.  GtTffl  t*  If  the  line  PD  be  drawn  through 
the  concourfe  of  the  tangents  ak  and  cm-,  and  iWI 
be  taken  equal  to  an  harmonica!  nicaa  between  the 
lines  PD,  P£,  -PF-^  according  to  Art.  28.  it  will  be 

•pj  =  ^  —       and  fo  l-PM  will  be  the  harmonicai 

mean  between  P/  and  But  if  the  tangents  di-  and 

cm  meet  in  the  point  M  itfeif,  the  afymptote  will  aifo 
pais  through  M*  • 

K  k  2  §  Xd6« 
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47.  §  io6«  C&roL  a.  In  the  cafe  df  Prop.*X}X«  where 
three  points  of  contaA  are  in  the  fame  right  line;,  and 
the  three  tangents  parallel,  let  be  taLen  the  point  P  as 
in  Prop,  XIX.  and  Jet  be  parallel  to  the  afymptote^ 
let  the  tangents      and  cm  ntcct  the  line  PD  in  Jt  and 

ifi^  and  It  «rill  be  -pj  ==  ~  +       or  P/  equal  to  ftaV 

the  harinomcal  mean  between  Pi  and  Fm.  fiat  if  the 
ungents  aJtmim  meet  in  ibt  liMneifKNat  of  the  )iaa 

PD,  P/  wfll = iPii  but  becaui;^  in  Prop.  XIX.  ^  = 
+        P«  will  =  Pr.  . 

4^,  §  107.  CoriL  3/  The  fame  is  to  be  faid  of  thecaie  in 
Prop.  XX.  where  three  points  of  contadt  D,  £,  F,  are 
111  the  faikie  right  line  which  paflcs  through  P  the  centre 
.  of  grayky  of  the  triangle  VTZ  contained  hy  tke  lai^ 
gents*  But  if  one  o£  the  liaes  touching  the  curve  in  a 
or  c  (fuppoiing  <iPf  parallel  to  the  a/^mptole]  be  pacaL^ 
lei  to  the  line  DP»  the  afymptote  Will  go  off  m  if^lmgum^ 
atut  the  leg  will  be  parabdical»  . 

52«  §  io8.  CnroL  4^  The  fkme  thiiigs  fuppofecf  as  in  Prop* 
XXI»  Ut€?a  be  paralld  to  ai^fn^tolCy  let  tlie  tan- 
g^ts  akf  m  meet  the  line  VF  in  k  and  0%  find  it  will 

be  j-^  = + Whence  if  the  curve  lias  a  dta^ 

meter,  fincc  this  neccfTarily  pafTes  through  the  double 
point  V,  from  the  point  of  the  curve  F  where  the  tan- 
gent TFZ  is  bifeded  let  be  taken  from  F  towards  V, 
zz  i  FV,  let  rP<7  be  drawn  paxaUel  to  the  afymptote, 
and  the  tangent  ak  which  may  meet  the  diameter  in 
and  on  the  other  hde  the  point  Pjlet  be  taken'  upon  the 
'  liae  PVj  fi  :=  and  a  line  dr^wn  tbrough  /  paxaM 
to  the  ordinate^  will  be  die  af^p  jote  to  cinre*  But 
if  the  tangent  ei  be  parallel  to  tile  diameter^  th«  kg  of 

iHe 


tiie  owe  wilLb«  ff  die  parabolie  kind*  Mwtsifs 
pofitkm  about  the  fisgmenis  of  any  right  line  ternrinatBd 
by  three  afymptotes  and  the  curve  ealUy  follows  from 
Art.  4«  as  has  before  been  Qxewn  by  others. 

§  109,  Prof*  XXIIL  From  any  point  D  of  a  53« 
line  of  the  third  order  let  be  draws  ai^  two  linea 
DEI,  DAB»  which  let  meet  the  curre  in  E»  I> 

and  A,  B  j  let  the  tangents  AK,  BL  be  drawn, 
which  let  meet  the  line  DE  in  K  and  L,  Let  DG 
be  an  harmonical  mean  between  the  fegnnents 
DE,  Dl,  teftntnated  at  the  cum»  and  DH  an 
fiarmonical  itifaii  between  the  fegments  DK, 
DL,  of  the  fame  line  cut  ofF  by  the  tangents. 
JLet  DV  be  a  geometrical  mean  between  DG 
ixad  'DH,  let  be  drawn  VQ^parallel  to  the  tsui* 
gent  DT,  which  let  meet  the  line  DA  in  Qj  a*d 
if  a  circle  of  the  fame  curvature  with  the  pro- 
pofed  line  of  the  third  order  in  D  meets  the  ikie 
D£  in     HG,  QV^.  and  2DR  wiil  be  continua 

pf  OpOl  ClDIKtS* 

Tor  by  Thcoc  II.  (Art.  15.J  j^^Wi  ^ 

M  *  M  ^  DG     DH  —  DOhDH 

sz        (becaufe  DV  sDG  x  DHj)  whence  Qy» 

=  2HG  X  DR,  and  fo  HG  Is  to       as  QV  to  2DR. 

§  1 10.  CoroL  I,  Let  thercfofe^  be  taken  Dr  in  the  line 
DE  a  third  proportional  to  the  lines  HG  and  IQV, 
and  a  perpendicular  to^tDe  line  DE  at  the  point  r  will 
cut  a  peipendiciihir  to  the  tangent  DT  at  the  point  D 
in  the  centre  of  the  oTculatory  circle  or  the  circle  of  Sbe 
Hmecarvaiare  with  the  pcepbled  line,  in  die  .point  Oi 

dK  points  By  I^K,  L  be  on  iheiaaitfide  of  the  point 

:  4 


]>,  the  point  f  is  to  be  taken  on  the  feme  or  <iffHttitf 

fide  of  the  fame  point  as  DH  is  greater  or  lefs  than  DG^ 
i/e.  as  an  hariponical  mean  between  the  fegmcnts  DKy 
DL  cut  off  by  the  tangents  is  greater  or  lefs  than  ari 
harmonical  mean  between  the  fegments  D£|  DI|  ttX'^ 
nunatfd  by  the  curves 

« ;  $  1 1  r.  (^«L  2.  If  the  angle  £DT  be  bifedtd  hf  llwf 
Uo«  DA^Qy  m.zz  DV,  and  aHG.  x  DR,:*  DV»  3 
DO  K  DH,  and  To  HG  b.  to  DO  as  DH  to  2DR. 

§  112»  Chral  3.  Let  the  line  DA  revolve  about  the 
pole  D,  the  line  DE  remaining,  and  HG,  the  difference 
of  the  harmonical  means  DH  andDG,  will  be  increaled 
or  diminiibed  in  the  duplicate  ratio  of  the  line  VQ^ 
For  as  much  as,  becauie  DR  the  chord  of  the  ovulatory 

circle  being  given,  there  remains  the  ^uanuty 

irikich  is  equal  to  oOR* 

f  113.  Cor  oh  If  of  the  tangents  AK,  BL  one  of 
them  as  BL  be  parallel  to  the  line  DE,  let  be  drawn 
GX  and  KZ  parallel  to  DT  touching  the  curve  in 
D,  which  let  meet  AB  inX  and       and  it  will  bo 

GX  X  KZ  J_  .  J_  ^  LL  a  ^    —  * 

2DK  —  DG  GX  X  KZ  J 

TjgxBk  » ^  "PR—  -^^^--^^^ 

Aereibre  it  will  be  as  atDK  -  PG  to  KZ  To  GX  to 
DR.   If  the  tangent  AK  alfo  comes  out  ^tallel  to  the 

lineDJl  (which  in  thefc  figures  may  happen)  it  will 
be  as  DG  to  GX  as  GX  to  2DR  :  for  in  this  cafe 

=        and  fd  GX»  c  DG  X  2DR. 

§114.  Cord.  S.  If  the  line  DE  be  paraUel  to  the 
afymptote,  ahd  fo  meets  the  curve  in  one  point  E  be* 
fide*  D,  and  at  the  feme  time  the  tangentcfiL  be  paral- 
lel to  the  afymptotc,  let  EY  be  drawn  pwaHcl  to  the 
■    '  tangent 


langent  DT,  which  let  meet  the  line  DA  is  Y>  aod  U 
<ymbeasK^;toKZlbEYtoDR.*.  * 

.  .$  1 1 5«  6*  If  D  be  a  point  of  contraryfiexure^. 
the  point  H  tpjll  coincide  with  G)  and  the  line  HG 
fantlhing,  and  ib  t>R  conies  out  Infinitely  great,  i.  e« 
Ae  curvature  at  a  point  of  contrary  flexure  is  lefs  than 
in  any  circle  however  p;rcat ;  iis  1  have  cliewhere 
fliewn,  in  the  Treatife  of  I  luxions.  Art,  378, 

§  116.  CoroL  7.  Let  V  be  a  double  point,  DA  pa-  Si* 
rallel  to  the  afyoiptote,  and  let  the  lines  VQ^,  KZ,  pa- 
rallel to  the  tangent  DT  meet  the  line  DA  in  Q^and  ^ 
Z»  and  let  DV  meet  the  afjmptote  in  L,  and  let  DH 
be  an  harmonical:  mean  between  DK  and  DL,  and  it 
will  be  as  2DH  ^  DG  to  KZ  fo  DL  to  DK,  and 
VH  :  HN  :  :  VQ^:  DR.  If  the  lihc  DA  bifeas  the 
angle  TDV,  it  will  be  DR  ;  DV  ; ;  DH  :  2V H.  ' 

.  I  117.  Prop.  XXIV.  Let  D  any  point  of  ^*8-S«* 
the  third  order^  let  the  tangent  at  D  meet  the^ 
curve  in  I,  and  let  DS  be  the  diameter  of  the 
ofculatory  circle,  which  let  meet  the  curve  id 
A  and  B  s  from  whence  let  lines  drawn  touch* 
ing  the  curve  cut  DI  in  K  and  L$  let  DH  be 
an  harmonical  mean  between  DK  and  DL,  and 
|ct  be  taken  DV  to  DI  as  DH  to  the  difference 
pf  the  lines  aDI  and  DH ;  the  variation  of  ' 
cunr;itqrc  will  be  inveriely  as^the  reftangieSD 
X  DVi  and  VS  being  joined,  the  variation  of 
the  radius  of  curvature  as  the  tangent  of  the 
angle  DVS. 

For  by  Theor.  III.  (Art.  1 7.)  tha-variation  of  curva- 

*  Supply  the  figurtt 


-SS^  DHxm  -W^'  ButtfcfvariaUQii 

DS 

of  the  ofcuktor/  radiut  is  as       ind  (b  as  the  tin* 

(entof  die  angle  OVS,  by  Art.  i9*  Now  the  para* 

bola  which  will  have  the  fame,  curvature  and  the  iame 
variation  of  curvature  with  the  Uae  ^ropoibd)  is  deter« 
mined  as  in  Art.  19. 

Hf*  57*  §  ii8*  Ctfr^/.  If  the  the  tangent  BL  ht  parallel  to  the 
t»ngent  at  D,  it  wiU  be  as  DV  to  DX  fo  DK  to  IK| 
and  if  both  the  tangents  AK,  BL  be  pacaUel  to  DTb 
DV  wiU  =  DI|  encl  the  variation  of  curvalweinv^rie* 

%*i8.]7asPS  xDL  But  if  tathiscaie  0Tbe|anUelt9 
the  afymptote  of  the  cum,  ^9  wtatioa  of  cunntacie 
vill  vanifli*  Therefore  as  the  variation  of  curvature 
will  vanifh  in  the  vertices  of  the  axes  of  conic  felons  ; 
fo  it  will  in  like  manner  vanilh  in  the  vertices  of  the 
diaiiKters  of  lines  of  the  third  older  which  biicdt  their 
ordinatcs  at  right  angles. 

Vig*  5^  StheL  Now  there  are  many  other  theorems  about  the 
tsngentr  and  curvature  of  lines  of  the  third  order.  Le^ 
fog  example,  F  and  G  be  Ive  points  of  a  line  of  the 
third  orderi  from  whence  tangents  dcawa  meet  tbe 
ennce  in  A.  Iiet  FQ  be  produced  till  it  meet  the  cnrve 
in  Hf  Let  TAG  be  a  tangent  at  A,  an4  let  be  confti^ 
tnted  the  angle  FAN  GAT  oa  the  contrary  fide  of 
FA,  G  A,  and  let  AN  cut  FG  in  N,  And  if  the  ofcu^ 
latory  circles  meet  the  line  FO  in  B  and  GB  wilt  be 
to  as  the  feaaogle  NFH  to  NGH.  For  let  the 
point  a  be  very  near  to  A>  and  the  points^  very 
near  to  F,  G,  H,fiind  it  will  be  AF^  :  FG/: :  GF  :  FB. 
FG/(  =  HGb)  :  HFi& : :  FH  :  6h.  HF)&(=GF^) 
:  AG^i:  :K}:GF;  whence  A :  AG^ ::  FH  X  bG 
:FB  X  GH  GN:  FN>  whence  JfB ;  G>  NtH 
.iNQHi.  fkfMimiontbisJubJiai 
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